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INTRODUCTION TO FUNCTIONS AND THEIR RANGES

UNDERSTANDING THE FUNDAMENTAL CONCEPTS OF FUNCTIONS, INVERSE IMAGES, AND RANGES IS ESSENTIAL IN THE STUDY OF
MATHEMATICS, PARTICULARLY IN SET THEORY AND ANALYSIS. \W/HEN EXPLORING FUNCTIONS, A COMMON QUESTION ARISES
ABOUT HOW THE IMAGES AND INVERSE IMAGES OF SUBSETS RELATE TO THE OVERALL RANGE. THIS DISCUSSION WILL FOCUS ON
THE STATEMENT:

IF B Y, THen F(F{-13(B)) = R(F)

AND WILL PROVIDE A DETAILED EXPLANATION, PROOF, AND EXAMPLES TO CLARIFY THIS IMPORTANT PROPERTY.

PRELIMINARIES AND DEFINITIONS

BEFORE DELVING INTO THE MAIN TOPIC, LET’S REVIEW SOME KEY CONCEPTS AND DEFINITIONS:

1. FUNcTIONF: X[ Y

- A FUNCTION F MAPS ELEMENTS FROM SET X (DOMAIN) To SET Y (CoDOMAIN).
- For EACH X X, THERE EXISTS A UNIQUE Y Y SUCH THAT Y = F(x).

2. Rance R(F)

- THE RANGE OF F, DENOTED R(F), IS THE SET OF ALL IMAGES OF ELEMENTS OF X:

RE)={vPF YIF xPF XsucHTHATF(x) =Y}

3. INverse IMaGe FA{-13}(B)

-For B Y, THE INVERSE IMAGE (or PREIMAGE) OF B UNDER F Is:
FA-13B)={xF XI[F(x)P B}

- |7 15 IMPORTANT To NoTE THAT F*{-1}(B) X.



UNDERSTANDING THE STATEMENT

THE STATEMENT TO BE PROVEN IS:
FBE Y, THen F(FM{-13(B)) =R(F)
THIS INVOLVES TWO SETS:

1. THe IMAGE OF THE INVERSE IMAGE: F(F*{-1}(B))
2. THe RANGE oF F: R(F)

THE KEY QUESTION IS UNDER WHAT CONDITIONS THESE TWO SETS ARE EQUAL AND WHAT PROPERTIES OF THE FUNCTION F OR
THE SUBSET B LEAD TO THIS EQUALITY.

ANALYSIS OF THE SETS INVOLVED

LET'S ANALYZE THE TWO SETS:

1. FF*{-13(B))

- THIS IS THE IMAGE UNDER F OF THE PREIMAGE OF B.
- Since FA{-13(B) X, APPLYING F TO THIS SET YIELDS:

FFM-13BD ={FO) [ xB X aw F() B B}

- ESSENTIALLY, THIS SET CONSISTS OF ALL ELEMENTS IN B THAT ARE IMAGES OF ELEMENTS FROM THE DOMAIN X.

2.R(F)

- THe RANGE R(F) INCLUDES ALL ELEMENTS IN Y THAT ARE IMAGES OF SOME ELEMENT OF X.

Key OBSERVATIONS AND T HEORETICAL FOUNDATIONS

T O UNDERSTAND THE RELATIONSHIP, CONSIDER THE FOLLOWING OBSERVATIONS:

OsservaTioN 1: F(F*{-1}(B))[f] B

-For ANy x ] F{-13(B), eY DEFINITION, F(X) B.
- THEREFORE, APPLYING F To F*{-1}(B) RESULTS IN A SUBSET OF B.
- FORMALLY:

FFM{-13B)E B



OsservaTION 2: F(FA{-13(B)) Bl R(F)

- Since F(F{-13(B)) IS A SUBSET OF THE IMAGES OF ELEMENTS IN X, IT MUST BE A SUBSET OF R(F).

OBserVATION 3: WHeN 1s F(F*{-13}(B)) = R(F)?

- THE EQUALITY HOLDS WHEN THE IMAGE OF THE PREIMAGE OF B COVERS THE ENTIRE RANGE OF F.
- SpeciricaLLy, F(F{-13(B)) = R(F) IF AND ONLY IF EVERY ELEMENT IN R(F) IS THE IMAGE OF SOME ELEMENT IN F*{-13(B).

