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Introduction to Relations in Mathematics

In mathematics, the concept of relations plays a vital role in understanding
how elements from one set interact with elements from another set. A relation
is a way of associating elements of one set with elements of another (or the
same) set. Specifically, in set theory and discrete mathematics, relations
are often represented as sets of ordered pairs, which explicitly specify
these associations.

Understanding relations is fundamental for various branches of mathematics,
including functions, equivalence relations, and orderings. This article
focuses on the specific relations R1 and R2 defined over the set {1, 2, 3}.
We will analyze these relations thoroughly, exploring their properties,
compositions, and the broader implications in the context of relation theory.

Defining the Relations R1 and R2

Relation R1

Rl is defined as the set of ordered pairs:
- Rl = {(112)1 (111)1 (213)1 (3I1)’ (313)}

This relation involves elements from the set {1, 2, 3} with the following
associations:

- 1 is related to 2 and 1
- 2 is related to 3
- 3 is related to 1 and 3



Relation R2

R2 is defined as:

- R2 = {(1,2), (2,3), (3,2)}
In R2, the associations are:
- 1 is related to 2

- 2 is related to 3
- 3 is related to 2

Analyzing Basic Properties of Rl and R2

Understanding the properties of relations is essential for classifying them
and understanding their behavior. The key properties include reflexivity,
symmetry, antisymmetry, transitivity, and whether they are functions.

Reflexivity

A relation R on a set S is reflexive if every element in S is related to

itself, i.e., (a, a) € R for all a € S.

- R1: Does R1 contain (1,1),
- (1,1) is present.

(2,2) is not present.
(3,3) is present.

(2,2), and (3,3)?

Conclusion: R1 is not reflexive because (2,2) is missing.

- R2: Does R2 contain (1,1),
- (1,1) is missing.
- (2,2) is missing.
- (3,3) is missing.

Conclusion: R2 is not reflexive.

Symmetry

A relation R is symmetric if for every (a, b) in R,

- R1:

(2,2), and (3,3)7?

(b, a) is also in R.



- (1,2): Is (2,1) in R1? No.

- (1,1): Symmetric with itself.
- (2,3): Is (3,2)? No.

- (3,1): Is (1,3)? No.

- (3,3): Symmetric with itself.

Conclusion: R1 is not symmetric.

- R2:

- (1,2): Is (2,1) in R2? No.
- (2,3): Is (3,2) in R2? Yes.
- (3,2): Is (2,3) in R27? Yes.

Conclusion: R2 is not symmetric because (1,2) doesn't have (2,1).

Antisymmetry

>

relation R is antisymmetric if whenever (a, b) and (b, a) are in R, then a
b.

- R1:

(1,2) and (2,1) are not both in R1.

(2,3) and (3,2): (3,2) is not in R1l, so no issue.
(3,1) and (1,3): (1,3) not in R1.

Conclusion: R1 is antisymmetric.
- R2:
- (2,3) and (3,2): both are in R2.

- Since 2 # 3, this violates antisymmetry.

Conclusion: R2 is not antisymmetric.

Transitivity

A relation R is transitive if whenever (a, b) and (b, c) are in R, then (a,
c) is also in R.

- RI1:

- (1,2) and (2,3): Is (1,3) in R1? No
- (1,1) and (1,2): Is (1,2)? Yes

- (3,1) and (1,2): Is (3,2)? No

- (3,3) and (3,1): Is (3,1)? Yes

Conclusion: R1 is not transitive because (1,2) and (2,3) lack (1,3).



2,3): Is (1,3)? No.
- (2,3) and (3,2): Is (2,2)? Not in R2.
2,3): Is (3,3)? No.

’

Conclusion: R2 is not transitive.

Visualizing Relations Using Graphs

Graphical representation helps in understanding the structure of relations.
Nodes represent elements in the set, and directed edges represent the
relation between elements.

Graph of R1

- Nodes: 1, 2, 3
- Edges:

-1-2

-1-1 (loop)
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This graph shows a cycle between 1 and 3, with a self-loop at 1 and 3, and an
edge from 2 to 3.

Graph of R2

- Nodes: 1, 2, 3
- Edges:
-1-2
-2-3
-3-2

Graph indicates a path from 1 to 2, then to 3, and a back edge from 3 to 2,
forming a cycle between 2 and 3.

