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(UNDERSTANDING THE BEHAVIOR OF RANDOM VARIABLES IN PROBABILITY THEORY IS FUNDAMENTAL TO GRASPING MORE COMPLEX
STATISTICAL CONCEPTS. IN PARTICULAR, ANALYZING THE OUTCOMES OF COIN TOSSES PROVIDES AN EXCELLENT FOUNDATION
FOR EXPLORING DISCRETE PROBABILITY DISTRIBUTIONS, EXPECTED VALUES, VARIANCES, AND THE PROPERTIES OF BINOMIAL AND
RELATED DISTRIBUTIONS. THIS ARTICLE FOCUSES ON THE RANDOM VARIABLE \( W \>/ \WHICH REPRESENTS THE DIFFERENCE
BETWEEN THE NUMBER OF HEADS AND TAILS OBTAINED IN THREE TOSSES OF A FAIR COIN. WE WILL DISSECT THE PROBARBILITY
DISTRIBUTION OF \( W/ \), EXAMINE ITS PROPERTIES, AND EXPLORE VARIOUS IMPLICATIONS FOR PROBABILITY THEORY AND
REAL-\WWORLD APPLICATIONS.

DerINING THE RANDOM V AriagLE \( W \)

WHAT 1s \( W \)?

IN THE CONTEXT OF THREE COIN TOSSES, EACH TOSS RESULTS IN EITHER A HEAD (H) or A TAIL (T). THE RANDOM VARIABLE \(
W/ \) IS DEFINED AS:

\[

W = \TexT{NuMger of HeaDs} - \TExXT{NUMBER OF TAILS}

\]

GIVEN THAT THE TOTAL NUMBER OF TOSSES IS THREE, THE POSSIBLE VALUES OF \( W \) ARE INTEGERS RANGING FROM \(-3))

To \(3\):

-\(W =3 \) wHen ALL Tosses ARe HEADS (\( HHH \))

-\(W =2 \) WHEN THERE ARE TWO HEADS AND ONE TAIL (£.G., \( HHT, HTH, THH \))
-\(W = 1\) WHeN THERE IS ONE HEAD AND TwWO TAILS (E.G., \(HTT, THT, TTH\))

-\(W = 0\) WHEN THERE IS AN EQUAL NUMBER OF HEADS AND TAILS (E.G., \(HTH, THT\))
-\(W =-1\) WHEN THERE ARE TWO TAILS AND ONE HEAD

-\(W =-2\) WHEN THERE IS ONE HEAD AND TWO TAILS

-\(W =-3\) wHen ALL Tosses Are TaiLs (\( TTT \))

NOTE THAT THE SYMMETRY OF THE PROBLEM (FAIR COIN) MEANS THAT THE PROBABILITIES FOR POSITIVE AND NEGATIVE VALUES
ARE MIRRORED.

ProBABILITY DisTRIBUTION OF \( W \)

CALCULATING ProBABILITIES FOR EACH VALUE of \( W \)

TO FIND THE PROBABILITY DISTRIBUTION FOR \( W \), WE ANALYZE THE OUTCOMES OF ALL POSSIBLE SEQUENCES OF THREE
COIN TOSSES. SINCE EACH TOSS HAS TWO OUTCOMES, THE TOTAL NUMBER OF OUTCOMES IS:



\[
2"3=18
\]

THE POSSIBLE OUTCOMES AND THEIR CORRESPONDING VALUES ofF \( W/ \) ARE:

| OuTcoMe | Numser ofF Heaps | Numeer ofF TaiLs | \( W \) |
|--mmmmmmes |--mmmmmm e e |---mmmee- |
|[HHH[ 31013 |

[HHT [2] 1] 1]
[HTH[2] 1] 1]
| THH[ 2] 1] 1]
[HTT|1]2]-1]
| THT11]12]-1]
| TTHI1]2]-1]
|TTTI0[|3]-3]

FROM THIS, THE PROBABILITIES FOR EACH VALUE OF \( W/ \) ARE:

-\(POW=3) = \TexT{ProBABILITY OF ALL HEADS} = \FRAC{13}{83 \)

-\(P(W=2)=0\) (No OUTCOME WITH EXACTLY 2 HEADS AND 1 TAIL RESULTS IN \( W/=2\))

-\(POW=1) = \TexT{NUMBER OF OUTCOMES WITH 2 HEADS} / 8 = 3/8 \)

