
Let F:R" + R" Be A Linear Transformation. Prove That F
Is Injective If And Only If The Only Vector V

Introduction

Let F : �^n � �^m be a linear transformation. Prove that F is injective if and only if the only vector V in �^n
that maps to the zero vector in �^m is the zero vector itself. This statement encapsulates a fundamental
property of linear transformations and their injectivity, which is closely related to the concepts of kernel,
rank, and invertibility. Understanding this equivalence is crucial in linear algebra, as it underpins the theory of
solutions to linear systems, invertibility of matrices, and the structure of vector spaces. In this article, we
will explore the proof of this statement in detail, analyze its implications, and discuss related concepts.

Preliminaries and Definitions

Linear Transformation

A function F : �^n � �^m is called a linear transformation if for all vectors u, v � �^n and all scalars c � �,
the following properties hold:

Additivity: F(u + v) = F(u) + F(v)

Homogeneity: F(cu) = cF(u)

Injectivity

A function F : �^n � �^m is injective (one-to-one) if and only if:

For any vectors u, v � �^n, if F(u) = F(v), then u = v.

Equivalently, if F(u) = 0, then u = 0 (the zero vector).

Kernel of a Linear Transformation

The kernel (or null space) of F is the set of all vectors in �^n that map to the zero vector in �^m:

Kernel: Ker(F) = { v � �^n | F(v) = 0 }

The kernel is a subspace of �^n. The size of the kernel indicates whether F is injective or not.

Statement of the Theorem

Theorem: A linear transformation F : �^n � �^m is injective if and only if Ker(F) = {0}. That is, the only vector



that maps to the zero vector in �^m is the zero vector itself.

Proof of the Theorem

Part 1: If F is injective, then Ker(F) = {0}

Suppose F is injective.1.

By definition, F(0) = 0, since F is linear and F(0) = F(0·v) = 0 for any v.2.

Now, assume there exists v ≠ 0 in �^n such that F(v) = 0.3.

Then, because F is linear, we have:4.

F(0) = 0

F(v) = 0

But this would mean F(0) = F(v), which, by injectivity, implies 0 = v.5.

This contradicts the assumption that v ≠ 0.6.

Therefore, no such v ≠ 0 exists, and the kernel contains only the zero vector:7.

Ker(F) = {0}8.

Part 2: If Ker(F) = {0}, then F is injective

Suppose Ker(F) = {0}.1.

To prove F is injective, consider any u, v � �^n such that F(u) = F(v).2.

Then, F(u) - F(v) = 0, thanks to linearity:3.

F(u - v) = 0

Since the kernel contains only the zero vector, it follows that:4.

u - v = 0

Thus, u = v, which confirms that F is injective.5.



Summary of the Proof

This completes the proof of the equivalence:

F is injective � Ker(F) = {0}

This is a fundamental result because it links the algebraic property of injectivity directly to the geometric
property of the kernel of a linear transformation. The kernel being trivial (containing only the zero vector)
signifies that F does not "collapse" any non-zero vectors to zero, thus preserving distinctness and ensuring
injectivity.

Implications of the Theorem

Invertibility and Square Matrices

When F : �^n � �^n (i.e., the domain and codomain have the same dimension), the theorem implies that:

F is injective if and only if F is invertible.

This is because invertibility of F is equivalent to the existence of an inverse transformation F-1 which is
also linear.

In matrix terms, F corresponds to an n×n matrix A, and invertibility is equivalent to det(A) ≠ 0.

The Rank-Nullity Theorem

The theorem also connects with the Rank-Nullity Theorem, which states that:

dim(Ker(F)) + rank(F) = n

Since Ker(F) = {0} implies dim(Ker(F)) = 0, the rank of F must be n, indicating that F is of full rank and hence
injective.

Examples Illustrating the Theorem

Example 1: Injective Linear Transformation

Let F : �2 � �2 be represented by the matrix A = [[2, 1], [0, 1]].

