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Introduction

Solving differential equations is a fundamental aspect of mathematics, physics, and engineering,
providing insights into systems' dynamic behavior. Among various methods, the Laplace Transform
stands out for its effectiveness, especially when dealing with linear differential equations with
constant coefficients. This article aims to guide you through solving a specific third-order differential
equation using the Laplace Transform method, ensuring clarity and thorough understanding.

Understanding the Differential Equation

The problem statement appears to be incomplete, but based on standard forms and context, the
differential equation is likely:

\[
\frac{d"3 y}{dt"~3} + 2y =0
\]

or, in more compact notation:

\[
y'"'+2y=0
\]

This is a homogeneous linear differential equation with constant coefficients. To confirm, we will
proceed under this assumption, which aligns with typical problem formats.

Step 1: Recognize the Type of Differential Equation

- Order: Third order (due to the third derivative).

- Linearity: Linear, as derivatives and functions are to the first power.

- Homogeneity: The right side is zero, indicating a homogeneous equation.

- Constant coefficients: The coefficients (1 for the third derivative, 2 for y) are constants.



Step 2: Apply the Laplace Transform

The primary step involves applying the Laplace Transform to convert the differential equation from
the time domain into an algebraic equation in the complex frequency domain.

2.1 Laplace Transform of Derivatives
Recall the Laplace Transform of derivatives:

\[
\mathcal{L}\{ y~{(n)}(t) \} =s™n Y(s) - s~ {n-1} y(0) - s~ {n-2} y'(0) - \dots - y"~{(n-1)}(0)
\]

Where:

-\(Y(s) = \mathcal{L}\{ y(t) \}\)
- Initial conditions: \( y(0) \), \( y'(0) \), \( y"(0) \)

2.2 Assumptions for Initial Conditions

In typical problems, initial conditions are provided. Since not specified, we'll assume:

\[
y(0) =y 0, \quad y'(0) =y 1, \quad y"(0) =y 2
\]

For demonstration purposes, common initial conditions such as zero are often used:

\[
y(0) = 0, \quad y'(0) = 0, \quad y"(0) =0
\]

However, the approach remains valid for arbitrary initial conditions.

Step 3: Transform the Differential Equation
Applying the Laplace Transform to

\[
y"+2y=0
\]

we get:

\[

\mathcal{L}\{ y'"' \} + 2 \mathcal{L}\{y\} =0
\]

Expressing each term:



\[
s™3Y(s)-s™2y(0)-sy'(0) -y"(0) + 2Y(s) = 0
\]

Assuming zero initial conditions:

\[
s™3Y(s) + 2Y(s) =0
\]

Step 4: Solve for \(Y(s)\)
Factor the equation:

\[
Y(s) (s"3+2)=0
\]

Thus:

\[
Y(s) = \frac{0}{s"3+2} =0
\]

which implies that the trivial solution \( y(t) = 0) satisfies the differential equation under zero initial
conditions.

Note: For non-zero initial conditions, the algebra would involve including the initial terms. The
general form is:

\[
Y(s) = \frac{s"2 y(0) + s y'(0) + y"(0)}{s"~3 + 2}
\]

But for simplicity, we proceed with zero initial conditions.

Step 5: Find the Inverse Laplace Transform
The inverse Laplace Transform of:

\[
Y(s) = \frac{1}{s"3 + 2}
\]

gives the solution \( y(t) \).



Step 6: Solving the Inverse Laplace Transform
The main challenge is to find:

\[
y(t) = \mathcal{L} "~ {-1} \left\{ \frac{1}{s™3 + 2} \right\}
\]

6.1 Factor the denominator

The polynomial \( s*3 + 2\) cannot be factored into real linear factors directly, but it can be
factored over complex numbers or expressed via factorization techniques.

The roots of:

\[
s™3+2=0
\]

are:

\[
s = -\sqrt[3]{2}
\]

and the complex conjugate roots:

\[
s = \sqrt[3]{2} \left( -\frac{1}{2} \pm i \frac{\sqrt{3}}{2} \right)
\]

which are complex cube roots of \(-2\).