ProVING THE MaIN ResuLT: F(F*{-13(B)) = R(F)

LET'S FORMALIZE THE PROOF:

ASSUMPTION:

-B Y, WHERE B IS ARBITRARY (COULD BE THE ENTIRE CODOMAIN Y OR A SUBSET).

GoAL:
- Show THAT F(F*{-13(B)) = R(F)

ProOOF STEPS:

1. SHow THAT F(F*{-13(B)) B R(F)

Since F(F*{-13(B)) IS A SET OF IMAGES OF ELEMENTS IN X, AND R(F) IS THE SET OF ALL IMAGES, IT FOLLOWS
DIRECTLY THAT:

FCF*{-13B) B R(F)
2. SHow THATR(F) B F(F*{-1}(B))

T AKE ANY Y R(F). BY DEFINITION, X X sUcH THAT F(x) = v.
Now, CONSIDER THE SET B = Y (THE ENTIRE CODOMAIN). SINCE B = Y, THEN:
FA{-13(Y) = X, BECAUSE EVERY X X MAPS INTO Y.

THererore, FM{-13(Y) = X, AND APPLYING F TO THIS SET YIELDS:



FC(FM{-130)) =F(X) = R(F)

MoRE GENERALLY, FOR ANY B[] Y, IF Y ] R(F), THEN ¥ = F(x) For soME x f]  X.
SINCEF(x) =Y, anD Y[} R(F), THen x ] FA{-13CY).BuTiry [ B, THenx ] FM{-13(B).

However, FY [l B, THen Y [F] F(F*{-1}(B)). To ENSURE THE EQUALITY, B MUST CONTAIN ALL ELEMENTS OF R(F), IE.,

B R(F).
THus, wHen B F]  R(F), THen:

F(F*{-13(B)) =R(F)

SpeciAL CAse: WHeN B = R(F)

- I B = R(F), THeN:

FAE1IR) ={x Bl XIFGO R R(F) 3 =X
- THEREFORE:

F(FA{-13(R(F))) = F(X) = R(F)

- THIS CONFIRMS THE STATEMENT IN THE PARTICULAR CASE WHERE B EQUALS THE ENTIRE RANGE.

GENERAL CONDITION FOR EQUALITY

FROM THE ABOVE PROOF, WE DERIVE THAT:
-F(FM-13(B)) =R(F) IF aND oNLY IFB ] R(F)

THIS IS A CRUCIAL INSIGHT: THE IMAGE OF THE INVERSE IMAGE OF B EQUALS THE ENTIRE RANGE OF F WHEN B CONTAINS ALL
IMAGES OF F, I.E., WHEN B INCLUDES THE ENTIRE RANGE.

THUS, THE EQUALITY HOLDS IN THE FOLLOWING SCENARIOS!

1. WHen B =R(F)

2. WHeN B R(F)



IMPLICATIONS AND APPLICATIONS

UNDERSTANDING THIS PROPERTY HAS SEVERAL IMPORTANT IMPLICATIONS:

1. SuriecTIVE (ONTO) FUNCTIONS

- For SURJECTIVE FUNCTIONS, R(F) = Y.
- THEREFORE, FOR ANY B Y,B R(F).
- HENCE, FOR SURJECTIVE FUNCTIONS:

FFM{-13B) =R =Y

- THIS MEANS THE PROPERTY HOLDS FOR ALL B, SIMPLIFYING MANY PROOFS AND APPLICATIONS.

2. NON-SURJECTIVE FUNCTIONS

- FOR FUNCTIONS THAT ARE NOT ONTO, R(F) IS A PROPER SUBSET OF Y.
- Tre propPErTY F(F{-13(B)) = R(F) HOLDS ONLY WHEN B CONTAINS ALL THE IMAGES OF F.

3. PrACTICAL USAGE

- THIS PROPERTY IS USEFUL IN INVERSE PROBLEMS, SUCH AS SOLVING EQUATIONS, IMAGE PROCESSING, AND DATA ANALYSIS,
\WHERE INVERSE IMAGES HELP TO UNDERSTAND PRECONDITIONS AND IMAGES.

ExAMPLES DEMONSTRATING THE PROPERTY

LET'S CLARIFY WITH CONCRETE EXAMPLES:

ExAMPLE 1: SURJECTIVE FUNCTION

- DeFINE F : BY F(x) = 2x
- Rance R(F) =

-LeTB=

- THEN:

F{-13B) =
FEM-1@®) =FE ) =B =R(F)

- Here, B = R(F), AND THE PROPERTY HOLDS.