Relation Composition and Other Operations

In relation theory, composing relations and finding their unions,



intersections, and differences are common operations. Let's explore these
with R1 and R2.

Composition of Rl and R2 (Rl o R2)

The composition Rl o R2 is defined as:
-Rl oR2=4{(a, c) | 3b € {1,2,3} such that (a, b) € R2 and (b, c) € R1 }
Let's compute Rl o R2:

- For each (a, b) in R2:

- (1,2): check Rl for (2, c): (2,3). So (1,3) in the composition.
- (2,3): check R1 for (3,c): (3,1) and (3,3).

- (3,1): yields (2,1)

- (3,3): yields (2,3)

- (3,2): check R1 for (2,c): (2,3)

- yields (3,3)

Result:
= R]- ° R2 = { (113)i (zll)l (213)1 (313) }

This set indicates how applying R2 followed by R1 relates elements.

Union and Intersection

- Union (R1 u R2):

- Combines all pairs from both relations:

- {(1,2), (1,1), (2,3), (3,1), (3,3)} v {(1,2), (2,3), (3,2)}
- Result: {(1,2), (1,1), (2,3), (3,1), (3,3), (3,2)}

- Intersection (R1 n R2):
- Pairs common to both:
- {(11

Frequently Asked Questions

What are the elements of the relation R1 from the
set {1, 2, 3}?

The elements of R1 are {(1, 2), (1, 1), (2, 3), (3, 1), (3, 3)}.



What are the elements of the relation R2 from the
set {1, 2, 3}?

The elements of R2 are {(1, 2), (2, 3), (3, 2)}.

Is the relation Rl reflexive over the set {1, 2, 3}?

No, Rl is not reflexive because it does not contain all pairs (1, 1), (2, 2),
and (3, 3).

Is the relation R2 symmetric?

Yes, R2 is symmetric because if (a, b) is in R2, then (b, a) is also in R2;
for example, (1, 2) and (2, 1) are both in R2.

What is the composition R1 o R2, and what does it
represent here?

The composition R1 ° R2 includes all pairs (a, c¢) where there exists a b such
that (a, b) is in R2 and (b, c¢) is in R1. Calculating this gives pairs like
(1, 3) and (2, 1), representing the combined relations through intermediate
steps.

Additional Resources
Investigating the Relations R1 and R2 on the Set {1, 2, 3}

Understanding the structure and properties of relations in mathematics is
fundamental to numerous areas in discrete mathematics, computer science, and
logic. This article offers an in-depth analysis of two specific relations, R1
and R2, defined on the set {1, 2, 3}. By dissecting their characteristics,
properties, and implications, we aim to shed light on their roles in relation
theory and their potential applications.

Introduction to Relations on the Set {1, 2, 3}

In set theory, a relation R from a set A to a set B is a subset of the
Cartesian product A x B. When the sets are equal, as in our case where both
R1 and R2 are relations from {1, 2, 3} to itself, the relation can be viewed
as a set of ordered pairs within that set.

The two relations under scrutiny are:

- R1
- R2 =

{(1, 2), (1, 1), (2, 3), (3, 1), (3, 3)}
{(1, 2), (2, 3), (3, 2)}



These relations may represent various types of connections—such as pathways,
dependencies, or mappings—depending on the context. To understand their
nature, we need to analyze their properties systematically.

Fundamental Properties of Rl and R2

Before diving into specific characteristics, it's essential to recall key
properties that can be evaluated for any relation:

Reflexivity: For all a in set, (a, a) € R.
Symmetry: For all a, b in set, if (a, b) € R, then (b, a) € R.
Antisymmetry: For all a, b in set, if (a, b) € R and (b, a) €

b.

- Transitivity: For all a, b, c in set, if (a, b) € R and (b, ¢c) € R, then
(a, c) € R.

- Connectivity: For all a, b in set, either (a, b) € R or (b, a) € R, or
both.

Let's examine R1 and R2 concerning these properties.

Reflexivity

- R1l: Does it contain (1,1), (2,2), and (3,3)?
Analysis: R1 contains (1,1) and (3,3), but lacks (2,2).
Conclusion: R1 is not reflexive.

