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Understanding the convergence or divergence of infinite series is a
fundamental aspect of mathematical analysis, especially in calculus and
series theory. When dealing with series, one of the most powerful tools at
our disposal is the Ratio Test, also known as the D'Alembert's ratio test.
This test involves analyzing the limit of the ratio of consecutive terms in a
series to determine its behavior. The series in question, N=1 (2n!/2"2n),
presents an interesting case for this test, prompting the question: what is
the value of R (the limit ratio) from the ratio test, and what insights does
this value provide about the series’ convergence?

In this article, we explore the detailed process of applying the Ratio Test
to the series N=1 (2n!/272n), interpret the resulting R value, and discuss
what this reveals about the nature of the series. Our goal is to provide a
comprehensive understanding, guiding you through the mathematical reasoning
step-by-step.

Understanding the Series N=1 (2n!/2”2n)

Before diving into the ratio test, it’s crucial to understand the structure
of the series itself. The series in question is:

\[ \sum_{n=1}"{\infty} \frac{2n!}{2"{2n}} \]

This series involves factorials and exponential terms, which often lead to
rapidly increasing or decreasing sequences. The factorial term \( 2n! \)
grows very quickly as n increases, while the denominator \( 27{2n} \) also

grows exponentially but at a different rate. Comparing these growth rates is
key to understanding the convergence behavior.

Applying the Ratio Test: Step-by-Step Process

The Ratio Test states that for a series \( \sum a n \), if we define:



\[ R = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right| \]
then:

- If R < 1, the series converges absolutely.

- If R > 1, the series diverges.

- If R =1, the test is inconclusive.

OQur goal is to compute this limit R for the series:

\[ a n = \frac{2n!}{2"{2n}} \]

Step 1: Write the ratio \( \frac{a_{n+l1}}{a n} \)

Calculate:

\[ \frac{a {n+1}}{a n} =
\frac{\frac{2(n+1) ' }{2"{2(n+1) }}}{\frac{2n!}{2"{2n}}} \1]

Simplify numerator and denominator separately:

\[ \frac{a {n+1}}{a n} = \frac{2(n+1)!}{2"{2n+2}} \times \frac{2”{2n}}{2n!}
\1

Step 2: Simplify factorials and powers of 2

Recall that:

\[ (n+1)! = (n+1) \times n! \]

and that:

\[ 27{2n+2} = 27{2n} \times 272 = 27{2n} \times 4 \]
Therefore:

\[ \frac{a {n+1}}{a n} = \frac{2 \times (n+1) \times n!}{27{2n} \times 4}
\times \frac{2”{2n}}{2n'} \]

Now, cancel \( 27{2n} \) in numerator and denominator:

\[ \frac{a {n+1}}{a n} = \frac{2 \times (n+1) \times n!}{4} \times
\frac{1}{2n'} \]



Further simplifying:

\[ \frac{a {n+1}}{a n}
n'} \1l

\frac{2 \times (n+1l) \times n!}{4} \times \frac{1}{2

Cancel \( n! \):

\[ \frac{a {n+1}}{a n}

\frac{2 \times (n+1)}{4} \times \frac{1}{2} \]

Combine constants:

\[ \frac{a {n+1}}{a n}
\1]

\frac{(n+1)}{2} \times \frac{1}{2} = \frac{n+1}{4}

Step 3: Take the limit as \( n \to \infty \)

Now, compute:

\[ R =\lim {n \to \infty} \frac{a {n+1}}{a n} = \lim {n \to \infty}
\frac{n+1}{4} \]

Since \( n \to \infty \), this limit is:

\[ R = \infty \]

Interpreting the R Value and Its Implications

The calculated R value from the ratio test is infinite, which is
significantly greater than 1. This outcome has direct implications for the
convergence behavior of the series.

What Does an Infinite R Value Mean?

- Divergence: When R > 1, the series diverges. An infinite R indicates that
the terms are growing faster than any geometric series with ratio less than
1, meaning the sum does not approach a finite limit.

- Growth Rate Considerations: The factorial term \( 2n! \) grows extremely
rapidly, outpacing the exponential \( 2°{2n} \). As a result, each term
becomes unbounded, reinforcing the divergence.



Conclusion on Series Behavior

Given that the ratio \( R \) tends to infinity, the series:
\[ \sum {n=1}"{\infty} \frac{2n!}{2"{2n}} \]

diverges. This indicates that the sum does not converge to a finite value,
and the partial sums grow without bound as n increases.

Summary and Broader Insights

The analysis of the series using the ratio test reveals critical insights:

- The limit ratio \( R \) is infinite, indicating divergence.

- The factorial growth dominates the exponential term, leading to terms that
increase without bound.

- The ratio test is a powerful tool for quickly assessing the behavior of
series involving factorials and exponentials.

