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If you're working on a calculus or analytical geometry problem involving the intersection of a
cylinder and a plane, you might find yourself asking, "How do I find a parametric curve for the
intersection of the cylinder \( x^2 + y^2 = 1 \) and the plane \( z = y \)?" This is a common question
among students and professionals dealing with 3D curves, and understanding the steps to find the
parametric equations for this intersection can significantly improve your grasp of multivariable
calculus concepts. In this article, we will guide you through the process comprehensively, providing
explanations, methods, and tips to help you master this task.

---

Understanding the Problem: Intersection of a Cylinder
and a Plane

Before diving into the steps, it’s essential to understand the geometric objects involved and what
their intersection looks like.

The Cylinder \( x^2 + y^2 = 1 \)
- This is a right circular cylinder centered along the z-axis with radius 1.
- The equation indicates that every point \((x, y, z)\) on the cylinder satisfies \( x^2 + y^2 = 1 \).
- The cylinder extends infinitely along the z-axis, with no restrictions on \( z \).

The Plane \( z = y \)
- The plane relates the vertical coordinate \( z \) directly to \( y \).
- For every point on the plane, \( z \) equals \( y \).

The Goal
- Find a parametric representation of the curve where the cylinder and the plane intersect.
- The intersection curve will be a space curve lying on both the cylinder and the plane.

---



Step-by-Step Guide to Find the Parametric Curve

The process involves understanding the geometry, choosing suitable parameters, and deriving
parametric equations that describe the intersection.

Step 1: Recognize the Symmetries and Choose a Parameter
- Since the cylinder is defined by \( x^2 + y^2 = 1 \), a natural parametrization for the circle is:

\[
x = \cos t, \quad y = \sin t
\]

where \( t \) is a parameter that varies from \( 0 \) to \( 2\pi \).

- This parametrization exploits the unit circle in the \( xy \)-plane.

Step 2: Express \( z \) in Terms of \( y \)
- The plane equation gives \( z = y \).
- Using the parametrization, since \( y = \sin t \), then:

\[
z = \sin t
\]

Step 3: Write the Parametric Equations for the Intersection
Curve
- Combining the above, the parametric equations for the intersection are:

\[
\boxed{
\begin{aligned}
x(t) &= \cos t \\
y(t) &= \sin t \\
z(t) &= \sin t
\end{aligned}
}
\]

- These equations describe the space curve formed by the intersection of the cylinder and the plane.



Step 4: Verify the Parametric Curve
- To ensure the parametric equations correctly represent the intersection, verify that:

1. They satisfy the cylinder equation:
\[
x^2 + y^2 = \cos^2 t + \sin^2 t = 1
\]

2. They satisfy the plane equation:
\[
z = y = \sin t
\]

- Both conditions hold for all \( t \), confirming the correctness of the parametrization.

---

Visualizing the Intersection Curve

Understanding the shape of the intersection helps in grasping the problem better.

Shape of the Curve
- Since \( z = y \), and \( y = \sin t \), the curve traces a sinusoidal path along the cylinder.
- The curve forms a space curve that oscillates along the \( y \) and \( z \) directions while wrapping
around the cylinder.

Graphical Representation
- You can plot the parametric equations using graphing tools such as Desmos, GeoGebra, or
graphing software like MATLAB or Wolfram Mathematica.
- The plot will show a helix-like curve wrapped around the cylinder, lying on the plane \( z = y \).

---

Additional Tips and Variations

Understanding different approaches and potential variations can deepen your grasp.

Using Other Parameters
- Instead of \( t \), you might choose to parametrize \( y \) directly and express \( x \) and \( z \)
accordingly.



- For example, setting \( y = s \), then:

\[
x = \pm \sqrt{1 - s^2}
\]
\[
z = s
\]

which leads to a different parametrization depending on the branch chosen.

Handling Other Planes or Surfaces
- If the plane or surface changes, adjust the parametrization accordingly.
- For more complex surfaces, substitution and solving for parameters become necessary.

Extending to Three Dimensions
- The process can be generalized to find intersection curves between various surfaces, such as
cylinders, cones, spheres, and planes, by choosing suitable parameters and solving the equations
simultaneously.

---

Common Mistakes to Avoid

- Not verifying the parametrization: Always check if your parametric equations satisfy both original
equations.
- Ignoring the domain of parameters: Ensure the parameters cover the entire intersection curve.
- Choosing inappropriate parameters: Use natural parameters (like \( t \) for angles on circles) to
simplify the process.

---

Summary

Finding a parametric curve for the intersection of a cylinder and a plane involves:

- Recognizing the symmetry of the cylinder and choosing a suitable parametrization for the circle,
typically \( x = \cos t \), \( y = \sin t \).
- Using the plane equation to relate \( z \) to \( y \), leading to \( z = y \).
- Combining these to write the parametric equations:

\[
x(t) = \cos t, \quad y(t) = \sin t, \quad z(t) = \sin t



\]

- Verifying the equations satisfy both the cylinder and the plane equations.

