One Hundred Students Are Assigned
Lockers 1 Through 100. The Students
Assigned To Locker 1 Opens All

One Hundred Students Are Assigned Lockers 1 Through 100. The Students
Assigned To Locker 1 Opens All is a classic problem in logic, mathematics,
and computer science that has intrigued students and experts alike for
generations. This intriguing scenario involves 100 students, each assigned a
unique locker numbered from 1 to 100, and a specific sequence of actions
where students open and close lockers based on certain rules. Understanding
the solution to this problem not only sheds light on patterns and
mathematical principles but also offers insight into problem-solving
strategies that are applicable in various fields.

The Locker Problem: An Overview

What Is the Locker Problem?

The locker problem is a thought experiment that explores the pattern of
lockers being opened or closed after a series of passes by students. The
setup is simple:

e There are 100 lockers, numbered from 1 to 100.

e 100 students are assigned to lockers, with each student assigned to a
specific locker number.

e Initially, all lockers are closed.

e Starting with Student 1, each student toggles the state of specific
lockers: Student 1 opens every locker, Student 2 toggles every 2nd
locker, Student 3 toggles every 3rd locker, and so on.

The question is: After all students have taken their turn, which lockers
remain open?

Historical Context and Significance

This problem has been studied since the 19th century and is often used to
introduce students to concepts such as factors, perfect squares, and
mathematical patterns. Its simplicity makes it accessible, yet its underlying
principles reveal deep mathematical truths. The solution pattern demonstrates
how seemingly complex problems can have elegant and straightforward answers.



Understanding the Mechanics of the Locker
Problem

Initial Conditions and Process

At the beginning, all lockers are closed:

e Lockers: 1, 2, 3, ..., 100

e State: Closed

During each pass:

1. Student 1 opens every locker (since they toggle all lockers).
2. Student 2 toggles every 2nd locker (lockers 2, 4, 6, ... 100).
3. Student 3 toggles every 3rd locker (lockers 3, 6, 9, ... 99).

4. And so on, until Student 100 toggles only the 100th locker.

The "toggle" action means: if the locker is open, it becomes closed; if it is
closed, it becomes open.

Pattern Emerges: Divisors and Toggling

The key to understanding which lockers remain open lies in the divisors of
their numbers:

e Fach locker's state changes once for every divisor it has.

e For example, locker 12 is toggled by students 1, 2, 3, 4, 6, 12.

Because divisors come in pairs (e.g., 1 and 12, 2 and 6, 3 and 4 for locker
12), most numbers have an even number of divisors, leading to lockers being
toggled an even number of times and ending up closed.

However, perfect squares have an odd number of divisors because one divisor
is repeated (the square root), which means the locker is toggled an odd
number of times and remains open at the end.

Mathematical Solution: Which Lockers Remain
Open?



Perfect Squares Are Key

The crucial insight is that only lockers with numbers that are perfect
squares will stay open after all toggling:

e Perfect squares between 1 and 100 are: 1, 4, 9, 16, 25, 36, 49, 64, 81,
and 100.

e Hence, these lockers will be open at the end of the process.

Summary of the Final State

After all students have taken their turns, the lockers that remain open are
precisely those that are perfect squares:

e Locker 1 (172)

e TLocker 4 (272)

e Locker 9 (372)

e TLocker 16 (472)

e Locker 25 (572)

e Locker 36 (672)

e Locker 49 (7"2)

e TLocker 64 (872)

e Locker 81 (972)

e TLocker 100 (1072)

This pattern demonstrates the fascinating relationship between divisors,
perfect squares, and toggling actions.

Applications and Variations of the Locker
Problem

Real-World Applications

While the locker problem appears as a pure mathematical puzzle, its
principles have applications in various fields:

e Computer Science: Understanding factors and divisors is essential in
algorithms, cryptography, and data structures.



e Number Theory: The problem illustrates properties of perfect squares and
divisor functions.

e Problem Solving and Logical Thinking: It encourages analytical thinking,
pattern recognition, and strategic problem-solving skills.

Variations of the Problem

Mathematicians and educators have proposed numerous variations to deepen
understanding:

Changing the number of lockers and students.

Altering the toggling rules (e.g., toggling only prime-numbered
lockers) .

Introducing multiple rounds or different starting states.

Applying similar logic to other problems like toggling switches or light
bulbs.

These variations help students explore different mathematical concepts and
develop a deeper understanding of factors, multiples, and patterns.

Educational Significance and Learning Outcomes

Developing Mathematical Intuition

The locker problem is an excellent tool for fostering mathematical intuition:
e Understanding the significance of divisors and their role in toggling
patterns.
e Recognizing the importance of perfect squares in number theory.

e Developing problem-solving strategies through pattern recognition and
logical deduction.

