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Let X1, Xz, ..., X N be a Random Sample From a Gamma (a, B) Distribution. F(x) = (1 / (I'()
B a)) x*{a -1} e~ {-x/B}, for x > 0. Find A

Introduction to the Gamma Distribution

The Gamma distribution is a continuous probability distribution that plays a vital role in various
fields such as statistics, engineering, and natural sciences. It is especially useful for modeling
waiting times, the sum of exponential variables, and as a prior distribution in Bayesian analysis.

The probability density function (PDF) of a Gamma distribution with shape parameter a (alpha) and
scale parameter B (beta) is given by:

Fx)=(1/T(a) p~a)) x{a -1} e~ {-x/B}, forx >0

where:

- « (alpha) > 0: shape parameter
- B (beta) > 0: scale parameter
- I'(a): gamma function evaluated at «

This distribution is flexible, capable of modeling a variety of data shapes depending on the
parameters.

Understanding the Parameters of the Gamma
Distribution

Shape Parameter (a)

- Determines the shape of the distribution.

- When « < 1, the distribution is heavily skewed with a peak near zero.

- When a = 1, the Gamma distribution simplifies to the exponential distribution.

- When a > 1, the distribution becomes more symmetric with a peak away from zero.

Scale Parameter (B)

- Acts as a scale or stretch factor.



- Larger P values stretch the distribution rightward.
- Smaller B compress the distribution toward zero.

Statistical Properties of the Gamma Distribution

Understanding the properties of the distribution is essential for parameter estimation and
hypothesis testing.

Mean and Variance

- Mean: E[X] = of
- Variance: Var[X] = af?

Moments and Other Properties

- The distribution's skewness and kurtosis depend on a.
- For larger «, the distribution tends toward normality due to the Central Limit Theorem.

Parameter Estimation from a Sample

Suppose you are given a sample X1, X, ..., X N from a Gamma(a, B) distribution. The goal is to
estimate the parameters a and B, especially the scale parameter B, which is often denoted as A in
some contexts.

Maximum Likelihood Estimation (MLE)

Maximum likelihood estimation is a common approach to estimate distribution parameters based on
observed data.

Given the sample, the likelihood function L(a, B) is:
L(a, B) =I[_{i=1}"N F(X_i; a, B)
which simplifies to:
L(a, B) =1 {i=1}"N (1 / (T'(e) p~o)) X_i™{a - 1} e~ {-X_i/B}
The log-likelihood function [J(«, B) becomes:

O(c, B) = -N(nT(a) + aln ) + (- 1) S, {i=13}*NInX i- (1/p) S {i=1}"N X i



Estimating B (or A)

Given an estimate of «, the maximum likelihood estimator (MLE) for B, often denoted as A, is:
A=(1/Na) 3> {i=1}"NX i
Alternatively, recognizing that:
- The sample mean is \(\bar{X} = \frac{1}{N} \sum {i=1}"N X i\)
then,
A =\frac{\bar{X}}{a}

To find the estimator for a, more advanced techniques involving iterative algorithms or numerical
methods such as Newton-Raphson are used.

Deriving the Estimator A (or A)

In many practical situations, especially when the distribution parameters are unknown, statisticians
seek to estimate the scale parameter A (which is equivalent to B).

Sample Mean and A

- The sample mean \(\bar{X}\) is a sufficient statistic for the scale parameter A when the shape
parameter a is known.
- The estimator for A is derived as:

A =\frac{\bar{X}}{a}

which aligns with the expected value:

- Since E[X] = «A, rearranged as A = E[X] / a, the estimator replaces the expected value with the
sample mean.

Estimating Both Parameters

- When both a and A are unknown, iterative procedures, such as the method of moments or
maximum likelihood estimations, are employed.
- The method of moments involves solving:

1. Sample mean: \(\bar{X}\) for E[X]

2. Sample variance: \(S™2\) for Var[X]



to estimate a and A:

- From moments,

\[

\hat{\alpha} = \frac{\bar{X}"~2}{S"2}
\]

- Then,

\[

A =\frac{S"2}{\bar{X}}

\]

Practical Applications of the Gamma Distribution

The Gamma distribution's flexibility makes it suitable for a variety of real-world applications:

Modeling Waiting Times

- It models the total waiting time until the a-th event in a Poisson process occurs.
- For example, the time until the 3rd customer arrives at a service point.

Financial Modeling

- Used in modeling the sum of several independent exponential waiting times.
- Helps in risk assessment and option pricing.

Reliability Engineering

- Describes the lifetime of products and systems subject to random failure rates.

Biostatistics and Medical Research

- Modeling the time until the occurrence of an event, such as disease onset or recovery times.

Conclusion: Finding Parameter A from Sample Data

In summary, when given a random sample from a Gamma(a, B) distribution:

- The sample mean \(\bar{X}\) provides a basis for estimating A, especially when « is known or can
be estimated.