-\(P(W=0) =0 \) (SINCE TOTAL OUTCOMES WITH EQUAL HEADS AND TAILS ARE ONLY THOSE WITH 1 HEAD AND 1 TAIL,
BUT IN THREE TOSSES, IT'S IMPOSSIBLE TO HAVE EXACTLY EQUAL HEADS AND TAILS; INSTEAD, THE CASES WITH 1 HEAD AND 2
TAILS OR VICE VERSA LEAD TOo \( W =\pm 1 1))

-\(P(OW=-1)=23/8\)

-\(P(W=-2)=0\)

-\(P(OW=-3) = \rrac{13{83} \)

HO\X/EVER/ NOTE THAT THE ABOVE TABLE SIMPLIFIES THE DIRECT COUNTS; MORE PRECISELY, THE NUMBER OF SEQUENCES WITH A
GIVEN NUMBER OF HEADS IS:

- 0 Heaps: 1 sequence (\( TTT \))
- 1 HeaD: 3 sequences (\(HTT, THT, TTH \))
- 2 HeaDs: 3 seQUENcES (\( HHT, HTH, THH \))
- 3 Heaps: 1 seQuence (\( HHH \))

CORRESPONDINGLY/ THE PROBABILITIES FOR THE NUMBER OF HEADS ARE:

| Numeer of Heaps | CounT | ProBABILITY |

(\rrAC{1}{83\
(\rrac{3}{8}\
(\rrAC{3}{83}\
(\rrAC{1}{83\

— = =
N

SiNnce \( W = \TexT{Heaps} - \TexT{TAILS} \), AND TOTAL TOSSES ARE 3, THE RELATION:

\[
W = \TexT{Heaps} - (3 - \TexT{Heaps}) = 2 \TiMes \TexT{HeaDs} - 3

\]
ALLOWS US TO FIND THE PROBABILITIES OF EACH \( W \):

| Heaps | \( W = 2 \TiMes \TexT{Heaps} - 3 \) | ProBaBILITY |
|--mmmmme- |-mmmmm e |--mmmmmmee- |

|0 1\(2\TiMes 0 - 3=-3\) | \(\FrrAc{13{8} )|

| 1I\C2\1imMes 1-3=-1\)|\(\rrAc{33}{8}\)|

| 21\(2\1imMes 2 -3 =1 \)[\(\rrAc{3}{8} )|



| 31\(2\1imMes 3 -3 =3 \)[\(\rrac{13{8} )|

THUS, THE PROBABILITY DISTRIBUTION OF \( W/ \) Is:

\[
P(W =-3) = \rrac{13{8}
\]
\[
POW =-1) = \rrac{33}{83
\]
\[
P(W = 1) = \rrac{33}{83
\]
\[
P(OW = 3) = \rrac{13}{8}
\]

AND THE PROBABILITIES FOR \( W/ \) TAKING OTHER VALUES ARE ZERO.

PrOPERTIES OF THE RANDOM VARIABLE \( W/ \)

ExpecTep VaLUE of \( W \)

THE EXPECTED VALUE, OR MEAN, OF \( W/ \) PROVIDES INSIGHT INTO ITS AVERAGE BEHAVIOR OVER MANY TRIALS. IT IS
CALCULATED AS:

\[
E[W] = \sum_{w} w \TiMes P(W = w)
\]

SUBSTITUTING THE KNOWN PROBABILITIES:

\[
EIW] = (-3) \1iMes \rrac{13{8} + (- 1) \TiMes \rrac{3}{83} + (1) \TiMes \rrAc{33}{83 + (3) \Times \rrac{1}{8}
\]

CALCULATING STEP-BY-STEP:

\[
EIW] = -\rrac{33}{8} - \rrac{33}{8} + \rrac{3}{8} + \rrac{33}{8} =0
\]

THIS RESULT CONFIRMS THE SYMMETRY OF THE PROBLEM; ON AVERAGE, THE DIFFERENCE BETWEEN THE NUMBER OF HEADS AND
TAILS IS ZERO.

VArlaNce ofF \( W \)

V ARIANCE MEASURES THE SPREAD OR DISPERSION OF THE DISTRIBUTION OF \< W \) IT IS GIVEN BY:

\[
Var(\W) = E[W"2] - (E[W])"2



\]

Since \( E[W] =0 \), THE VARIANCE SIMPLIFIES TO:

\[

Var(W) = E[W"2]

\]

CaLcuLaTing \( E[W 2] \):
\[

EIW 2] = (-3)"2 \7iMes \rrac{ 13{83} + (- 1)"2 \1iMes \rrAc{33{83 + (1)"2 \Times \rrac{3}{8} + (3)"2 \TiMes
\rrac{13{83
\]

\[
EIW"2] = 9 \1iMes \rrac{ 183 + 1 \TiMes \rrac{33}{83 + 1 \1imes \rrac{3}{8} + 9 \1iMes \rrac{13}{8} =
\FRAC{93}{(83 + \rrAc{33{83} + \rrac{3}{81} + \rrac{9}{8} = \rrac{24}{8} =3

\]

THUs, THE VARIANCE oF \( W \) Is:
\[

Var(W) =3

\]

THE STANDARD DEVIATION IS THE SQUARE ROOT OF THE VARIANCE:

\l

\sicma_ W = \sqrT{3} \apPrOX

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE RANDOM VARIABLE \X/ REPRESENTING IN THE CONTEXT OF THREE COIN
TOSSES?