ExAMPLE 2: NON-SURJECTIVE FUNCTION

- DeFINE F : BY F(x) = €™x
-RanGe R(F) = (0, [ )
-LetB=[0,[ )

- THEN:



FA{-13(B)

FREQUENTLY ASkeD QUESTIONS

WHAT 1s THE MEANING OF F*(-1)(B) IN THE CONTEXT OF A FUNCTION F: X [f] Y?

F*(-1)(B), CALLED THE PREIMAGE OR INVERSE IMAGE OF B UNDER F, IS THE SET OF ALL ELEMENTS IN X THAT MAP TO ELEMENTS
IN B; ForMALLY, FA(-1)(B) = {x ] X|F(x)[ B}

WHAT Does THE STATEMENT F(F*(-1)(B)) = R(F) IMPLY WHEN B IS A SUBSET oF Y?

IT IMPLIES THAT THE IMAGE OF THE PREIMAGE OF B UNDER F IS EQUAL TO THE ENTIRE RANGE R(F), MEANING F MAPS THE PREIMAGE
OF B ONTO THE ENTIRE RANGE, PROVIDED B IS A SUBSET OF Y.

UNDER WHAT CONDITIONS DOES THE EQUALITY F(F*(-1)(B)) = R(F) HoLD TRUE?

THIS EQUALITY HOLDS WHEN B IS A SUBSET OF Y, ENSURING THAT THE PREIMAGE COVERS ALL ELEMENTS THAT MAP INTO B,
AND THE IMAGE OF THAT PREIMAGE COVERS THE ENTIRE RANGE R(F)

\WHY 1S THE CONDITION B[F] Y IMPORTANT IN THE STATEMENT F(F*(-1)(B)) = R(F)?

BecAUSE THE PREIMAGE F”*(-1)(B) IS ONLY WELL-DEFINED WHEN B IS A SUBSET OF Y, AND THIS CONDITION ENSURES THE
OPERATION MAKES SENSE WITHIN THE CODOMAIN, LEADING TO THE EQUALITY HOLDING TRUE.

Can THE EQUALITY F(FA(-1)(B)) = R(F) BE TRUE IF B IS NOT A SUBSET OF Y? WHY
OR WHY NOT?

No, ecAause F*(-1)(B) I1s oNLY DEFINED WHEN B F] Y. IF B is ouTsipE Y, THEN F*(-1)(B) IS UNDEFINED, SO THE EQUALITY
CANNOT HOLD.

ADDITIONAL RESOURCES

INTRODUCTION TO FUNCTIONS AND THEIR RANGES

IN THE REALM OF MATHEMATICS, FUNCTIONS SERVE AS FUNDAMENTAL BUILDING BLOCKS THAT DESCRIBE RELATIONSHIPS BETWEEN
SETS. W/HEN ANALYZING FUNCTIONS, UNDERSTANDING THE CONCEPTS OF DOMAIN, CODOMAIN, AND RANGE BECOMES ESSENTIAL.
Here, we consIDEr A FUNCTION \( F : X \1o Y \), wrere \(X\) anD \(Y\) ARE SETS, AND EXPLORE THE PROPERTIES
ASSOCIATED WITH ITS INVERSE IMAGE AND THE RANGE OF \(F\).

THE RANGE OF A FUNCTION, DENOTED AS \( R(F) \), IS THE SET OF ALL POSSIBLE OUTPUTS OR VALUES THAT \(F\) can
PRODUCE WHEN APPLIED TO ELEMENTS OF \(X\). FORMALLY:

\[

R(F) =\{ v \n Y \MiD \exisTs x \in X \TexT{ sucH THAT } F(x) = v \}

\]

THE INVERSE IMAGE (OR PREIMAGE) OF A SUBSET \( B \susseTeq Y \), oenoTep \( F*{-13(B) \), IS THE SET OF ALL
eLEMENTS IN \(X\) THAT MaP InTo \(B\):

\[
FA-13B) =\ x \in X \Mip F(x) \INnB \}
\]



UNDERSTANDING THE PROPERTIES OF INVERSE IMAGES AND THEIR RELATION TO THE RANGE OF A FUNCTION IS CRITICAL. THE
STATEMENT UNDER CONSIDERATION IS:

> IF \( B \sueseTeq Y \), THen \( F(F*{-13(B)) = R(F) \) provipep \( B \sueseTeq Y \).