This approach provides a clear, step-by-step method to derive the parametric equations, making
complex 3D intersection problems more manageable.

---

Conclusion

Mastering how to find parametric curves for the intersection of surfaces like cylinders and planes is
a fundamental skill in multivariable calculus. By understanding the geometric relationships,
choosing appropriate parameters, and verifying your solutions, you can confidently solve these
problems. Whether you're a student preparing for exams or a professional working on 3D modeling,
these techniques form the backbone of analyzing and visualizing complex surfaces and their
intersections.

For further practice, try applying similar steps to other surface intersections, such as a sphere and a
plane or two cylinders, to strengthen your understanding and problem-solving skills.

Frequently Asked Questions

How do I set up the parametric equations for the intersection
of a cylinder and a plane?
To find the parametric equations, first express the cylinder in its standard form (e.g., x² + y² = r²).
Then, substitute the parametric expressions for x and y into the plane equation to eliminate
variables and find z as a function of the parameters. This results in a parametric curve describing
the intersection.

What is the general approach to parametrize the intersection
curve of the cylinder x² + y² = 1 and the plane x + y + z = 0?
Start by parametrizing the cylinder as x = cos t, y = sin t. Substitute these into the plane equation to
solve for z: z = - (x + y) = - (cos t + sin t). Thus, the parametric equations are x = cos t, y = sin t, z =
- (cos t + sin t).

Can I use a different parameterization for the intersection
curve besides t?
Yes, you can choose other parameters such as θ or s, depending on the context. The key is to find a
consistent parameter that simplifies the equations, but the most common choice for circles is the
parameter t, representing the angle around the cylinder's axis.



What if the cylinder is given as x² + y² = r² and the plane as ax
+ by + cz + d = 0? How do I find the parametric curve?
Parametrize the cylinder as x = r cos t, y = r sin t. Substitute into the plane equation to solve for z: z
= - (a x + b y + d) / c. Plugging in the parametric expressions yields z as a function of t, giving the
parametric curve.

How do I verify that the parametric equations correctly
represent the intersection curve?
Substitute the parametric equations into both the cylinder and plane equations. If both are satisfied
for all parameter values, then the parametric equations correctly describe the intersection curve.
Checking specific points can also help confirm correctness.

Are there special considerations when the intersection curve
is a straight line or a circle?
Yes. If the intersection is a circle, the parametric form typically involves sine and cosine functions. If
it's a straight line, the parametric equations are linear in the parameter. Recognizing the geometric
shape helps choose the appropriate parameterization method.

Additional Resources
Understanding and Finding a Parametric Curve for the Intersection of a Cylinder and a Plane

When delving into the fascinating world of multivariable calculus and 3D geometry, one of the
fundamental yet intriguing problems involves analyzing the intersection of geometric
surfaces—particularly cylinders and planes. This task not only sharpens spatial visualization skills
but also deepens understanding of parametric equations, which are essential tools for representing
complex curves and surfaces in mathematics, physics, and engineering.

In this comprehensive guide, we will explore how to find a parametric curve for the intersection of a
specific cylinder and a plane, focusing on the problem: "Find a parametric curve for the intersection
of the cylinder \( x^2 + y^2 = 1 \) and the plane \( x + y = z \).” We will break down the problem
step-by-step, explain the underlying concepts, and demonstrate the process with clarity and depth.
Whether you’re a student seeking to master the topic or an educator looking for a detailed
explanation, this article aims to be your definitive resource.

---

Understanding the Geometric Entities Involved

Before jumping into the solution, it’s crucial to understand the shapes and equations involved.



The Cylinder \( x^2 + y^2 = 1 \)

- Description: This is a standard circular cylinder aligned along the z-axis.
- Properties: Infinite in both directions along the z-axis; cross-sections perpendicular to the z-axis are
circles of radius 1.
- Equation Interpretation: For any fixed value of z, the points \((x, y)\) satisfy \( x^2 + y^2 = 1 \),
forming a circle.

The Plane \( x + y = z \)

- Description: A plane inclined in 3D space, passing through the origin.
- Properties: For any \((x, y)\), the corresponding \(z\) is given by \( z = x + y \).
- Interpretation: The plane "rises" along the line \( x + y \), making it slanting in the \(z\)-direction.

---

Problem Breakdown and Strategy

The main goal is to find a parametric representation of the curve formed by the intersection of these
two surfaces. In essence, we need to:

1. Express the intersection curve: The set of points satisfying both equations simultaneously.
2. Parametrize the curve: Find functions \( x(t) \), \( y(t) \), and \( z(t) \) that trace out this
intersection as \( t \) varies over some interval.