W/ REPRESENTS THE DIFFERENCE BETWEEN THE NUMBER OF HEADS AND TAILS OBTAINED IN THREE COIN TOSSES.

\W/HAT ARE THE POSSIBLE VALUES THAT W CAN TAKE AFTER THREE TOSSES?

W CAN TAKE VALUES OF -3, -1, 1, OR 3, DEPENDING ON THE OUTCOMES OF THE TOSSES.

How 1S THE PROBABILITY DISTRIBUTION OF W/ DETERMINED FOR THREE COIN TOSSES?

THE DISTRIBUTION IS DETERMINED BY COUNTING THE NUMBER OF OUTCOMES CORRESPONDING TO EACH VALUE OF W AND DIVIDING
BY TOTAL ouTCcoMEs (8).

\WHAT IS THE PROBABILITY THAT W EQUALS 1 AFTER THREE TOSSES?

THE PROBABILITY THAT W EQUALS 1 IS 3/8, CORRESPONDING TO OUTCOMES WITH TWO HEADS AND ONE TAIL.

How MANY OUTCOMES RESULT IN W BEING -3 IN THREE COIN TOSSES?

ONLY ONE OUTCOME RESULTS IN W = ‘3, WHICH IS WHEN ALL THREE TOSSES ARE TAILS.



CAN W TAKE THE VALUE O AFTER THREE COIN TOSSES?

NO, W cANNOT BE O AFTER THREE TOSSES BECAUSE THE DIFFERENCE BETWEEN HEADS AND TAILS IS ALWAYS ODD (i] OR i3)

\WHAT IS THE EXPECTED VALUE OF W IN THREE TOSSES?

THE EXPECTED VALUE OF W 1S O BECAUSE THE COIN TOSSES ARE SYMMETRIC AND OUTCOMES ARE EQUALLY LIKELY.

How DOES THE SYMMETRY OF COIN TOSSES AFFECT THE DISTRIBUTION OF \W/?

SYMMETRY ENSURES THAT THE PROBABILITY OF W BEING POSITIVE IS EQUAL TO THE PROBARBILITY OF IT BEING NEGATIVE,
LEADING TO A BALANCED DISTRIBUTION CENTERED AROUND ZERO.

How caAN W BE USED TO UNDERSTAND THE OUTCOMES OF MULTIPLE COIN TOSSES?

W/ PROVIDES A MEASURE OF IMBALANCE BETWEEN HEADS AND TAILS, HELPING ANALYZE THE VARIABILITY AND LIKELIHOOD OF
DIFFERENT OUTCOME DISPARITIES IN REPEATED TOSSES.

ADDITIONAL RESOURCES

LeT W Be A RanpoM VARIABLE GIVING THE NuMeer OF HEaDs Minus THE NuMBeR OF T AILS IN THRee Tosses OF A
COIN—THIS INTRIGUING CONCEPT OPENS THE DOOR TO EXPLORING FUNDAMENTAL IDEAS IN PROBABILITY, RANDOM VARIABLES,
AND COMBINATORICS. WHETHER YOU'RE A STUDENT DELVING INTO INTRODUCTORY PROBABILITY THEORY OR A SEASONED
MATHEMATICIAN INTERESTED IN THE NUANCES OF RANDOM PROCESSES, UNDERSTANDING HOW TO ANALYZE SUCH A VARIABLE
PROVIDES VALUABLE INSIGHTS INTO DISCRETE PROBABILITY MODELS. THIS ARTICLE AIMS TO GUIDE YOU THROUGH THE
DEFINITION, CALCULATION, AND INTERPRETATION OF THIS PARTICULAR RANDOM VARIABLE, EMPLOYING CLEAR EXPLANATIONS,
STRUCTURED METHODS, AND ILLUSTRATIVE EXAMPLES.

INTRODUCTION TO THE RANDOM V ARIABLE \W/

IMAGINE FLIPPING A FAIR COIN THREE TIMES. EACH FLIP RESULTS IN EITHER A HEAD (H) OR A TAIL (T) NO\X/, DEFINE A RANDOM
VARIABLE W AS THE NUMBER OF HEADS MINUS THE NUMBER OF TAILS OBTAINED IN THESE THREE FLIPS.