Calculate det(A):

det(A) = 21 - 01 = 2 ≠ 0.

Since the determinant is non-zero, A is invertible, and F is injective.

Kernel: only the zero vector.



Example 2: Non-Injective Linear Transformation

Let F : �2 � �2 be represented by the matrix B = [[1, 2], [2, 4]].

Calculate det(B):

det(B) = 14 - 22 = 4 - 4 = 0.

Since the determinant is zero, B is not invertible, and F is not injective.

Kernel contains vectors other than zero, e.g., v = [-2, 1].

Conclusion

The equivalence between injectivity of a linear transformation and the triviality of its kernel is a cornerstone
of linear algebra. It provides a clear criterion for assessing whether a linear transformation is one-to-one:
check whether the only vector mapped to zero is the zero vector itself. This insight not only simplifies the
analysis of linear maps but also lays the groundwork for understanding invertibility, matrix rank, and the
structure of linear systems.

Understanding this fundamental relationship enhances our ability to analyze and interpret linear
transformations across various applications, including computer graphics, engineering, data science, and more.

Frequently Asked Questions

What does it mean for a linear transformation F: R^n � R^m to be injective?

A linear transformation F is injective if different vectors in R^n map to different vectors in R^m, meaning that
F(v) = 0 only when v = 0 in R^n.

How can we prove that a linear transformation F: R^n � R^m is injective
using its kernel?

F is injective if and only if its kernel contains only the zero vector, i.e., ker(F) = {0}. This means no non-zero
vector maps to the zero vector.

What is the significance of the statement 'F is injective if and only if the only
vector v' in the context of linear transformations?

It emphasizes that the only vector mapped to the zero vector by F is the zero vector itself, which characterizes
injectivity in linear transformations.

Can you summarize the proof that F is injective if and only if the only vector
v' with F(v') = 0 is v' = 0?

Yes. If F is injective, then F(v) = 0 implies v = 0. Conversely, if the only vector mapping to 0 is 0, then F is one-
to-one, hence injective.



Why is the condition ker(F) = {0} both necessary and sufficient for F to be
injective?

Because the kernel being only the zero vector ensures no non-zero vectors are mapped to zero, making F one-to-
one; conversely, if F is injective, the only vector in the kernel must be zero.

Additional Resources
Injectivity of a Linear Transformation \(F : \mathbb{R}^n \to \mathbb{R}^m\): A Comprehensive Analysis

---

Introduction

Linear transformations are fundamental objects in linear algebra, serving as the bridge between algebraic
structures and geometric intuition. Understanding their properties, such as injectivity and surjectivity, is
crucial for both theoretical insights and practical applications across mathematics, physics, engineering, and
computer science.

In this discussion, we analyze the conditions under which a linear transformation \(F : \mathbb{R}^n \to
\mathbb{R}^m\) is injective, and rigorously prove that \(F\) is injective if and only if the only vector \(v\)
satisfying \(F(v) = 0\) is the zero vector. This equivalence is a cornerstone of linear algebra, connecting the
algebraic kernel of the transformation to its geometric and functional properties.

---

Understanding the Setup: Linear Transformations and Their Representations

A linear transformation \(F : \mathbb{R}^n \to \mathbb{R}^m\) is a function satisfying:

1. Additivity: \(F(u + v) = F(u) + F(v)\) for all \(u, v \in \mathbb{R}^n\).
2. Homogeneity: \(F(\alpha v) = \alpha F(v)\) for all \(v \in \mathbb{R}^n\) and \(\alpha \in \mathbb{R}\).

Every linear transformation \(F\) can be represented by a matrix \(A \in \mathbb{R}^{m \times n}\) such that:

\[
F(v) = A v
\]

for all \(v \in \mathbb{R}^n\). The properties of \(F\) are thus intimately connected to the properties of the
matrix \(A\).

