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Understanding the exponential function \( e”x ) is fundamental in calculus, mathematical analysis,
and numerous scientific applications. Since the function \( e~x\) can be complex to evaluate directly
for arbitrary \( x \), mathematicians often resort to approximation techniques such as Taylor series
expansions. These series provide polynomial approximations that can be remarkably accurate within
certain intervals. In this article, we will explore how to approximate \( e”x \) at specific
points—namely \( x=1\), \( x=0.5\), and \( x=10 \)—using Taylor series. We will delve into the
derivation of the series, step-by-step calculations, and analyze the accuracy of these approximations.

Understanding the Taylor Series for \( e"x\)

Definition of Taylor Series

The Taylor series of a function \( f(x) \) centered at a point \( a \) is an infinite sum of terms
calculated from the derivatives of \( f\) at\( a \):

\[
f(x) = \sum_{n=0}"{\infty} \frac{f~{(n)}(@)}{n!} (x-a)"n
\]

where:

-\(f~{(n)}(a)\) is the \( n \)-th derivative of \( f\) evaluated at\(a\),
-\(n!\) is the factorial of \( n \).

For the exponential function \( e”~x ), all derivatives are \( e~x \), which simplifies the process.

Taylor Series for \( e”~x\) at \( a=0\) (Maclaurin Series)

Since \( e”x ) is infinitely differentiable and its derivatives are all \( e~x ), the Taylor series
centered at \( a=0\) (also called the Maclaurin series) is:

\[



e”™x =\sum {n=0}"{\infty} \frac{x"n}{n!}
\]

This series converges for all real \( x ).

Approximating \( e~x\) at \( x=1\) and \( x=0.5\) Using
Taylor Series

1. Approximate \(e~1\) (i.e., \(e))

The goal is to approximate \( e”~1\) using a finite number of terms from the Taylor series expansion
at\(a=0\):

\[
e”™ 1 \approx \sum {n=0}"{N} \frac{1”n}{n!}
\]

where \( N \) is the number of terms included.

Calculating the Approximation with Several Terms

Let's compute approximations for \( N=1, 2, 3, 4, 5\):

-N=1:

\[

e~1\approx 1 + \frac{1}{1!} =1+1=2

\]

-N=2:

\[

e~1\approx 1 + 1 + \frac{172}{2!} =2 + \frac{1}{2} = 2.5
\]

- N=3:

\[

e”~1 \approx 2.5 + \frac{1}{3!} = 2.5 + \frac{1}{6} \approx 2.6667
\]

-N=4:



\[
2.6667 + \frac{1}{4!} = 2.6667 + \frac{1}{24} \approx 2.7083

\]

- N=5:

\[

2.7083 + \frac{1}{5!} = 2.7083 + \frac{1}{120} \approx 2.7167
\]

The actual value of \( e \) is approximately 2.71828, so increasing the number of terms yields a more
accurate approximation.

2. Approximate \( e~ {0.5} \)

Similarly, for \( x=0.5\):

\[
e”{0.5} \approx \sum {n=0}"N \frac{(0.5)"n}{n!}
\]

Calculations for the first few terms:
-N=1:

\[
1 +\frac{0.5}{1!'} =1+0.5=1.5

\]

\[
1.5 + \frac{(0.5)"2}{2!} = 1.5 + \frac{0.25}{2} = 1.5 + 0.125 = 1.625

\]

\[
1.625 + \frac{(0.5)"3}{3!} = 1.625 + \frac{0.125}{6} \approx 1.625 + 0.0208 = 1.6458

\]

-N=4:

\[

1.6458 + \frac{(0.5)"4}{4!} = 1.6458 + \frac{0.0625} {24} \approx 1.6458 + 0.0026 = 1.6484
\]

- N=5:



\[
1.6484 + \frac{(0.5)"5}{5!} = 1.6484 + \frac{0.03125}{120} \approx 1.6484 + 0.00026 = 1.6487

\]

The true value of \( €~{0.5} \) is approximately 1.64872, indicating that with five terms, the
approximation is quite close.

Analysis of Approximation Accuracy

The Taylor series converges rapidly for these values, especially near the center point \( a=0). The
accuracy improves as more terms are included. However, the number of terms needed depends on
the magnitude of \( x\); larger \( |x| \) generally requires more terms for the same accuracy.

Approximating \( e~ {10} \) Using Taylor Series

Challenges with Direct Taylor Series at \( a=0)

Attempting to approximate \( e~ {10} \) directly using the Maclaurin series:

\[
e” {10} \approx \sum {n=0}"N \frac{10"n}{n!}
\]

requires a very large \( N \) because the terms grow significantly before factorial growth dominates,
and the series converges slowly for large \( x \).