- The estimator for A (or A) is:
A =\frac{\bar{X}}{a}

- When both parameters are unknown, iterative methods such as maximum likelihood estimation or
method of moments are employed to derive accurate estimates.

Understanding the estimation process and properties of the Gamma distribution enables statisticians
and researchers to model, analyze, and interpret data effectively across diverse fields.
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This comprehensive overview provides a detailed explanation of the Gamma distribution, its
parameters, estimation techniques, and applications, helping you understand how to find the
parameter A based on sample data.

Frequently Asked Questions

What is the probability density function (PDF) of a Gamma
distribution with parameters \( \alpha \) and \( \beta \)?

The PDF of a Gamma distribution with shape parameter \( \alpha \) and scale parameter \( \beta \) is
given by \( f(x) = \frac{x" {\alpha - 1} e™{-x/\beta}}{\beta” {\alpha} \Gamma(\alpha)} \) for \(x > 0
\).

How do you interpret the shape parameter \( \alpha \) in a
Gamma distribution?

The shape parameter \( \alpha \) determines the shape of the distribution; for example, when \(
\alpha > 1), the distribution is unimodal, and as \( \alpha \) increases, the distribution becomes
more symmetric and bell-shaped.

What is the likelihood function for a sample \( X 1, ..., X N\)

from a Gamma distribution?
The likelihood function is \( L(\alpha, \beta) = \prod {i=1}"N \frac{X i~ {\alpha-1} e~ {-

X i/\beta} } {\beta”™ {\alpha} \Gamma(\alpha)} \), which combines the PDFs of all individual
observations.



How can the maximum likelihood estimators (MLES) for the
parameters \( \alpha \) and \( \beta \) of a Gamma distribution
be found?

The MLEs are obtained by setting the derivatives of the log-likelihood function to zero and solving
the resulting equations, often requiring iterative numerical methods because closed-form solutions
are generally not available.

What is the expected value \( E[X] \) of a Gamma distribution
with parameters \( \alpha \) and \( \beta \)?

The expected value is \( E[X] = \alpha \times \beta \).

Given the distribution function \( F(x) \), how do you find the
parameter \( A' \) in the context of the Gamma distribution?

In the context of the problem, \( A'\) typically refers to an estimated or derived parameter related to
the distribution's shape or scale. To find \( A" \), one would set up the likelihood or moment equations
based on \( F(x) \) and solve for the parameter, often using methods like maximum likelihood or
method of moments.

Additional Resources

Understanding the Maximum Likelihood Estimator (MLE) for the Gamma Distribution Parameter

When working with statistical models, especially in the context of parameter estimation, the
Maximum Likelihood Estimator (MLE) plays a pivotal role. In this detailed exploration, we focus on a
scenario involving a random sample from a Gamma distribution characterized by parameters \(
\alpha \) (shape) and \( \beta \) (scale). Our primary goal is to derive the MLE for the parameter \(
\alpha \), denoted as \( \hat{\alpha} \), based on the observed data.

Introduction to the Gamma Distribution

The Gamma distribution is a versatile continuous probability distribution commonly used to model
positive-valued data that is skewed, such as waiting times, lifetimes, and certain financial or
environmental variables.

Probability Density Function (PDF):

Given parameters \( \alpha > 0) (shape) and \( \beta > 0) (scale), the PDF of the Gamma
distribution is:

\[



f(x; \alpha, \beta) = \frac{x" {\alpha - 1} e~ {-x / \beta} } {\beta”™ {\alpha} \Gamma(\alpha)} \quad
\text{for } x>0
\]

where:
-\(\Gamma(\alpha) \) is the Gamma function, defined as:

\[
\Gamma(\alpha) = \int 0~ {\infty} t~{\alpha- 1} e™{-t} dt
\]

-\(\alpha \) controls the shape of the distribution.
-\(\beta \) scales the distribution along the x-axis.

Problem Setup and Assumptions

Suppose we have a sample:

\[
X 1,X 2,\ldots, X N
\]

which are independent and identically distributed (i.i.d.) observations drawn from a Gamma
distribution with known shape parameter \( \alpha \) and unknown scale parameter \( \beta \).
Alternatively, the problem could be inverted with known \( \beta \) and unknown \( \alpha \), but in
this context, we consider the common scenario where both parameters are unknown, and the goal is
to estimate \( \alpha \).

For the purpose of this derivation, assume:
- The shape parameter \( \alpha \) is unknown.
- The scale parameter \( \beta \) is known (or, alternatively, the problem is simplified by fixing \(

\beta \)).

This is a common scenario in statistical inference where one parameter is to be estimated while the
other is assumed known or pre-estimated.