Understanding the value of R helps mathematicians and students determine
whether a series converges or diverges, guiding further analysis or
alternative approaches for series that do not converge.

Additional Considerations and Related Topics

While the ratio test provides a straightforward conclusion here, other series
involving factorials can sometimes be analyzed using different methods, such
as:

- Root Test: Useful when terms involve powers with roots.

- Comparison Test: Comparing with known divergent or convergent series.
- Stirling’s Approximation: For more precise growth rate analysis of
factorials.

Practical Applications of Series Analysis

Series analysis, including ratio testing, is not just a theoretical exercise.
It has practical applications in:



- Engineering: Signal processing and Fourier series.

- Physics: Quantum mechanics and perturbation series.

- Computer Science: Algorithm complexity analysis involving factorial or
exponential growth.

Final Remarks

In conclusion, applying the ratio test to the series N=1 (2n!/272n) yields an
R value tending to infinity, indicating divergence. This result underscores
the importance of understanding term growth rates and the utility of the
ratio test in series analysis. Recognizing whether a series converges or
diverges is fundamental in mathematical analysis, and tools like the ratio
test are invaluable in making these determinations efficiently and
accurately.

If you encounter similar series involving factorials and exponential terms,
conducting a ratio test will often provide clear insight into their
convergence behavior, guiding your mathematical reasoning and problem-solving
strategies.

Frequently Asked Questions

What is the ratio test and how is it applied to the
series N=1 (2n! / 2~{2n})?

The ratio test is a convergence test that involves finding the limit of the
absolute value of the ratio of successive terms in a series. For the series

N=1 (2n! / 2~{2n}), we compute the ratio of the (n+l)th term to the nth term
and analyze its limit to determine convergence.

How do you find the value of R from the ratio test
for the series N=1 (2n! / 27°{2n})?

To find R, you calculate the limit as n approaches infinity of |a {n+l1}/a n]|.
For this series, this involves simplifying the ratio of (2(n+1)! /
27{2(n+1)}) to (2n! / 27{2n}) and then taking the limit as n approaches
infinity.

What does the R value obtained from the ratio test
indicate about the convergence of the series?

The R value, which is the limit of the ratio of successive terms, indicates
whether the series converges or diverges. If R < 1, the series converges; if



R > 1, it diverges; and if R = 1, the test is inconclusive.

What is the computed value of R for the series N=1
(2n! / 2~{2n}) using the ratio test?

The computed value of R for this series is 0, which is less than 1.

What does an R value of 0 tell us about the behavior
of the series?

An R value of 0 indicates that the terms of the series decrease rapidly
enough to ensure absolute convergence.

Is the series N=1 (2n! / 2”{2n}) convergent or
divergent based on the ratio test R value?

Based on the ratio test R value of 0, the series converges absolutely.

How does the factorial in the numerator affect the
convergence when applying the ratio test?

The factorial grows very rapidly, but in this series, the exponential in the
denominator dominates, leading to a limit R less than 1, ensuring
convergence.

Can the ratio test conclusively determine the
convergence of this series? Why or why not?

Yes, because the ratio test yields R < 1 (specifically R=0), it conclusively
shows that the series converges absolutely.

What is the significance of the ratio R being less
than 1 in the context of series convergence?

A ratio R less than 1 signifies that the terms of the series decrease
sufficiently fast, and the series converges absolutely.

Additional Resources
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Introduction



In the realm of mathematical analysis, particularly in the study of infinite
series, the ratio test stands out as a fundamental tool for determining
convergence or divergence. When confronted with a series involving factorials
and exponential terms, such as the series defined by the general term \( a n
= \frac{2n!'}{2”{2n}} \), the question naturally arises: What is the value of
R from the ratio test, and what insights does this R provide about the
series?

This article delves into an in-depth exploration of this problem, examining
the derivation of R, interpreting its significance, and understanding what
the result reveals about the series' behavior. We will clarify the process
step-by-step, explore related concepts, and contextualize the findings within
broader mathematical theory.

Understanding the Series and Its General Term

Before applying the ratio test, it'’s essential to understand the structure of
the series:

\ [
\sum {n=1}"{\infty} a n \quad \text{where} \quad a n = \frac{2n!}{27{2n}}

\]

This series involves factorials and powers of 2, which suggests that the
convergence behavior might be nuanced. The factorial \( n! \) grows very
rapidly, and the exponential \( 27{2n} \) also increases exponentially but at
a different rate.

Key observations:

- The factorial \( 2n! \) increases faster than any polynomial but at a rate
that can be compared to exponential functions.

- The denominator \( 27°{2n} \) simplifies to \( (272)"n = 4”°n \), which is an
exponential function with base 4.

Rephrased general term:

\ [
a n = \frac{2n!}{4"n}
\1

Understanding the growth rates of numerator and denominator is vital for
applying the ratio test effectively.



