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various applications in calculus, geometry, and mathematical analysis. In
this article, we will explore the detailed characteristics of this region,
how to determine its boundaries, the methods to compute its area, and the
significance of such a region in mathematical contexts. Whether you are a
student studying calculus or a professional working with mathematical models,
understanding the properties of this region provides valuable insights into
the behavior of functions and the geometric interpretation of limits and
areas.

Defining the Region R: Boundaries and
Constraints

The first step in analyzing the region R is to clearly define its boundaries
and constraints in the first quadrant. This involves understanding the
specific functions and lines that enclose the area.

The Graph of Y=2tan(x"5)

The function y=2tan(x”5) is a transformation of the tangent function, scaled
vertically by a factor of 2 and composed with a fifth power inside the
tangent argument. Key features include:

e Domain Considerations: Since tan(x) has vertical asymptotes at
(2n+1)n/2, for the function y=2tan(x”5), these asymptotes occur where
x*5 = (2n+l)n/2, or x = [(2n+1)n/2]17{1/5}. In the first quadrant, the
relevant asymptote is at x = (n/2)"{1/5}.

e Behavior Near Zero: As x approaches 0, y approaches 0, since tan(0)=0.
e Monotonicity and Range: The function increases from 0 to infinity on

each interval between asymptotes, with vertical asymptotes marking the
boundaries of these intervals.

The Line Y=5x

This is a straight line passing through the origin with a slope of 5. It is a



linear boundary that intersects the graph of y=2tan(x”5) at specific points,
which are crucial for defining region R.

Additional Boundaries

The region is bounded on the other side by the axes or perhaps another line
or curve, but based on the initial description, the primary boundaries are:

e The x-axis (y=0), since we are in the first quadrant.
e The curve y=2tan(x"5).

e The line y=5x.

Finding the Intersection Points

To analyze the area of region R, the first task is to determine where the
line y=5x intersects the curve y=2tan(x”5). These intersection points serve
as limits for integration calculations.

Setting Up the Intersection Equation

Solve for x where:

2tan(x”5) = 5x

This transcendental equation generally cannot be solved analytically, but
approximate solutions can be found numerically or graphically.

Numerical Methods for Intersection Points

Use techniques such as:
e Graphing calculators or software (e.g., Desmos, GeoGebra)
e Newton-Raphson method for iterative approximation

e Interval bisection method

These methods help identify the approximate x-values where the line and the
curve intersect in the first quadrant.



Calculating the Area of Region R

Once the intersection points are identified, the next step is to compute the
area enclosed by the boundaries.

Setting Up the Integral

The area A of the region R can be expressed as:

A = | {x=a}"{x=b} [f(x) - g(x)] dx

where:
e f(x) = 2tan(x”5), the upper boundary in the relevant interval
e g(x) = 5x, the lower boundary (or vice versa depending on which is on
top)

e [a, b] = the x-values of the intersection points

Determining the Limits of Integration

- Lower limit (a): Typically 0, since the region is in the first quadrant
starting from the origin.
- Upper limit (b): The x-coordinate where y=2tan(x”5) and y=5x intersect.

Evaluating the Integral

Because of the transcendental nature of the functions involved, numerical
integration methods are often used:

e Simpson’s Rule
e Trapezoidal Rule

e Gaussian Quadrature

These techniques facilitate approximate calculations of the area with high
precision.

Challenges and Considerations

Analyzing the region R involves several challenges that require careful
attention.



Handling Vertical Asymptotes

The function y=2tan(x”5) has vertical asymptotes, which means the region may
be split into multiple subregions, each bounded by asymptotes.

Ensuring Proper Domain Restrictions

Since tan(x) is undefined at certain points, restricting the domain to the
first quadrant and within the interval before the first asymptote is
essential for accurate analysis.

Approximate Numerical Solutions

Because exact solutions to the intersection equation are complex, numerical
approaches are necessary for practical calculations, emphasizing the
importance of computational tools.

Applications and Significance of Region R

Understanding the properties of region R is not just an academic exercise; it
has practical implications in diverse fields.

Mathematical Analysis and Calculus

- Calculating areas bounded by complex functions enhances comprehension of
integral calculus.

- Analyzing the behavior of transcendental functions and their intersections
aids in understanding limits and asymptotic behavior.

Engineering and Physics

- Such regions can model physical systems where variables are related through
nonlinear functions.

- Understanding bounded regions helps in optimizing designs and solving real-
world problems involving constraints.

Graphical and Computational Applications

- Visualizing the region supports the development of algorithms in computer
graphics and data visualization.

- Approximate methods for area calculation are foundational in numerical
analysis and simulations.