IN THIS DETAILED DISCUSSION, WE WILL ANALYZE THIS PROPERTY, ESTABLISH ITS PROOF, INTERPRET ITS SIGNIFICANCE, AND
EXPLORE RELATED CONCEPTS TO DEEPEN OUR COMPREHENSION.

UNDERSTANDING THE NOTATION AND DEFINITIONS

BEFORE DELVING INTO THE PROOF, IT IS IMPERATIVE TO CLARIFY THE CORE DEFINITIONS INVOLVED:
1. THe FuncTion \(F : X \To Y\)

- |7 AssiGnNs EacH ELEMENT \(x \IN X\) exacTLy one eLemMenT \(F(x) \INn Y\).
- IT cAN BE INECTIVE (ONE-TO-ONE), SURJECTIVE (ONTO), OR BUECTIVE (BOTH), BUT FOR THE CURRENT DISCUSSION, THE
GENERAL PROPERTIES HOLD REGARDLESS OF INJECTIVITY OR SURJECTIVITY UNLESS SPECIFIED.

2. THe Rance \(R(F) \)

- THe seT ofF ALL ELEMENTS IN \(Y\) THAT ARE IMAGES oF ELEMENTS IN \(X\):
\[

R(F) =\{ v \in Y \mip \exisTs x \In X, F(x) = v \}

\]

- NoTe THAT \( R(F) \sueseTeQ Y \), AND FOR SURJECTIVE FUNCTIONS, \( R(F) = Y \).
3. THe Inverse IMaGe \( FM{-13(B) \)

- For A susseT \( B \sUsSETEQ Y \), THE INVERSE IMAGE IS:
\[

FA-13B) =\ x \in X \Mip F(x) \INnB \}

\]

- |T cAPTURES ALL ELEMENTS IN \(X\) THAT MaP INTO \(B)).
4. The SET \(FCF{-13B) V)

- |T IS THE IMAGE OF THE INVERSE IMAGE oF \(B\):

\[

FC(FA{-13(B)) = \{ F(x) \Mip x \in X, F(x) \in B \}
\]

- INTUITIVELY, IT IS THE SET OF IMAGES OF ALL ELEMENTS IN \(X\) THAT MaP INTO \(B\).

STATEMENT OF THE PROPERTY AND |TS SIGNIFICANCE

THE PROPERTY STATES:

> For any sueseT \( B \susseTeQ Y \),

>\[

> F(F*{-13(B)) = R(F) \quab \TexT{ProvIDED} \QUAD B \susseTEQ Y
> \]



THIS STATEMENT DEMANDS THAT THE IMAGE OF THE PREIMAGE OF \(B\) UNDER \(F\) EQUALS THE ENTIRE RANGE OF \(F\),
ASSUMING \(B\) I1s A sueseT ofF \(Y\). To CLARIFY, THE STATEMENT ASSERTS THAT:

- WHen \( B \sueseTeQ Y \) anp \( B \supseTeq R(F) \), THen \( F(F{-13(B)) = R(F) \).

THIS IMPLIES THAT IF \( B \) CONTAINS THE ENTIRE RANGE OF \(F\), THEN THE IMAGE OF THE INVERSE IMAGE OF \( B \) UNDER
\(F\) 1s exacTLY THE RANGE OF \(F\). THIS IS A POWERFUL STATEMENT WITH SEVERAL IMPLICATIONS:

- |T CONNECTS THE INVERSE IMAGE OPERATION AND THE IMAGE OPERATION.

- |T EMPHASIZES HOW THE STRUCTURE OF \(B\) INFLUENCES THE IMAGE OF THE INVERSE PREIMAGE.
- |T IS FUNDAMENTAL IN UNDERSTANDING HOW FUNCTIONS BEHAVE CONCERNING SUBSETS OF THE CODOMAIN.

Deep DiIVE INTO THE PROOF OF THE PROPERTY

ToO ESTABLISH THE ASSERTION RIGOROUSLY, WE WILL PROCEED STEP-BY-STEP, CONSIDERING THE STATEMENT:

\[
\TexT{IF } B \susseTeQ Y, \TexT{ THen } F(F*{-1}(B)) = R(F) \Quap \TexT{cIven } B \supseTeq R(F).
\]

1. CLARIFICATION OF THE CONDITIONS

- THE keY ASSUMPTION IS THAT \( B \supseTeQ R(F) \). THAT IS, THE SUBSET \( B \) CONTAINS ALL ELEMENTS THAT ARE
iMAGES oF \(X\) unper \(F\).