Why Parametric Curves?

Parametric equations are invaluable because they:

- Clearly describe the entire curve in terms of a parameter.
- Facilitate visualization and further analysis.
- Simplify complex geometric constraints into manageable algebraic forms.

Approach Overview

- Use the symmetry and simplicity of the cylinder to choose a natural parametrization.
- Express \( z \) in terms of \( x \) and \( y \), utilizing the plane’s equation.
- Combine these to produce a parametric form for the intersection.

---

Step-by-Step Solution

Now, let’s methodically find the parametric form of the intersection curve.



Step 1: Parametrize the Cylinder

Since \( x^2 + y^2 = 1 \), a natural parametrization for the circle is:

\[
x(t) = \cos t, \quad y(t) = \sin t, \quad t \in [0, 2\pi]
\]

This parametrization exploits the unit circle’s standard form, with \( t \) representing the angle in
radians.

---

Step 2: Find \( z(t) \) from the Plane Equation

Given the plane \( x + y = z \), substitute the parametrized \( x(t) \) and \( y(t) \):

\[
z(t) = x(t) + y(t) = \cos t + \sin t
\]

This directly gives the \( z \)-coordinate along the intersection curve.

---

Step 3: Assemble the Parametric Curve

Putting it all together, the parametric equations describing the intersection are:

\[
\boxed{
\begin{aligned}
x(t) &= \cos t \\
y(t) &= \sin t \\
z(t) &= \cos t + \sin t
\end{aligned}
}
\]

with \( t \in [0, 2\pi] \).

This parametrization traces out the entire intersection curve as \( t \) varies.

---



Analysis and Visualization of the Intersection Curve

Having established the parametric equations, it’s instructive to analyze the geometric nature of the
intersection.

Shape and Properties

- Shape: The curve is a closed, smooth space curve lying on the cylinder.
- Projection onto the xy-plane: The projection of the curve is the circle \( x^2 + y^2 = 1 \).
- Vertical variation: Since \( z(t) = \cos t + \sin t \), the curve oscillates in the z-direction, creating a
"twisted" shape around the cylinder.

Special Points and Symmetry

- At \( t = 0 \):

\[
x=1, \quad y=0, \quad z=1
\]

- At \( t = \frac{\pi}{2} \):

\[
x=0, \quad y=1, \quad z=1
\]

- At \( t = \pi \):

\[
x=-1, \quad y=0, \quad z=-1
\]

- At \( t = \frac{3\pi}{2} \):

\[
x=0, \quad y=-1, \quad z=-1
\]

These points highlight the symmetry and periodicity of the curve.

---



Additional Insights and Variations

While the above parametric form is straightforward, there are alternative approaches and extensions
worth considering.

Alternative Parametrizations

Instead of using \( t \) as the angle in the xy-plane, one might parametrize the circle differently, such
as:

- Using the tangent half-angle substitution.
- Employing other trigonometric identities to modify the parametrization for specific applications.

Parametric Equations for Other Surfaces

If the problem involves different cylinders or planes, similar techniques apply:

- Choose a natural parametrization for the cylinder.
- Express the remaining equations in terms of the parameter.
- Solve for other coordinates accordingly.

Implications in Physics and Engineering

- Design and Manufacturing: Understanding such intersection curves aids in designing components
that involve cylindrical and planar surfaces.
- Robotics and Path Planning: Parametric representations facilitate the programming of robot
trajectories along complex paths.
- Visualization: Software tools can render these parametric curves for analysis and presentation.

---

Common Challenges and Tips

While the problem seems straightforward, several common pitfalls can occur:

- Ignoring the domain of the parameter: Ensure \( t \) covers the full period to trace the entire curve.
- Misinterpreting the surface equations: Always double-check the parametrizations against the
original equations.
- Overlooking multiple intersection parts: Some surfaces may intersect in more than one component;
verify if multiple curves exist.

Tips for success:



- Start with a clear understanding of the geometric entities.
- Use symmetry and standard parametrizations to simplify calculations.
- Visualize intermediate steps to ensure correctness.

---

Conclusion: Mastering the Intersection Curve

Finding a parametric curve for the intersection of a cylinder and a plane is a fundamental skill that
combines algebraic manipulation, geometric intuition, and analytical thinking. By leveraging the
natural parametrization of the cylinder and substituting into the plane’s equation, we derive an
elegant and comprehensive description of the intersection.

This process not only enhances geometric comprehension but also prepares you for more complex
problems involving surfaces, space curves, and their applications across various scientific and
engineering disciplines.

In essence, mastering such parametrizations equips you with a powerful toolset for visualizing and
analyzing the intricate dance of surfaces in three-dimensional space, fostering both deeper
understanding and practical problem-solving skills.
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