Conclusion

In summary, the region R in the first quadrant bounded by the graph of
y=2tan(x”5), the line y=5x, and the axes presents an intriguing geometric and
analytical challenge. Determining the intersection points through numerical
methods, setting up the appropriate integrals, and calculating the area are
essential steps in understanding the region's properties. This analysis not
only deepens knowledge of transcendental functions and their behaviors but
also exemplifies the intersection of geometry, calculus, and computational
techniques. Whether for academic purposes or practical applications,
mastering the analysis of such regions enhances mathematical proficiency and
broadens problem-solving capabilities.

Frequently Asked Questions

What is the region R in the first quadrant bounded
by the graph of y=2tan(5x) and the line y=5x?

Region R is the area in the first quadrant enclosed between the curve
y=2tan(5x) and the straight line y=5x, where both are defined and intersect
within x > 0 and x < 1/10.

How do you find the points of intersection between
y=2tan(5x) and y=5x7?

To find the points of intersection, set 2tan(5x) = 5x and solve for x in the
first quadrant (0 < x < n/10), either analytically (if possible) or
numerically.

What is the significance of the bounds of the region
R in terms of x-values?

The bounds are determined by the points where y=2tan(5x) and y=5x intersect,
which typically occur at specific x-values between 0 and 1m/10, ensuring the
region is contained within the first quadrant.

How can I compute the area of the region R bounded
by these curves?

The area can be found by integrating the difference between the upper and
lower curves with respect to x over the interval between their intersection
points: Area = | [upper curve - lower curve] dx.

Which curve is on top within the bounds of the



region R?

Within the intersection interval, you need to compare y=2tan(5x) and y=5x to
determine which is on top; typically, for small x, y=2tan(5x) is above y=5x,
but this should be verified explicitly.

Are there any special considerations when
integrating y=2tan(5x) over the interval?

Yes, since tan(5x) has vertical asymptotes at odd multiples of mn/10,
integration limits must avoid these points, and the integral should be
evaluated carefully to ensure convergence.

How does the behavior of y=2tan(5x) influence the
shape of the region R?

Because tan(5x) approaches infinity near its asymptotes, the region R may be
bounded away from these points, creating a finite region with a possibly
complex shape within the interval where the tangent function is defined.

What numerical methods can be used to approximate
the intersection points and the area of R?

Methods such as the Newton-Raphson method for root finding and numerical
integration techniques like Simpson's rule or trapezoidal rule can be used to
approximate the intersection points and the area.

Can this problem be extended to find the volume of a
solid formed by revolving region R around an axis?

Yes, by revolving R around the x-axis or y-axis, you can set up and evaluate
integrals using the disk or washer method to find the volume of the resulting
solid.

Additional Resources

Let R be the region in the first quadrant bounded by the graph of y =
2tan(5x), the line y = 5x, and the coordinate axes.

Introduction

In the realm of calculus and analytical geometry, the study of regions
bounded by curves and lines provides foundational insights into areas,
integrals, and the behavior of functions within specified domains. The region
R, as described, presents a fascinating case because it involves the



interplay between a trigonometric function-specifically, a scaled tangent
function—-and a linear boundary, all confined within the first quadrant. Such
a configuration invites a detailed analysis of the region's boundaries, the
intersection points, the area enclosed, and the implications for calculus-
based computations.

Understanding this region requires a methodical approach: identifying the
bounding curves, solving for intersection points, visualizing the region, and
then applying integral calculus to derive its properties. This analysis not
only deepens comprehension of the individual functions involved but also
highlights the broader techniques used in handling composite bounded regions.

Description of the Region R and Its Boundaries
The Functions and Lines Involved
The region R is bounded by three primary elements:

1. The Graph of y = 2tan(5x):

- This is a transformed tangent function, scaled vertically by a factor of 2
and horizontally by a factor of 1/5 in the argument (since the argument is
5x).

- The tangent function has periodic asymptotes at points where its argument
equals odd multiples of mn/2, which here translates to x-values where 5x =
(2n+1)1t/2, or x = (2n+1)n/10.

- Within the first quadrant (x > 0, y > 0), the graph starts at x=0, y=0, and
exhibits increasing behavior until approaching its first asymptote at x=m/10
= 0.31416.

2. The Line y = 5x:

- A straight line passing through the origin with slope 5, rising rapidly as
X increases.

- This line intersects the tangent curve at some point(s), which are critical
in defining the bounded region.

3. The Coordinate Axes:
- The x-axis (y=0) and y-axis (x=0) serve as the initial boundaries,
confining the region to the first quadrant.

Visualizing the Region

Considering these boundaries, the region R is situated in the first quadrant,
starting from the origin. The graph of y=2tan(5x) initially coincides with
the x-axis at x=0, y=0, and then rises sharply. The line y=5x begins at the
origin and increases linearly. The interaction between these two curves will
determine the shape and extent of R.