2. SHowing \( R(F) \sueseTeq F(F*{-1}(B)) \)
- Since \( B \supseTeq R(F) \), every eLement \( v \INR(F) \) i1s conTained INn \( B \).
- For EACH \( Y \INR(F) \), THere exisTs AN \( x \IN X \) sucH THAT \( F(x) = v \).

- Because \( ¥ \inB \) (e THE AssumpTIoN \( B \supseTeQ R(F) \)), THen:

x \INnFA{-13(B) \Quab \TexT{since} \Quap F(x) = v \INn B.

\]

- AppLYING \(F\) To \(x\), wE GeT:

\[

F(x) = v \Quap \RigHTARROW \QuAD Y \IN F(F*{-13(B)).

\]

- THererore, EVERY \( ¥ \INR(F) \) 1s iIn \( F(F*{-13(B)) \), WHicH GIves:
\[

R(F) \sueseTeq F(F*{-13(B))

\]

3. Showing \( F(F*M{-13(B)) \susseTeq R(F) \)

- For any \( v \in F(F*{-13(B)) \), &Y DeFNITION, THERE EXISTS AN \( X \IN F*{-13(B) \) SucH THAT:



\[

F(x) =Y.

\]

- Since \(x \INnFA{=13(B) \), THen:
\[

F(x) \InB,

\]

WHICH YIELDS:

\[

v =F(x) \InB.

\]

-BuT \( ¥ \) 1s aLso an eLeMenT oF \( R(F) \) Because \( ¥ = F(x) \) For some \( x \INn X \).
- THIS SHOWS:

\[
F(FM{-13(B)) \susseTeq B.
\]

- Now, RecALL THAT \( R(F) \sueseTeQ B \) BY ASSUMPTION, SO:

\[
F(FM{-13(B)) \sueseTeq B \supseTeQ R(F).
\]

- But THE kEY POINT IS THAT \(F(F*{-13(B))\) conTaINs ALL of \( R(F) \) (FROM THE PREVIOUS PART), AND IS CONTAINED
wITHN \( B \).

- Since \( R(F) \sueseTeQ B \), anD ALL eLeMenTS of \( R(F) \) are N \( F(F*{-13(B)) \), IT FoLLOWS THAT:

\l
(ECE) =RO)

4. SUMMARY OF THE PROOF
- Given: \( B \sueseTeQ Y \) wiTH \( R(F) \sueseTeq B \).

- THEN:

\[
E](F“H}(B)) =R(P).

THIS COMPLETES THE PROOF, ILLUSTRATING THAT THE IMAGE OF THE INVERSE IMAGE OF \( B \) unber \(F\) EQUALS THE
enTIRE RANGE OF \(F\) ProviDED \( B \) CONTAINS THE ENTIRE RANGE.

IMPLICATIONS AND APPLICATIONS OF THE PROPERTY

UNDERSTANDING THIS PROPERTY HAS SEVERAL IMPORTANT CONSEQUENCES IN MATHEMATICAL ANALYSIS, SET THEORY, AND
RELATED DISCIPLINES.



1. SURJECTIVE FUNCTIONS
- e \(F\) 1s surjecTIve, THen \(R(F) = Y \).

- IN THIS CASE, FOR ANY \( B \sueseTeQ Y \) sucH THAT \( B \supseTeQ Y \), 1.6, \(B =Y \), THE PROPERTY SIMPLIFIES
TO!

\[
E](FAH}(Y)) =R(A) =Y,

WHICH ALWAYS HOLDS, SINCE:

\l
FFE=130) =X,
\]

AND

F(X)=R(F) =Y.
THIS CONFIRMS THAT FOR SURJECTIVE FUNCTIONS, THE PROPERTY SIMPLIFIES AND IS ALWAYS VALID WHEN \( B =Y \).
2. NON-SURJECTIVE FUNCTIONS

- WHen \(F\) 1s NnoT surjecTiVE, \( R(F) \susseTneq Y \).

- THE PROPERTY INDICATES THAT TO “CAPTURE” THE ENTIRE RANGE VIA INVERSE IMAGES, THE SUBSET \( B \) MUST AT LEAST
incLupe \( R(F) \).

- IF \(B\) poes noT iNncLupe ALL oF \(R(F) \), THen:

\[
F(F*{-13(B)) \susseTeQ B
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