Promoting Critical Thinking

Engaging with the problem encourages learners to think critically about:

e Why do certain lockers remain open?

e What does the pattern reveal about numbers and their properties?



e How can similar logic be applied to other mathematical or real-world
problems?

Conclusion: The Elegant Solution of the Locker
Problem

The classic scenario where 100 students toggle lockers numbered 1 through 100
exemplifies how simple rules can lead to elegant solutions. By understanding
that only perfect squares have an odd number of divisors, we see that only
lockers 1, 4, 9, 16, 25, 36, 49, 64, 81, and 100 remain open at the end of
the process. This problem not only provides a captivating puzzle but also
serves as a gateway to exploring fundamental concepts in mathematics, logic,
and problem-solving strategies.

Whether used in classrooms to illustrate the beauty of mathematics or as a

mental exercise to sharpen reasoning skills, the locker problem continues to
inspire curiosity and discovery. Its timeless appeal lies in its simplicity
and the profound insights it offers into the nature of numbers and patterns.

Frequently Asked Questions

Why does locker 1 get opened initially when students
start toggling lockers?

Because all students are assigned to lockers 1 through 100 and each student
opens their assigned locker; student 1 opens every locker, including locker
1.

Which lockers remain open after all students have
taken their turn?

Only the lockers whose numbers are perfect squares, such as 1, 4, 9, 16, 25,
36, 49, 64, 81, and 100, remain open.

Why are only perfect square lockers open at the end?

Because perfect square lockers have an odd number of factors, leading to an
odd number of toggles, which results in them remaining open.

How many lockers will stay open after all students
have completed their toggling?

Ten lockers will stay open, corresponding to the perfect squares between 1
and 100.

What is the significance of perfect squares in this



locker problem?

Perfect squares have an odd number of divisors, which explains why those
lockers end up open after all toggling is complete.

If the number of lockers increases beyond 100, how do
we determine which lockers stay open?

The lockers that remain open are those with numbers that are perfect squares
up to the total number of lockers, such as 1, 4, 9, 16, etc., up to the
maximum perfect square less than or equal to the total number.

Is there a real-world application or analogy for this
locker problem?

Yes, it illustrates concepts like factors, perfect squares, and toggling
states, which can be applied to problems in computer science, mathematics,
and even network security or toggling switches.

Additional Resources

One Hundred Students Are Assigned Lockers 1 Through 100. The Students
Assigned To Locker 1 Opens All

Introduction: Unveiling a Classic Puzzle

In the realm of logic puzzles and mathematical riddles, few problems have
captivated minds quite like the "Locker Opening Problem." At its core, this
puzzle involves a set of 100 lockers numbered 1 through 100, with 100
students assigned to toggle the state (open or closed) of each locker under
specific rules. The scenario where students assigned to locker 1 open all
lockers, and subsequent students toggle lockers based on certain patterns,
exemplifies a fascinating interplay of combinatorics, number theory, and
logical deduction.

This article will explore the intricacies of this problem, dissect its
mechanics, analyze the underlying principles, and examine the broader
implications for problem-solving and mathematical thinking. We will begin
with a detailed description of the problem, followed by an in-depth analysis
of the solution process, and conclude by discussing real-world applications
and educational significance.

The Setup: Defining the Problem

The Basic Scenario

Imagine a school hallway lined with 100 lockers, each assigned a unique
number from 1 to 100. Initially, all lockers are closed. Now, 100 students
enter the hallway sequentially, each performing a specific action based on

their assigned number:

— Student 1 (assigned to locker 1) opens every locker (i.e., lockers 1, 2, 3,



., 100).
— Student 2 (assigned to locker 2) then toggles every 2nd locker starting
from locker 2 (i.e., lockers 2, 4, 6, ..., 100).
- Student 3 toggles every 3rd locker (lockers 3, 6, 9, ...), and so forth.

This process continues until the 100th student, who toggles only the 100th
locker.

Clarifying the Toggling Action

- Toggling means changing the state of the locker from closed to open or from
open to closed.

— The initial state is closed for all lockers.

- Each student toggles specific lockers based on their number, following a
simple rule: toggle every k-th locker, where k is the student's assigned
number.

The Question
After all 100 students have completed their turn, which lockers remain open?

This question seems straightforward at first glance, but it leads to a
surprisingly elegant answer rooted in number theory, particularly the
properties of perfect squares.

Step-by-Step Analysis: Decoding the Toggling Pattern
Initial Observations

— The first student opens all lockers, so after the first pass, all lockers
are open.