- R2: Does it contain (1,1), (2,2), and (3,3)?
Analysis: R2 contains only (1,2), (2,3), and (3,2).
Conclusion: R2 is not reflexive.

Symmetry

- R1: For each pair, check if its converse also exists.
Pairs: (1,2), (1,1), (2,3), (3,1), (3,3)

- (1,2): Is (2,1) in R1? No.

- (1,1): symmetric to itself.

- (2,3): Is (3,2) in R17? No.

- (3,1): Is (1,3) in R1? No.

- (3,3): symmetric to itself.

Conclusion: R1 is not symmetric.

- R2: Pairs are (1,2), (2,3), (3,2).
- (1,2): Is (2,1) in R2? No.

- (2,3): Is (3,2) in R27? Yes.

- (3,2): Is (2,3) in R2? Yes.



Conclusion: Since (1,2) lacks its converse (2,1), R2 is not symmetric.

Antisymmetry

- R1:

- Pairs with their converse: (1,2) and (2,1)? No.

- (3,1) and (1,3)? No.

- Pairs like (1,1) and (3,3) are reflexive pairs.

Conclusion: No pairs violate antisymmetry; thus, R1 is antisymmetric.

- R2:

- (2,3) and (3,2): Both present.

- Since (2,3) # (3,2), but both are in R2, this violates antisymmetry.
Conclusion: R2 is not antisymmetric.

Transitivity

- Rl:
Check whether for all pairs where the second element matches the first
element of the next pair, the composed pair exists.
- (1,2) and (2,3): Is (1,3) in R1? No.
- (3,1) and (1,2): Is (3,2) in R1? No.
- (1,1) and (1,2): (1,2) is in R1, but for transitivity, we need pairs like
(1,2) and (2,3) implying (1,3), which is missing.

(3,3) and (3,1): Implies (3,1), which exists, but we need to check the
chain.

Conclusion: R1 is not transitive.

- R2:

- (1,2) and (2,3): Is (1,3) in R2? No.
- (2,3) and (3,2): Is (2,2) in R2? No.
- (3,2) and (2,3): Is (3,3) in R2? No.
Conclusion: R2 is not transitive.

Graphical Interpretation and Structural
Analysis

Relations can be visualized as directed graphs, where elements of the set are
nodes, and pairs are directed edges.



Graph of R1

- Nodes: 1, 2, 3

l

This graph features loops at nodes 1 and 3, and a cycle involving 1, 2, and 3
through the edges 1-2-3-1.

Graph of R2

- Nodes: 1, 2, 3
- Edges:
-1-2
-2-3
-3-2

The graph here indicates a chain from 1 to 2, and a cycle between 2 and 3.

Classification and Implications of R1 and R2

Based on their properties, the relations can be classified as follows:
- R1:

- Not reflexive
- Not symmetric
- Antisymmetric
- Not transitive

R1 resembles a partial order in some respects, especially due to
antisymmetry, but the lack of transitivity prevents it from being a complete
partial order. Its structure includes self-loops and cycles, indicating it is
not a strict partial order but rather a directed relation with specific
asymmetries.

- R2:

- Not reflexive

- Not symmetric

- Not antisymmetric
- Not transitive



R2 displays a simple directed cycle between 2 and 3, with an added edge from
1 to 2. Its structure resembles a cyclic relation with no clear ordering
properties.

Potential Applications and Theoretical
Significance

Understanding these relations offers insight into their possible applications
in various fields:

- R1 as an Example of Partial Order with Loops:

While R1 exhibits antisymmetry, the presence of loops and absence of
transitivity suggest it could model systems with partial ordering but with
some non-standard features, such as self-relations or feedback loops. Such
structures are relevant in modeling hierarchical systems with cycles or
feedback mechanisms.

- R2 as a Cycle and Transition Relation:

The cycle between 2 and 3 indicates mutual influence or bidirectional
relationships, common in social network analysis, state machine modeling, or
dependency graphs. The chain from 1 to 2 suggests a directional process or
hierarchy culminating in a cycle.

- Implications for Relation Closure and Composition:

Analyzing the closure properties (reflexive, symmetric, transitive) of these
relations can be instructive when designing algorithms for reachability,
dependency resolution, or ordering. For instance, the transitive closure of
R2 would include (1,3)
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