Practical Approach: Use of Series Expansion at a Closer Center

To improve convergence, we can choose a different center \( a\) close to 10, such as \(a=10), and
expand \( e~ {x} \) around \( x=10):

\[
e™{x} =e”™{10} + e”~{10} (x-10) + \frac{e”™{10}}{2!} (x-10)"2 + \dots
\]

But since \( e~ {x} \) is exponential, the Taylor expansion at \( a=10\) simplifies to:

\[
e™{x} = e~ {10} \sum {n=0}"{\infty} \frac{(x-10)"n}{n!}
\]



If we want to approximate \( e~{10} ), setting \( x=10):

\[
e~ {10} \approx e~ {10} \times 1 = e”~ {10}
\]

which is trivial. To approximate \( e~ {10} \) via Taylor series, a better approach is to use the
property:

\[
e”{10} = (e~{1})"{10}
\l

and approximate \(e”~{1} \) or \( e~{0.1}\) and then raise to the 10th power, or use properties like:

\[
e~ {x} = \left( e~ {x/n} \right)"n
\]

for some \( n\).

Approximate \( e~ {10} \) via Repeated Use of \(e~{1} )

Suppose we choose \( n=10):

\[
e”{10} = (e~{1})"{10}
\]

Using the approximation for \( e~ {1} \) from earlier (say, with 5 terms: approximately 2.7183), we
compute:

\[

e~ {10} \approx (2.7183)~{10}

\]

This can be calculated using logarithms or iterative multiplication.

Alternatively, directly approximating \( e~ {10} \) with Taylor series at \( a=0\):

- Number of terms needed: Since \( 10"n / n! \) grows initially, then decreases, the dominant term
occurs around \( n=10), because:

\[
\frac{10” {10} }{10!} \approx \frac{10" {10} }{3



Frequently Asked Questions

What is the Taylor series expansion for e"x?

The Taylor series expansion for e”~x around x=0ise”x =1 + x + x~2/2! + x"3/3! + ..., valid for all
real x.

How can we approximate e” {0.5} using the Taylor series?

To approximate e”{0.5}, substitute x=0.5 into the Taylor series: e~{0.5} = 1 + 0.5 + (0.5)"2/2! +
(0.5)73/3! + ..., summing as many terms as needed for accuracy.

What is the process to approximate e” {10} using Taylor
series?

Approximate e” {10} by expanding the Taylor series at x=0: e~ {10} = 1 + 10 + 1072/2! + 10" 3/3!
+ ..., including enough terms for a good approximation.

How many terms should be used in the Taylor series to
accurately approximate e~ {0.5}?

Typically, 3 to 5 terms are sufficient for a reasonable approximation of e” {0.5}, but the exact
number depends on the desired accuracy.

Is the Taylor series an effective method for approximating
large exponents like e~ {10}?

Yes, but for very large exponents, the series may require many terms for accuracy, or alternative
methods like using properties of exponents or logarithms may be more efficient.

What are the limitations of using Taylor series for
approximation in these cases?

Limitations include slow convergence for large |x|, computational complexity with many terms, and
potential numerical errors if not carefully calculated.

Can we improve the approximation of e” {x} using Taylor
series centered at a different point?

Yes, expanding the Taylor series around a point closer to x can improve convergence and reduce the
number of terms needed for an accurate approximation.

How do factorial terms in the Taylor series affect the



convergence of the approximation?

Factorials in the denominator cause the terms to decrease rapidly for small x, aiding convergence,
but for larger x, more terms are needed for accuracy.

Are there alternative methods to approximate e” {x} besides
Taylor series?

Yes, methods such as continued fractions, Chebyshev polynomial approximations, or using
logarithmic and exponential identities can also be employed for efficient approximation.

Additional Resources

Understanding the Approximation of e”x Using Taylor Series

The exponential function, denoted as e”x, holds a central position in mathematics, especially in
calculus, differential equations, and various applications across sciences and engineering. Its unique
properties, such as its derivative being the same as the function itself, make it a fundamental
building block in mathematical modeling. However, computing e”~x exactly is not always feasible,
especially in contexts where computational resources are limited or when you need a quick
approximation. This is where the Taylor series expansion becomes an invaluable tool, allowing us to
approximate e”x around a specific point (most often around 0) with controllable accuracy.

The Taylor Series for e”x: An Overview

The Taylor series expansion of a function f(x) about a point a is a power series that approximates the
function near that point. For the exponential function, the Taylor series expanded abouta = 0
(Maclaurin series) is expressed as:

\[

e”™x =\sum {n=0}"{\infty} \frac{x"n}{n!} =1 + \frac{x}{1!} + \frac{x"2}{2!} +
\frac{x"~3}{3!} + \cdots

\]

This infinite sum converges for all real x, making it a powerful tool for approximation. The key idea

is to truncate the series after a certain number of terms, which provides an approximate value of
e”x. The more terms included, the closer the approximation to the true value.

Approximating e”0.5 Using Taylor Series
Why Approximate €”~0.5?
The value of e”0.5 (which equals Ve) is approximately 1.6487. This value is interesting because it is

neither too small nor too large, and it’s a common example used to illustrate the effectiveness of
Taylor series approximations for moderate inputs.



Step-by-Step Approximation
To approximate e™0.5, we will use the Taylor series expansion centered at 0:

\[
e”{0.5} \approx \sum {n=0}"{N} \frac{(0.5)"n}{n!}
\]

where N is the number of terms we include for approximation.
Calculations

Let's compute the partial sums for N = 5, N = 10, and N = 15 to see how the approximation
improves with more terms.