6.2 Use Partial Fraction Decomposition
Partial fraction decomposition is complex here due to the cubic denominator with complex roots.

Instead, it’s often more practical to express the inverse Laplace transform using complex roots and
inverse transforms involving exponential and trigonometric functions.

Step 7: Expressing the Solution
Given the roots:

\[
s=rl,r2,r3
\]



the inverse Laplace transform can be written as a sum of terms involving exponentials and
oscillatory functions, depending on the nature of roots.

If roots are:

- One real root \(r 1),
- Two complex conjugate roots \( \alpha \pm i \beta \),

then the general solution takes the form:

\[
y(t) =C 1e~{r 1t} + e"~{\alpha t} (A \cos \beta t + B \sin \beta t)
\]

Step 8: Summary of the Solution
In conclusion:

- The solution to the differential equation \( y'"' + 2 y = 0\) via Laplace Transform involves
transforming to algebraic form, solving for \(Y(s)\), and then applying inverse Laplace Transform.

- The roots of the characteristic polynomial \( s~3 + 2 = 0\) determine the specific form of the
solution.

- For zero initial conditions, the solution simplifies to the inverse Laplace transform of \( 1 /(s™3 +
2)\), which involves complex roots and yields a combination of exponential and sinusoidal functions.

Additional Considerations

- Initial conditions significantly influence the particular solution.

- Non-zero initial conditions require including initial derivative terms in the Laplace transform.
- Complex roots require understanding of exponential and trigonometric functions in inverse
transforms.

Practical Applications of Laplace Transform in Differential Equations
The Laplace Transform method is widely used across engineering and physics for:

- Analyzing electrical circuits

- Mechanical vibration analysis
- Control system design

- Signal processing

Its ability to handle initial conditions seamlessly makes it invaluable for solving initial value
problems.



Conclusion

Solving differential equations using the Laplace Transform is a systematic approach that simplifies
complex differential operations into manageable algebraic equations. In the case of the third-order
differential equation \( y'""' + 2 y = 0), the key steps involve transforming the equation, solving
algebraically for \(Y(s)\), and then applying the inverse Laplace Transform to find \( y(t) \). While the
solution intricately depends on the roots of the characteristic polynomial, the overarching
methodology remains consistent and powerful, making the Laplace Transform an essential tool in
the mathematician’s toolkit.

References

- "Differential Equations and Boundary Value Problems" by C. Henry Edwards and David E. Penney
- "Advanced Engineering Mathematics" by Erwin Kreyszig

- Online resources such as Khan Academy and Paul's Online Math Notes provide additional tutorials
on Laplace Transforms and differential equations.

Note: For detailed solutions with specific initial conditions or more complex roots, numerical
methods or computational tools like MATLAB or WolframAlpha can be employed to evaluate inverse
transforms efficiently.

Frequently Asked Questions

What is the main goal when solving the differential equation
Dy'"' + 2y = 0 using Laplace transforms?

The main goal is to convert the differential equation into an algebraic equation in the Laplace
domain, solve for Y(s), and then find y(t) by taking the inverse Laplace transform.

How do we apply the Laplace transform to the third derivative

Dy'" in the differential equation?
Using the property L{y""'(t)} = s”~3 Y(s) - s™2 y(0) - s y'(0) - y"(0), which incorporates initial

conditions.

What initial conditions are necessary to solve the differential
equation using Laplace transform?

Initial conditions such as y(0), y'(0), and y"'(0) are necessary to fully determine the solution.



How do we handle the Laplace transform of the term 2y in the
differential equation?

Since 2y(t) is a simple multiplication, its Laplace transform is 2Y(s).

What is the general form of the algebraic equation obtained
after applying Laplace transform to the differential equation?

The algebraic equation is s~3 Y(s) - s~2 y(0) - s y'(0) - y"(0) + 2Y(s) = 0.

How do you solve for Y(s) after applying the Laplace
transform?

Rearrange the algebraic equation to isolate Y(s): Y(s) = [s™2 y(0) + s y'(0) + y"(0)] / (s™3 + 2).

What is the process for finding y(t) after determining Y(s)?

Take the inverse Laplace transform of Y(s) to find y(t), often requiring partial fraction decomposition
and known inverse transforms.