Likelihood Function Construction

Step 1: Write the joint likelihood function for the sample:



\[
L(\alpha, \beta) = \prod {i=1}"N f(X i; \alpha, \beta)
\]

Plugging in the PDF:

\[

L(\alpha, \beta) = \prod {i=1}"N \frac{X i~ {\alpha - 1} e”~{-X i/\beta}}{\beta” {\alpha}
\Gamma(\alpha)}

\]

which simplifies to:

\[

L(\alpha, \beta) = \left( \frac{1}{\beta” {\alpha} \Gamma(\alpha)} \right)"N \prod {i=1}"N
X i~{\alpha- 1} e~ {-\sum {i=1}"N X i/\beta}

\]

Step 2: Take the natural logarithm (log-likelihood):

\[
\ell(\alpha, \beta) = \log L(\alpha, \beta)
\]

\[

\ell(\alpha, \beta) = -N \alpha \log \beta - N \log \Gamma(\alpha) + (\alpha - 1) \sum {i=1}"N\log X i
-\frac{1}{\beta} \sum {i=1}"N X i

\]

Deriving the MLE for \(\alpha\)

Our target is to find \( \hat{\alpha} \) that maximizes the likelihood (or equivalently, the log-
likelihood). Under the assumption that \( \beta \) is known, the maximization simplifies to solving:

\[
\frac{\partial \ell(\alpha, \beta)} {\partial \alpha} = 0
\]

Step 1: Compute the derivative of the log-likelihood with respect to \( \alpha \):

\[

\frac{\partial \ell} {\partial \alpha} = -N \log \beta - N \frac{\Gamma'(\alpha) } {\Gamma(\alpha)} +
\sum {i=1}"N\log X i

\]

Recall that:



\[
\frac{\Gamma'(\alpha)} {\Gamma(\alpha)} = \psi(\alpha)
\]

where \( \psi(\alpha) \) is the digamma function.

Thus,

\[
\frac{\partial \ell} {\partial \alpha} = -N \log \beta - N \psi(\alpha) + \sum {i=1}"N\log X i
\]

Step 2: Set the derivative to zero to find the critical point:

\[
- N \log \beta - N \psi(\alpha) + \sum {i=1}"N\logX i=10
\]

which simplifies to:
\[

\psi(\alpha) = \frac{1}{N} \sum {i=1}"N\log X i - \log \beta
\]

Estimating \(\alpha\) Using the MLE

The key result for the MLE \( \hat{\alpha} \) is obtained by solving:

\[

\boxed{

\psi(\hat{\alpha}) = \frac{1}{N} \sum {i=1}"N\log X i - \log \beta
}

\]

This is a nonlinear equation in \( \hat{\alpha} \), involving the digamma function. Solving it
analytically is generally not feasible; hence, iterative numerical methods are used.

Numerical Solution Methods

Given the equation:

\[



\psi(\alpha) = ¢
\]

where

\[

¢ = \frac{1}{N} \sum {i=1}"N\log X i - \log \beta
\]

we can employ methods such as:

1. Newton-Raphson Method:

- Initialize \( \alpha” {(0)} \) (e.g., using method of moments or a rough estimate).
- Iterate:

\[
\alpha~{(k+1)} = \alpha~{(k)} - \frac{\psi(\alpha"~ {(k)}) - ¢} {\psi'(\alpha”{(K)})}
\]

where \( \psi'(\alpha) \) is the trigamma function:

\[

\psi'(\alpha) = \frac{d}{d\alpha} \psi(\alpha)

\]

2. Fixed-Point Iteration:

- Use properties of the digamma function to find a suitable iterative scheme.

3. Using Statistical Software:

- Many statistical packages (like R's "fitdistrplus’ or "MASS" package's fitdistr ) provide functions
to estimate the parameters of the Gamma distribution directly.

Special Cases and Considerations

a. When \( \beta \) is Unknown:

- Estimation becomes more complex because both \( \alpha \) and \( \beta \) are unknown.
- Typically, the MLEs are obtained jointly by solving the system:

\[

\frac{\partial \ell} {\partial \alpha} = 0
\]

\[

\frac{\partial \ell} {\partial \beta} = 0



\]

- The MLE for \( \beta \) given \( \alpha \):

\[

\hat{\beta} = \frac{1}{N \alpha} \sum {i=1}"NX i

\]

- Then, substitute back into the likelihood to estimate \( \alpha \).
b. Approximate Methods:

- For large samples, the method of moments can be used to provide initial estimates:
\[

\hat{\alpha} {MM} = \frac{\bar{X}"~2}{s"2}

\]

\[

\hat{\beta} {MM} = \frac{s"~2}{\bar{X}}

\]

where \( \bar{X} \) and \( s™2 ) are the sample mean and variance.

Interpreting the MLE and Its Properties

a. Consistency:

- The MLE \( \hat{\alpha} \) is consistent; as \( N \to \infty \), it converges in probability to the true
parameter.

b. Asymptotic Normality:

- Under regularity conditions, \( \hat{\alpha} \) is asymptotically normal:

\[

\sqrt{N} (\hat{\alpha} - \alpha) \xrightarrow{d} N(0, \mathcal{I} "~ {-1}(\alpha))
\]

where \( \mathcal{I}(\alpha) \) is the Fisher information.

c. Bias and Variance:

- The MLE is asymptotically unbiased and efficient, but
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