For N = 5:

\[

e”~{0.5} \approx 1 + \frac{0.5}{1!} + \frac{(0.5)"2}{2!} + \frac{(0.5)"3}{3!} +
\frac{(0.5)~4}{4!} + \frac{(0.5)~5}{5!}

\]

Calculating each term:

- 1 (the Oth term)

-05/11'=0.5

-(0.5)72/2!'=0.25/2=0.125
(0.5)7°3/3!'=0.125/6 = 0.02083

-(0.5)74 /4! =0.0625/ 24 = 0.002604
(0.5)~5/5!'=0.03125/120 = 0.0002604

Sum:

\[
1+0.5+0.125 + 0.02083 + 0.002604 + 0.0002604 ~ 1.648694

\]

This estimate is very close to the actual value (~1.6487).
For N = 10:

Adding terms up to n=10 improves the approximation:

(0.5)76 /6! = 0.0000217
-(0.5)77 /7! = 1.55e-7
-(0.5)78 /8! = 9.69e-10

(0.5)79/9! = 5.38e-13

(0.5)710/10! = 2.69e-16

Adding these tiny terms:



\[
\text{Sum} \approx 1.648694 + 0.0000217 + 1.55e-7 + 9.69e-10 + 5.38e-13 + 2.69e-16 \approx
1.648716

\]

The approximation converges closely to the true value (~1.6487), demonstrating the efficiency of
including more terms.

Error Estimation

The remainder (or error) term after N terms in Taylor series can be estimated using the Lagrange
remainder:

\[
R N(x) = \frac{e”{\xi} \cdot x~{N+1} }{(N+1)!}
\]

for some € between 0 and x.
For x=0.5 and N=5:

\[

R 5(0.5) \leq \frac{e”~{0.5} \cdot (0.5)"6}{6!} \approx 1.6487 \times \frac{0.015625} {720} \approx
3.58 \times 10~ {-5}

\]

which confirms our approximation's high accuracy.

Approximating e” {10} Using Taylor Series

Why Approximate e~ {10}?

The value e” {10} is approximately 22,026.4658. It is significantly larger than e” {0.5}, making the
approximation more challenging due to the rapid growth of the series terms. Nevertheless, Taylor
series remains a practical approach, especially when combined with techniques like scaling and
splitting.

Direct Taylor Series Expansion

Using the Maclaurin series:

\[
e~ {10} \approx \sum {n=0}"{N} \frac{10"n}{n!}
\]

Calculating partial sums:

- For N=10:



\[

e~ {10} \approx 1 + 10 + \frac{100} {2} + \frac{1000}{6} + \frac{10000}{24} +
\frac{100000}{120} + \frac{1,000,000}{720} + \frac{10,000,000}{5040} +
\frac{100,000,000}{40320} + \frac{1,000,000,000}{362880} + \frac{10,000,000,000}{3,628,800}
\]

Calculating these terms:

-1

-10

- 50
-166.67
-416.67
- 833.33
- 1388.89
-1984.13
- 2480.16
-2754.77
-2754.77

Adding up:
\[
\approx 1 + 10 + 50 + 166.67 + 416.67 + 833.33 + 1388.89 + 1984.13 + 2480.16 + 2754.77

\approx 13789.58
\]

This is considerably less than the actual value (~22,026.47), indicating the need for more terms.
Increasing N for Better Accuracy

Adding more terms (say N=20 or 30) significantly improves the approximation. But this approach
becomes computationally intensive and less efficient. To address this, mathematicians often use
techniques like:

- Scaling and squaring: Express e~ {10} as (e”~{10/2})”"2, which reduces the magnitude of the
exponent in the series.

- Using approximations of e”™ {x} for smaller x and then squaring.

Scaling and Squaring Method

Given:

\[
e”~{10} = (e”~{10/2})"2
\]

Compute e~ {5} first:

\[
e~ {5} = \sum {n=0}"{N} \frac{5"n}{n!}



\]

Calculations for N=20:

- The terms grow rapidly, but with more terms, the approximation gets better.
Suppose after computing e”™ {5} accurately, we square it:

\[

e~ {10} \approx (e~ {5})"2

\]

This method reduces the number of terms needed for a given accuracy.

Error Estimation and Practical Considerations

As with e~ {0.5}, the error estimate for the Taylor series approximation of e~ {10} is governed by
the remainder term:

\[

R N(10)| \leq \frac{e”™{\xi} \cdot 10~ {N+1}}{(N+1)!}

\]

for some € between 0 and 10.

Because e™{¢} can be as large as e~ {10} (~22026.47), the tail can be significant unless a

sufficiently large N is used. This makes the straightforward Taylor series less practical for large x
without adaptation or more advanced techniques.

Practical Strategies for Large Exponents

Computing e”x directly via Taylor series for large x can be computationally expensive and less
accurate unless many terms are included. To overcome this:

- Use scaling and squaring: Break down e” {x
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