- Each subsequent student toggles lockers at intervals equal to their number.
- Because toggling is an involutive operation (toggling twice returns the
locker to its previous state), the final state of each locker depends on the
total number of toggles it undergoes.

Key Insight: Number of Factors

The number of times a locker is toggled is directly related to the number of
divisors of its number:

— Lockers are toggled once for each divisor they have.
- For example, locker 12 is toggled by students 1, 2, 3, 4, 6, 12 — six
divisors.

Thus, the final state of each locker depends on whether it has an odd or even
number of divisors.

Divisors and Perfect Squares
A critical property in number theory states:

— Most numbers have divisors in pairs. For example, 12 has divisor pairs
(1,12), (2,6), (3,4).

— Perfect squares are special because one of their divisor pairs collapses
into a single divisor: for example, 16 has divisors 1, 2, 4, 8, 16. Notice
that 4 is both a divisor and its own pair (since 4x4=16). This results in an



odd number of divisors.
Implication:

— Lockers numbered with perfect squares will be toggled an odd number of
times.

— Since all lockers start closed and are opened on the first pass, an odd
number of toggles will leave them open.

— Lockers with non-square numbers have an even number of divisors, so they
end up closed after all toggling.

Final State of Lockers
— Open Lockers: Those whose numbers are perfect squares (1, 4, 9, 16, 25, 36,

49, 64, 81, 100).
— Closed Lockers: All others.

The Special Role of Student 1 and Lockers 1-100
Student 1's Action: Opening All Lockers

In the context of this problem, Student 1's action is to open all lockers.
This initial step ensures that all lockers are open at the start of the
process, setting a clear baseline.

Subsequent Toggling

From that point onward, the process follows the pattern of toggling based on
students' assigned numbers, which is equivalent to the classic approach where
all lockers are initially closed, and students toggle as per their number.

The Role of Student 1 in the Pattern

— Since Student 1 opens all lockers, the overall toggling pattern shifts
slightly compared to the standard problem where all lockers start closed.
- However, because toggling is symmetric, the final outcome remains the same:
only lockers corresponding to perfect squares remain open after all toggling.

Impact on the Final State

The key difference is that Student 1's action ensures that all lockers start

open, but since subsequent students toggle lockers, the final state hinges on
the parity of the number of toggles, which is tied to the number of divisors.
In the classic problem (lockers starting closed), the perfect square lockers

end up open because they are toggled an odd number of times. With Student 1

opening all lockers initially, the toggling pattern results in the same set
of perfect square lockers remaining open at the end.

Mathematical Underpinnings and Broader Implications
Number Theory and Divisors

The problem elegantly illustrates the relationship between divisors and the
properties of numbers:



— Divisors come in pairs, except for perfect squares.

— The odd number of divisors for perfect squares is due to the unpaired
divisor (the square root).

Perfect Squares and Their Uniqueness

- The perfect square lockers (1, 4, 9, 16, 25, 36, 49, 64, 81, 100) are
unique because of their divisor structure.

— This property has implications in various fields like cryptography, digital

signal processing, and the design of algorithms where factors and divisors
play a role.

Educational Significance and Problem-Solving Strategies
Teaching Mathematical Concepts

This problem serves as a powerful educational tool:

— Demonstrates the application of basic number theory.

— Connects abstract mathematical properties to tangible puzzles.
— Enhances understanding of factors, divisors, and perfect squares.
Developing Logical Reasoning

Students engaging with this problem hone skills like:

- Pattern recognition

- Hypothesis testing

— Formal proof construction

Encouraging Critical Thinking

The problem encourages learners to look beyond surface-level operations and
seek underlying principles, fostering analytical thinking.

Real-World Applications and Related Problems

Applications in Computer Science

- Optimizing algorithms that involve factorization.

— Understanding data structures that rely on divisor properties.

- Cryptography, where prime factors and divisors are fundamental.
Related Puzzles and Variations

- Extending the problem to different numbers of lockers and students.
- Considering scenarios where toggling rules change.

- Exploring higher-dimensional analogs, such as toggling in multi-dimensional
grids.

Conclusion: From a Classroom Puzzle to Mathematical Insight

The scenario of 100 students toggling lockers 1 through 100, with the initial



action of student 1 opening all lockers, encapsulates a profound mathematical
principle: the special status of perfect squares due to their divisor
structure. This problem not only offers an engaging puzzle but also
illuminates fundamental concepts in number theory, fostering critical
thinking and analytical skills.

By examining the problem carefully, recognizing the role of divisors, and
understanding the significance of perfect squares, learners can appreciate
how simple rules lead to elegant and surprising solutions. Whether in
academic settings or real-world applications, these insights underscore the
beauty and utility of mathematical reasoning in unraveling puzzles and
solving complex problems.
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