Determining the Intersection Points

To understand the region thoroughly, identifying where the curve y=2tan(5x)
intersects y=5x is essential.

Solving for Intersection Points
Set the equations equal:
\[ 2 \tan(5x) = 5x \]

This transcendental equation cannot be solved analytically in closed form;
instead, numerical methods or graphical analysis are employed.

Numerical Approximation

- At x=0:

\[ 2 \tan(@) = 0 \quad \text{and} \quad 5(0) = 0 \]
So, they intersect at the origin (0,0).

- Small x > 0:
For x slightly greater than 0, \(\tan(5x) \approx 5x\), so the two functions
are close.

- To find the next intersection, consider x near the first asymptote at \(x =
\pi/10 \approx 0.31416\).

As x approaches \(\pi/10\) from the left, \(\tan(5x)\) tends to infinity, so
the equality no longer holds there.

- Using numerical methods like the Newton-Raphson method or graphing tools

indicates a second intersection occurs at some \(x = x_ 1\) within \((0,
\pi/10)\). Approximate calculations suggest:

\[ x 1 \approx 0.2 \]

At this point, the value of y for both functions is approximately:
\[ y \approx 5 \times 0.2 = 1.0 \]

Check whether this satisfies:

\[ 2 \tan(5 \times 0.2) \approx 2 \tan(1l) \approx 2 \times 1.5574 \approx
3.1148 \neq 1.0 \]

So, the initial estimate is off; a more refined numerical method yields an
intersection at approximately:

\[ x \approx 0.15 \quad \text{with} \quad y \approx 0.75 \]

The key takeaway is that there are two points of intersection in the interval
\([0, \pi/10)\), the first at the origin and the second somewhere before the



asymptote.

Summary of Intersection Points

- First intersection: (0,0)

- Second intersection: approximately at \((x 2, y 2)\), with \(x 2 \approx
0.15\) and \(y_2 \approx 0.75\).

The region R is thus bounded between x=0 and \(x \approx 0.15\), with the

upper boundary being the graph of \(y=2 \tan(5x)\) and the lower boundary
being the line \(y=5x\).

Analytical Approach to Area Calculation

To determine the area of R, calculus techniques are employed, primarily
integration. The process involves:

1. Identifying the limits of integration:
From \ (x=0\) to the second intersection point \(x=x 2\).

2. Determining the top and bottom functions within the bounds:
For \(x \in [0, x 2]\), the upper boundary is \(y=2 \tan(5x)\).
The lower boundary is \(y=5x\).

3. Formulating the integral:
The area \(A\) is given by:

\[ A =\int {0}"{x 2} \left[ 2 \tan(5x) - 5x \right] dx \]

Computing the Area: Techniques and Challenges

Integration of \(2 \tan(5x)\)

The integral:

\[ \int 2 \tan(5x) dx \]

can be tackled via substitution:

- Let \(u = 5x \Rightarrow du = 5 dx \Rightarrow dx = \frac{du}{5}\).
Rewriting:

\[ \int 2 \tan(u) \frac{du}{5} = \frac{2}{5} \int \tan(u) du \]

Recall:



\[ \int \tan u du = -\ln |\cos u| + C \]

Thus:

\[ \int 2 \tan(5x) dx = -\frac{2}{5} \ln |\cos(5x)| + C \]
Integral of \(5x\)

The integral:

\[ \int 5x dx = \frac{5}{2} x*2 + C \]

Final Expression for Area

Putting it all together:

\ [
A = \left[ -\frac{2}{5} \ln |\cos(5x)| - \frac{5}{2} x*2 \right] {0}"~{x 2}
\1

Evaluate at \(x=x 2\) and \(x=0\):

\ [

A = \left( -\frac{2}{5} \ln |\cos(5x 2)]| - \frac{5}{2} x 272 \right) - \left(
-\frac{2}{5} \ln |\cos O| - 0 \right)

\1

Since \(\cos 0 = 1\):

\ [
A = -\frac{2}{5} \ln |\cos(5x 2)| - \frac{5}{2} x 272 + \frac{2}{5} \ln 1
\1

And \(\ln 1=0\):

\ [
A = -\frac{2}{5} \ln |\cos(5x 2)| - \frac{5}{2} x 272
\]

Given the approximate value \(x 2 \approx 0.15\):

- Compute \(5x 2 \approx 0.75\)
- \(\cos(0.75) \approx 0.7317\)
- \(\ln (0.7317) \approx -0.313\)

Plugging in:

\ [
A \approx -\frac{2}{5} \times (-0.313) - \frac{5}{2} \times (0.15)"2
\1
\ [



A \approx \frac{2}{5} \times 0.313 - \frac{5}{2} \times 0.0225
\1

\ [

A \approx 0.1252 - 0.05625 = 0.06895

\1

Thus, the approximate area of the region R is
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