How does knowing the initial conditions influence the solution
of the differential equation via Laplace transform?

Initial conditions determine the specific form of Y(s), leading to a particular solution rather than a
general one.

Can the differential equation Dy'"' + 2y = 0 be solved explicitly
for y(t) using Laplace transforms without initial conditions?

No, initial conditions are necessary to find a unique explicit solution; without them, the solution
remains in a general form.

Additional Resources

Problem 5 (20 Points): Solve The Following Differential Equation Using Laplace Transform:
Dy3 + 2y =

Introduction

The application of Laplace transforms in solving differential equations is a cornerstone technique in
both pure and applied mathematics, particularly within engineering disciplines such as control
systems, signal processing, and differential equations analysis. This method simplifies complex
differential equations by transforming them from the time domain into the algebraic domain, where
algebraic methods can be employed to find solutions more efficiently.



In this article, we will explore Problem 5, which involves solving a differential equation using the
Laplace transform. The problem appears to be incomplete in its statement, but based on typical
formulations, it most likely involves a linear differential equation of the third order. We will analyze
the problem, interpret its components, and systematically derive the solution using the Laplace
transform method.

Understanding the Differential Equation
The General Form

The given differential equation is:

\[ Dy 3 + 2y =\]

While the exact right-hand side (RHS) appears incomplete, a reasonable assumption is that the
problem involves a third-order differential equation of the form:

\[ \frac{d"3 y}{dt~3} + 2 y(t) = f(t) \]

where \( f(t) \) is some known function, possibly zero or a specified forcing function.

Significance of the Equation

- Linear Differential Equation: The equation is linear because derivatives of \( y(t) \) appear to the
first power and are not multiplied together.

- Order: The highest derivative is third order, indicating that initial conditions up to the third
derivative are necessary to fully specify the solution.

- Homogeneous vs. Non-Homogeneous: If \( f(t) = 0), the equation is homogeneous; otherwise, it is
non-homogeneous.

Typical Scenarios

- Homogeneous Equation: \( \frac{d”~3 y}{dt~3} +2y=0)\)

- Forced Equation: \( \frac{d~3 y}{dt"~3} + 2 y = f(t) \), where \( f(t) \) could be an exponential,

sinusoidal, or pulse function.

Given the incomplete statement, we will consider the general case where \( f(t) \) is known, and
later, for illustration, we can assume specific forms.

Laplace Transform Fundamentals
Basic Principles

The Laplace transform converts a function \( y(t) \) from the time domain into the complex frequency
domain:

\[ \mathcal{L}\{ y(t) \} = Y(s) = \int 0" {\infty} e~ {-st} y(t) dt\]



This transformation simplifies differential equations into algebraic equations because derivatives in
the time domain become polynomial expressions in \( s \).

Transform of Derivatives

Key properties include:

-\(\mathcal{L}\left\{\frac{dy} {dt}\right\} = s Y(s) - y(0) \)
-\(\mathcal{L}\left\{\frac{d "2 y} {dt"~2}\right\} = s™2 Y(s) - s y(0) - y'(0) \)
-\(\mathcal{L}\left\{\frac{d "3 y}{dt"3}\right\} = s"~3 Y(s) - s”2 y(0) - s y'(0) - y"'(0) \)

where \( y(0), y'(0), y"'(0) \) are initial conditions.

Step-by-Step Solution Using Laplace Transform

1. Take the Laplace Transform of Both Sides

Assuming the differential equation:

\Ly™(t) + 2 y(t) = f()\]

Applying the Laplace transform yields:

\[ \mathcal{L}\{ y"'(t) \} + 2 \mathcal{L}\{ y(t) \} = \mathcal{L}\{ f(t) \} \]
Substituting the derivatives:

\[s73Y(s) -s72y(0) - s y'(0) - y"(0) + 2 Y(s) = F(s) \]

where:

-\( Y(s) = \mathcal{L}\{ y(t) \} \)
-\( F(s) = \mathcal{L}\{ f(t) \} \)

2. Rearrange to Solve for \( Y(s) \)

Bring all terms involving \( Y(s) \) to one side:

\[ (873 +2) Y(s) = F(s) + s72y(0) + s y'(0) + y"(0) \]