For EXAMPLE:

- IF THE SEQUENCE ISHH T, THEN W = 2 (HEaDs) - 1 (TAlLS) = 1.
- IF THE SEQUENCEIS T T T, THEN W =0 - 3 = -3.

- IF THE SEQUENCEISH T H, THENW =2 -1 = 1.

THIS VARIABLE CAPTURES THE NET “ADVANTAGE” OF HEADS OVER TAILS AFTER THREE FLIPS, OFFERING A NUANCED WAY TO
ANALYZE THE OUTCOMES BEYOND JUST COUNTING HEADS OR TAILS INDEPENDENTLY.

ForMAL DEFINITION OF THE RANDOM V ARIABLE W/
LET’S FORMALIZE THE PROBLEM:

- SAMPLE SPACE (S): THE SET OF ALL POSSIBLE OUTCOMES FROM THREE COIN FLIPS. SINCE EACH FLIP HAS 2 OUTCOMES, THERE
ARe \( 273 = 8 \) ouTcoMes:

\[
S = \{ HHH, HHT, HTH, HTT, THH, THT, TTH, TTT \}
\]



- RANDOM VARIABLE W/: FOR EACH OUTCOME, W IS DEFINED AS:

\[
W(\TexT{ouTcome}) = \TexT{Numeer oF Heaps} - \TexT{NuMBER OF T AILS}

\]

SINCE THERE ARE THREE FLIPS, THE POSSIBLE VALUES OF W/ ARE INTEGERS FROM -3 TO +3, SPECIFICALLY:

\[
WANN{-3,-1,1,3\}
\]

NOTE THAT W CAN ONLY TAKE ODD VALUES BECAUSE THE TOTAL NUMBER OF FLIPS IS ODD, AND THE DIFFERENCE BET\WEEN
HEADS AND TAILS MUST BE ODD AS WELL.

CALCULATING THE DISTRIBUTION OF W/

To ANALYZE W, WE NEED TO DETERMINE THE PROBABILITY DISTRIBUTION, LE., \( P(\W = W) \) FOR EACH POSSIBLE VALUE OF
w.

Step 1: ENUMERATE OuTCOMES CORRESPONDING TO EACH W
LET'S LIST THE OUTCOMES FOR EACH VALUE:
- W =-3: ALL TAILS

OutcoMes: T T T

NUMBER OF OUTCOMES: 1

- W =-1: ONE HEAD, TWO TAILS
OutcoMes: TTH, THT,HT T

NUMBER OF OUTCOMES: 3

- W = 1: TwO HEADS, ONE TAIL
OutcoMess HH T, HTH, THH

NUMBER OF OUTCOMES: 3

- W = 3: ALL HEADS

OuTtcoMes: HHH

NUMBER OF OUTCOMES: 1

Step 2: COMPUTE PROBABILITIES

SINCE THE COIN IS FAIR, EACH OUTCOME HAS PROBABILITY \( \FRAC{ 13{8} \):

-\(P(W =-3) = \rrac{1}{8} \)
-\(P(W =-1) = \rrac{3}{8} )
-\(P(W = 1) = \rrac{3}{8} \)
-\(P(W = 3) = \rrac{1}{8} )



SUMMARY OF THE DISTRIBUTION:

| W vALUE | OuTcoMes | NUMBER OF OUTCOMES | PROBABILITY |

— |- |-mmmm e R |

S3ITTTI111/8]

SVTTH THT,HTT|3]3/
HHT,HTH THH|3|3/8

8|
1] |
3IHHH|1]1/8]

VISUALIZING THE DISTRIBUTION: THE PROBABILITY MAss FuncTion (PMF)
PLOTTING THE PMF oF W PROVIDES A CLEAR VISUAL UNDERSTANDING:

- THE DISTRIBUTION IS SYMMETRIC AROUND ZERO, REFLECTING THE FAIRNESS OF THE COIN.

- PROBABILITIES FOR W/ = =1 ARE EQUAL, AS ARE PROBABILITIES FOR W/ = 3.

- THE MAXIMUM AND MINIMUM W/ VALUES (£3) ARE LESS PROBABLE THAN THE INTERMEDIATE VALUES (£ 1), CONSISTENT WITH
THE BINOMIAL DISTRIBUTION SYMMETRY.