---

The Kernel of \(F\): The Key to Injectivity

The kernel or null space of a linear transformation \(F\) is the set:

\[
\operatorname{Ker}(F) = \{ v \in \mathbb{R}^n \mid F(v) = 0 \}
\]

This set is a linear subspace of \(\mathbb{R}^n\). The nature of this subspace directly influences whether \(F\)
is injective.

In particular:



- If \(\operatorname{Ker}(F) = \{0\}\), then \(F\) has trivial kernel.
- If \(\operatorname{Ker}(F) \neq \{0\}\), then \(F\) has non-trivial kernel.

The core of the proof involves establishing the equivalence:

\[
F \text{ is injective} \iff \operatorname{Ker}(F) = \{0\}
\]

---

Formal Statement of the Theorem

Theorem:
Let \(F : \mathbb{R}^n \to \mathbb{R}^m\) be a linear transformation. Then:

\[
F \text{ is injective} \quad \Longleftrightarrow \quad \text{The only vector } v \text{ satisfying } F(v) = 0
\text{ is } v = 0
\]

Equivalently, the following statements are all equivalent:

- \(F\) is injective.
- \(\operatorname{Ker}(F) = \{0\}\).
- The matrix \(A\) representing \(F\) has full column rank, i.e., \(\operatorname{rank}(A) = n\).
- The homogeneous equation \(A v = 0\) has only the trivial solution \(v=0\).

---

Deep Dive: Proof of the Theorem

(�) If \(F\) is injective, then \(\operatorname{Ker}(F) = \{0\}\)

Suppose \(F\) is injective. By the definition of injectivity:

\[
\text{If } F(v_1) = F(v_2) \Rightarrow v_1 = v_2
\]

Now, consider the vector \(v \in \operatorname{Ker}(F)\):

\[
F(v) = 0
\]

Because \(F(0) = 0\) (a property of linear transformations), applying injectivity:

\[
F(v) = F(0) \Rightarrow v = 0
\]

Thus, the only vector mapped to zero is the zero vector itself:

\[
\boxed{
\operatorname{Ker}(F) = \{0\}
}
\]



This proves that injectivity implies a trivial kernel.

---

(�) If \(\operatorname{Ker}(F) = \{0\}\), then \(F\) is injective

Suppose the kernel contains only the zero vector:

\[
\operatorname{Ker}(F) = \{0\}
\]

Let \(v_1, v_2 \in \mathbb{R}^n\) such that:

\[
F(v_1) = F(v_2)
\]

Subtracting:

\[
F(v_1) - F(v_2) = 0 \Rightarrow F(v_1 - v_2) = 0
\]

Since the kernel contains only zero:

\[
v_1 - v_2 = 0 \Rightarrow v_1 = v_2
\]

Hence, \(F\) is injective.

---

Connecting to the Matrix Representation

The above proofs hinge on the structure of the matrix \(A\) representing \(F\). The kernel of \(F\) corresponds
to solutions of:

\[
A v = 0
\]

The fundamental theorem of linear algebra states:

- The dimension of the kernel (nullity) plus the rank of \(A\) equals the number of columns \(n\):

\[
\operatorname{nullity}(A) + \operatorname{rank}(A) = n
\]

- The transformation \(F\) is injective if and only if the nullity is zero, i.e.,

\[
\operatorname{nullity}(A) = 0 \Rightarrow \operatorname{rank}(A) = n
\]

This means:



- For \(A \in \mathbb{R}^{m \times n}\), the maximum possible rank is \(\min(m, n)\).
- \(A\) is full column rank if \(\operatorname{rank}(A) = n\).
- When \(A\) has full column rank, the only solution to \(A v = 0\) is \(v=0\).