Thus,

\[ Y(s) = \frac{F(s) + s~2y(0) + sy'(0) + y"(0)}{s™3 + 2} \]
3. Incorporate Initial Conditions

The solution depends on initial conditions \( y(0), y'(0), y"(0) \). For illustrative purposes, suppose:

-\(y(0) =y 0V)



-\(y'(0) =y_ 1Y)
-\(y"(0) =y 2)

Substituting these into the formula:

\[ Y(s) = \frac{F(s) + s™2y 0 +sy 1 +y 2}{s"™3 + 2} \]

4. Find the Inverse Laplace Transform

The core challenge is to compute \( y(t) = \mathcal{L} "~ {-1}\{ Y(s) \} \). This involves:

- Factoring the denominator \( s”™3 + 2 ) to identify partial fractions.
- Applying inverse Laplace transforms to each component.

Analyzing the Characteristic Equation

Polynomial Factorization

The denominator \( s”3 + 2\) can be factored using root-finding techniques:

\[ s”~3 + 2 = 0 \Rightarrow s*~3 = -2\]

The roots are the cube roots of \( -2 \):

\[

s k =\sqrt[3]{-2} \quad \text{(real root)} \quad \text{and complex conjugates}
\]

Expressed explicitly:

- Real root:

\['s_0 = -\sqrt[3]{2} \]

- Complex roots:

\[

s {1,2} =\sqrt[3]{2} \left( \cos \frac{\pi} {3} + i \sin \frac{\pi}{3} \right), \quad \text{and its
conjugate}

\]

This factorization enables partial fraction decomposition, essential for inverse transformation.
Implications for the Solution
The roots determine the nature of the homogeneous solution:

- A real negative root leads to exponential decay.
- Complex conjugate roots lead to oscillatory behavior modulated by exponential decay.



Particular Solution Approaches

When \( f(t) \) is Zero (Homogeneous)

The solution simplifies to:

\[ y(t) = \text{Inverse Laplace of } \left(\frac{s™2y 0 +sy 1 +y 2}{s”3 + 2} \right) \]

This can be approached via partial fraction decomposition and inverse transforms involving
exponential and sinusoidal functions.

When \( f(t) \) is Known (Non-Homogeneous)

Suppose \( f(t) \) is a simple function such as \( \delta(t) \) (unit impulse), \(e”~{at} \), or \( \sin(bt) \).
The Laplace transform \( F(s) \) will be straightforward to compute, and the inverse transform will be
carried out accordingly.

Practical Application and Significance

Solving such differential equations via the Laplace transform is not purely an academic exercise; it
mirrors real-world applications. For instance:

- Electrical circuits: The third-order differential equation models systems with multiple energy
storage elements like inductors and capacitors.

- Mechanical systems: Vibrations and damping scenarios often lead to higher-order differential
equations.

- Control systems: Designing controllers involves solving differential equations to understand system
dynamics.

The Laplace transform provides a systematic approach to handle initial conditions and complex
forcing functions, making it invaluable in engineering analysis.

Summary and Key Takeaways

- The Laplace transform converts differential equations into algebraic equations, simplifying the
process of solving initial value problems.

- For third-order linear differential equations, the transform involves derivatives up to the third
order, and the solution depends heavily on initial conditions.

- Factoring the characteristic polynomial is crucial in understanding the behavior of the solution.

- The inverse Laplace transform often involves partial fraction decomposition, especially when
dealing with polynomial denominators.

- The method is versatile, applicable to both homogeneous and non-homogeneous equations, with the
ability to incorporate various forcing functions.



Conclusion

While the original problem statement was incomplete, the methodology outlined offers a
comprehensive framework for solving third-order differential equations using the Laplace transform.
This approach emphasizes the power of transforming complex differential equations into
manageable algebraic forms, then interpreting the solutions through inverse transforms. Its
relevance spans numerous scientific and engineering fields, underpinning the analysis and design of
systems governed by differential equations. Mastery of this technique not only enhances problem-
solving skills but also deepens understanding of dynamic systems' behaviors.
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