EXPECTED V ALUE AND V ARIANCE OF W/

(UNDERSTANDING THE EXPECTED VALUE AND VARIANCE OF W/ GIVES INSIGHTS INTO ITS AVERAGE BEHAVIOR AND VARIABILITY.
1. ExpecTep VaLue \( E[W]\)

GIVEN THE SYMMETRY:

\[

E[W] = \sum_{w} w \TiMes P(W = w) = (-3) \TiMes \rrac{ 13{8} + (- 1) \TiMes \rrAc{3}{8} + 1 \TiMesS
\FrRAC{33}{8} + 3 \TimMes \rrac{ 13{8}

\]

CALCULATIONS:

\[
E[W] = -\rrac{3}{8} - \rrac{3}{8} + \rrac{3}{8} + \Frac{3}{8} =0
\]

INTERPRETATION: THE EXPECTED NET ADVANTAGE OF HEADS OVER TAILS AFTER THREE FLIPS IS ZERO, WHICH ALIGNS WITH THE
FAIRNESS OF THE COIN.

2. Variance \( Var(W) )

CALCULATING VARIANCE:

\[
Var(W) = E[W"2] - (E[\WD"*2
\]

Since \(E[W]=0\):
\[

ElW"2] = \sum_{w} w”2 \TiMes POW/=w)
\]

COoMPUTE:



\[

E[W"2] = (-3)"2 \TiMes \rrAc{ 1}{8} + (- 1)"2 \TiMes \FrrRAc{3}{8} + 172 \Times \rrac{3}{8} + 372 \TIMES
\rrac{ 13{83

\]

\[

EIW"2] = 9 \1iMes \rrac{ 183} + 1 \TiMes \rrac{33}{83} + 1 \1imes \rrac{3}{8} + 9 \1iMes \rrac{1}{8} =
\FRAC{93{83 + \rrAc{33{83} + \rrAc{33}{81} + \rrac{9}{8} = \rrac{243}{8} =3

\]

THEREFORE:

\[
Var(W)=3-0%"2=23
\]

Key TAKEAWAY: THE VARIANCE INDICATES A MODERATE SPREAD AROUND THE MEAN, REFLECTING THE VARIABILITY IN THE NET
DIFFERENCE OF HEADS AND TAILS.

ALTERNATIVE APPROACHES: BINOMIAL DisTrRIBUTION CONNECTION
THE VARIABLE W IS DIRECTLY RELATED TO THE BINOMIAL DISTRIBUTION BECAUSE:

- EACH COIN FLIP IS INDEPENDENT WITH PROBABILITY \( P = 0.5 \) FOR HEADS.
- THE NUMBER OF HEADS IN THREE FLIPS, \( H \), FOLLOWS A BINOMIAL DISTRIBUTION:

\[
H \sim \texT{BinomaL}(N=3, P=0.5)
\]

SINCE:

\[
W=H-(3-H)=2H-3
\]

WE CAN EXPRESS W IN TERMS OF H:

\[
W =2H-3
\]

THIS RELATION SIMPLIFIES THE ANALYSIS:

-For\(H=0\),\(W=-3))
-For\(H=1\),\(W=-1\)
-For\(H=2\),\(W=11\)
-For\(H=3\),\(W=23)\)

CORRESPONDINGLY, THE PROBABILITIES:

\[
P(W = w) = P(H = \rrac{w + 33}{2})
\]

THIS CONNECTION ALLOWS US TO LEVERAGE BINOMIAL PROBABILITIES:



\[
P(H = k) = \iINnoM{ 3 }{k} \LerT( \FRAC{ 1} 2]} \RIGHT)"3
\]

EXTENDING THE ANALYSIS: EXPECTATIONS AND DISTRIBUTIONS
1. ExPECTED VALUE oF W viaA H
UsING THE RELATION \( W = 2H - 3 \):

\[

E[W]=2EH]-3

\]

Since \(E[H] =n~np = 3 \TiMes 0.5 = 1.5 \):
\[

ElW]=2\TiMes 1.56-3=3-3=0
\]

WHICH MATCHES OUR PREVIOUS CALCULATION.
2. VARIANCE oF W/

USING THE VARIANCE OF H:

\[
Var(H) =np(1-p) = 3 \1iMes 0.5 \TiMes 0.5 = 0.75
\]

Because \( W = 2H - 3 \), THE VARIANCE scALES BY \( 22 =4 \):
\[

VarR(W) = 4 \1iMes VArR(H) = 4 \TiMes 0.75 =3

\]

AGAIN, CONSISTENT WITH EARLIER FINDINGS.

PRACTICAL APPLICATIONS AND INTERPRETATIONS

UNDERSTANDING THE DISTRIBUTION AND PROPERTIES OF W/ PROVIDES A FOUNDATION FOR VARIOUS
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