The Ratio Test Primer

The ratio test offers a straightforward criterion for series convergence:
> Given a series \(\sum a n\) with positive terms, define

\ [
R = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right|
\1]

> - If \( R<1\), the series converges absolutely.
> - If \( R>1)\), the series diverges.
> - If \( R=1\), the test is inconclusive.

In our case, to determine the convergence of the series \( \sum a n \), we
compute the limit \( R \).

Calculating R for the Series \( a_n =
\frac{2n!}{4"n} \)

Let's proceed step-by-step to compute \( R \):
1. Express \( a {n+1} \):

\ [
a {n+1} = \frac{2(n+1)!}{4"{n+1}}
\1]

2. Form the ratio \( \frac{a {n+1}}{a n} \):

\ [

\frac{a {n+1}}{a n} = \frac{\frac{2(n+1)!'}{4"~{n+1}}}{\frac{2n!}{4"n}} =
\frac{2(n+1) !}{4~{n+1}} \times \frac{4”™n}{2n!}

\1

3. Simplify numerator and denominator:

\ [
= \frac{2(n+1) !'}{4"{n+1}} \times \frac{4”n}{2n!}
\1

Recall that \( (n+1)! = (n+l) \times n! \), so:

\ [
= \frac{2 \times (n+1) \times n!}{4"{n+1}} \times \frac{4"n}{2 n!'}



\]
4., Cancel common factors:

( 2 \) cancels with numerator's \( 2 \).

-\
- \( n!' \) cancels with \( n! \).

So, the ratio simplifies to:

\ [
= (n+1) \times \frac{4"n}{4"{n+1}}
\]

5. Express powers of 4:

\ [
= (n+1) \times \frac{4”n}{4”n \times 4}
\1

(n+1) \times \frac{1}{4}

6. Final ratio:

\ [
\frac{a {n+1}}{a n} = \frac{n+1}{4}
\1

7. Compute the limit as \( n \to \infty \):

\ [

R = \lim {n \to \infty} \frac{n+1}{4} = \lim {n \to \infty} \frac{n}{4} +
\frac{1}{4} = \infty

\1]

Interpretation of R's Value

The key result:

\ [
R = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right| = \infty
\1]

Implication:
Since \( R > 1 \) (in fact, \( R \to \infty \)), the ratio test indicates

that the series diverges. The ratio test is conclusive here because the limit
exceeds 1 by an unbounded margin.



What Does an Infinite R Mean?

In practical terms, an infinite R signifies that the
terms of the series grow without bound relative to
each other as \( n \to \infty \). This is a strong
indication that the series cannot sum to a finite
value — it diverges.

- Comparison with known divergent series:

The factorial growth dominates the exponential decay
in the denominator, but in this case, the
factorial's rapid growth causes the ratio to tend to
infinity, confirming divergence.

- Intuitive understanding:

The numerator's factorial \( 2n! \) grows
approximately like \( \sqrt{4\pi n} \left(
\frac{2n}{e} \right)~{2n} \) (by Stirling's
approximation), which outpaces the exponential \ (
4”n \) in the denominator, leading to unbounded
growth of \( a_n \).

Thus, the series does not converge absolutely.

Broader Context and Related Series

Understanding the behavior of series involving



factorials and exponentials is crucial in various
fields, including combinatorics, probability, and
mathematical analysis.

Series with factorials:

- Divergence of factorial series: Series where
factorials grow faster than exponential functions
generally diverge unless tempered by factors like
reciprocal factorials.

- Convergence criteria: For factorial-based series,
Stirling's approximation and ratio tests are
essential analytical tools.

Similar series analysis:

- Comparison with exponential series: For example,
\( \sum \frac{n!}{c”n} \) diverges for small \( c \)
because factorial growth dominates.

- Convergence of exponential generating functions:
Series like \( \sum \frac{n!}{n"n} \) often require
advanced asymptotic analysis.

Practical implications:

- In computational mathematics, divergent series
indicate the need for summation techniques such as
Borel summation or analytic continuation.

- In theoretical contexts, divergence often signals
that certain functions or models are not well-
defined under naive summation.



Conclusion: The Significance of R in Series
Analysis

The calculation of \( R \) for the series \(
\sum_{n=1}"\infty \frac{2n!}{4"n} \) reveals a
critical insight: the series diverges because the
ratio \( R \to \infty \). This exemplifies how the
ratio test serves as a powerful, straightforward
criterion for convergence assessment, especially
when factorials and exponentials intertwine.

Key takeaways:

- The ratio test revealed that the series diverges
by showing \( R \to \infty \).

- The dominance of factorial growth in the numerator
over the exponential decay in the denominator leads
to divergence.

- Understanding the growth rates of series terms
informs us about their summability and stability.

In the broader landscape of mathematical analysis,
this case underscores the importance of the ratio
test as a diagnostic tool and highlights the
fascinating interplay between factorial and
exponential functions in infinite series.
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