---

Geometric Interpretation

From a geometric perspective:

- The kernel is the set of vectors mapped to the zero vector.
- If \(\operatorname{Ker}(F) = \{0\}\), then the only vector that gets "collapsed" to zero is the zero vector
itself.
- This means that \(F\) doesn't "flatten" any non-zero vectors—it's a one-to-one mapping onto its image.

In \(\mathbb{R}^n\), the kernel being trivial indicates that:

- The transformation is injective, preserving the uniqueness of vectors.
- The image of \(F\) is an \(n\)-dimensional subspace of \(\mathbb{R}^m\), assuming \(n \leq m\).

---

Implications and Applications

Understanding the injectivity criterion has profound implications:

- Invertibility: A linear transformation \(F : \mathbb{R}^n \to \mathbb{R}^n\) is invertible if and only if it is
injective (and surjective). The invertibility depends on the matrix \(A\) being nonsingular, i.e., \(\det(A) \neq 0\).
- Solving Linear Systems: The uniqueness of solutions to \(A v = b\) depends on whether \(A\) is invertible.
When \(A\) is full rank, the system has exactly one solution for each \(b\).
- Dimension Preservation: Injectivity ensures that the transformation preserves distinctness, preventing different
vectors from being mapped to the same point.

---

Additional Characterizations of Injectivity

Beyond the kernel condition, several equivalent conditions characterize injectivity:

- Rank condition: \(\operatorname{rank}(A) = n\).
- Column independence: The columns of \(A\) are linearly independent.
- Determinant criterion (for square matrices): \(\det(A) \neq 0\).

---

Summary and Final Remarks

In conclusion, the core takeaway is the equivalence between injectivity and the triviality of the kernel:

\[
\boxed{
\text{\(F\) is injective} \quad \Longleftrightarrow \quad \operatorname{Ker}(F) = \{0\}
}
\]

This fundamental result links the algebraic structure (solutions to \(A v = 0\)) with the functional property
(injectivity). It underscores the importance of the matrix's rank and columns' linear independence in determining
the behavior of linear transformations.



Understanding this equivalence is not merely an

Let F R R Be A Linear Transformation Prove That F Is Injective
If And Only If The Only Vector V

Let F R R Be A Linear Transformation Prove That F Is Injective If And Only If The Only Vector V

Related Articles
Imagine You Were Writing Boxers Eulogy; How Would It Be Different From These Different
Perspectives?
Mike And Mary Jane Lee Have A Yearly Income Of $62,235 And Own A House Worth $94,700,
Two Cars Worth
Klingon Widgets, Inc., Purchased New Cloaking Machinery Four Years Ago For $8 Million. The
Machinery

Back to Home

https://sip.evo9x.com/ma13/let-f-r-r-be-a-linear-transformation-prove-that-f-is-injective-if-and-only-if-the-only-vector-v.pdf
https://sip.evo9x.com/ma13/let-f-r-r-be-a-linear-transformation-prove-that-f-is-injective-if-and-only-if-the-only-vector-v.pdf
https://sip.evo9x.com/ma13/imagine-you-were-writing-boxers-eulogy-how-would-it-be-different-from-these-different-perspectives.pdf
https://sip.evo9x.com/ma13/imagine-you-were-writing-boxers-eulogy-how-would-it-be-different-from-these-different-perspectives.pdf
https://sip.evo9x.com/ma13/mike-and-mary-jane-lee-have-a-yearly-income-of-62-235-and-own-a-house-worth-94-700-two-cars-worth.pdf
https://sip.evo9x.com/ma13/mike-and-mary-jane-lee-have-a-yearly-income-of-62-235-and-own-a-house-worth-94-700-two-cars-worth.pdf
https://sip.evo9x.com/ma13/klingon-widgets-inc-purchased-new-cloaking-machinery-four-years-ago-for-8-million-the-machinery.pdf
https://sip.evo9x.com/ma13/klingon-widgets-inc-purchased-new-cloaking-machinery-four-years-ago-for-8-million-the-machinery.pdf
https://sip.evo9x.com

