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\W/HEN STUDYING CALCULUS AND ITS APPLICATIONS, ONE OF THE FUNDAMENTAL CONCEPTS IS UNDERSTANDING THE TANGENT LINE
TO A CURVE AT A PARTICULAR POINT. THE TANGENT LINE PROVIDES A LINEAR APPROXIMATION OF THE FUNCTION NEAR THAT
POINT AND PLAYS A CRUCIAL ROLE IN DIFFERENTIAL CALCULUS. IN THIS ARTICLE, WE WILL EXPLORE HOW TO PRODUCE THE
EQUATION OF THE TANGENT LINE TO THE GIVEN FUNCTION \( ¥ = x*2 £"x \) AT THe speciFic poINT \( P(T, E) \). WE wiLL
DISCUSS THE NECESSARY STEPS, INCLUDING CALCULATING THE DERIVATIVE, EVALUATING IT AT THE POINT, AND APPLYING THE
POINT-SLOPE FORM OF A LINE. THIS COMPREHENSIVE GUIDE AIMS TO DEEPEN YOUR UNDERSTANDING OF TANGENTS AND THEIR
SIGNIFICANCE IN MATHEMATICAL ANALYSIS.

UNDERSTANDING THE PROBLEM

BEFORE DIVING INTO CALCULATIONS, IT’S ESSENTIAL TO INTERPRET THE PROBLEM CORRECTLY:

- FuncTion: \(y = x"2 ™% \)
-PonT: \(P(T, ) \)

THE GOAL IS TO DETERMINE THE EQUATION OF THE TANGENT LINE TO THE CURVE \( ¥ = x*2 "X \) AT THE POINT WHERE \( X
= 1\), WHICH corresPONDS To THE POINT \( (T, €) \).

Key CoNCEPTS TO REVIEW:

- DERIVATIVE: MEASURES THE RATE OF CHANGE OF THE FUNCTION AT A SPECIFIC POINT.

- TANGENT LINE: A STRAIGHT LINE THAT TOUCHES THE CURVE AT A POINT AND HAS THE SAME SLOPE AS THE CURVE AT THAT
POINT.

- POINT-SLOPE FORM: EQUATION OF A LINE GIVEN A POINT \( (x_0, v_0) \) anp sLore \(M \): \( v - v_0 =m(x - x_0)

\).

STeEP-BY-STEP PROCESS TO FIND THE T ANGENT LINE EQUATION

T o PRODUCE THE EQUATION OF THE TANGENT LINE, FOLLOW THESE FUNDAMENTAL STEPS!

1. VERIFY THE POINT LIES ON THE FUNCTION

2. CaLcULATE THE DerivATIVE \( ¥' \) OF THE FUNCTION

3. EvaLuaTe THE DerivaTIVE AT \( x=1\) To Fino THe Stope \( ™M \)

4. Uste THE PoINT-SLoPE FORM TO WRITE THE EQUATION OF THE T ANGENT LINE

LET’'S EXPLORE EACH STEP IN DETAIL.



1. CONFIRM THE POINT IS ON THE CURVE

GIVen \( P(1, E) \), VERIFY THAT THIS POINT LIES ON THE CURVE:

\[

vy = x"2 "%

\]

AT\(x=1\):

\[

y=(D"2\1iMmes {1} =1 \TIMESE=E

\]

Since THE POINT \( (T, €) \) MATCHES THE FUNCTION VALUE, IT INDEED LIES ON THE CURVE.

2. CaLcuLaTe THE DerivaTiVE \( ¥’ = \FrrRac{oY}{DX3 \)

THE FUNCTION:

\[

v =x"2 e"x

\]

IS A PRODUCT oF Two FUNCTIONS: \( U =x"2\) and \( v = "% \). USE THE PRODUCT RULE:
\[

\rrac{p}{ox3 [u\TIMES V] =U' Vv + U V'
\]

COMPUTE DERIVATIVES:
-\(u'=2x\)

-\(v =% \)

THus,

\[
vi=u'v+uv =2x e+ x*2 %%
\]

FacTtor ouT \(E™x \):

\[

v =™ (2x + x"2)

\]

SIMPLIFY:

\[

v ="x (x*2 + 2%)

\]

THIS EXPRESSION GIVES THE SLOPE OF THE TANGENT LINE AT ANY POINT \( X \) ON THE CURVE.



3. Fino THE SLope \(M \) AT \(x=1)

EvaLuaTeE \( Y \) AT \(x=1\):

\[
M=yY'(D =132+ 2\TiMmes 1) =e (1 +2)=3€
\]

So, THe sLopE oF THE TANGENT LINE AT \( P(1, €) \) 1s \( 3e \).

4. W/RITE THE EQUATION OF THE T ANGENT LINE

USING THE POINT-SLOPE FORM:

\[
vy-vy. 0=m(x-x_0)

\]
wHere \( (x_0,y_0)=(1,e)\) ano \( M= 3 \):

\[
vy-e=3e(x-1)
\]

ExPANDING:

\[
y=3e(x-1)+€

\]

DISTRIBUTE:

\[
Yy=3ex-3e+E=3exX-2E

\]

FINAL EQUATION:

\[

\BOXED{

\TexTBF{Y} = 3E x - 2E
}

\]

ADDITIONAL INSIGHTS AND APPLICATIONS

UNDERSTANDING HOW TO PRODUCE THE TANGENT LINE TO A FUNCTION AT A SPECIFIC POINT IS A FUNDAMENTAL SKILL IN



CALCULUS WITH NUMEROUS APPLICATIONS:
- LINEAR APPROXIMATION: THE TANGENT LINE PROVIDES A LOCAL LINEAR APPROXIMATION TO THE FUNCTION NEAR THE POINT.
- OPTIMIZATION: HELPS IDENTIFY MAXIMA AND MINIMA BY ANALYZING SLOPE CHANGES.

- CURVE SKETCHING: ASSISTS IN UNDERSTANDING THE BEHAVIOR OF FUNCTIONS VISUALLY.
- PHYSICS APPLICATIONS: SLOPE CORRESPONDS TO VELOCITY OR RATE OF CHANGE IN PHYSICAL SYSTEMS.

CoMMoN MisTAKES AND How To Avolb THEM

W/HEN WORKING WITH TANGENT LINES AND DERIVATIVES, BE MINDFUL OF THE FOLLOWING PITFALLS:

- FORGETTING THE CHAIN RULE OR PRODUCT RULE: ALWAYS VERIFY WHICH RULE APPLIES WHEN DIFFERENTIATING COMPLEX
FUNCTIONS.

- INCORRECTLY EVALUATING DERIVATIVES: DOUBLE-CHECK CALCULATIONS AT THE SPECIFIC POINT.

- MixING COORDINATES: ENSURE THE POINT USED IN THE TANGENT LINE CORRESPONDS TO THE DERIVATIVE'S EVALUATION POINT.
- MISAPPLYING THE POINT-SLOPE FORMULA: REMEMBER TO INSERT THE CORRECT POINT AND SLOPE.

PRACTICE PROBLEMS FOR MASTERY

TO SOLIDIFY YOUR UNDERSTANDING, TRY SOLVING THESE PROBLEMS:

1. FIND THE EQUATION OF THE TANGENT LINE TO \( ¥ = \sin x \) AT \( x = \p1/2 \).
2. DeTERMINE THE TANGENT LINE TO \( Yy = \en x \) a7 \(x=1\).

3. CaLcuLaTe THE TANGENT LINE To \( ¥ = \rrac{1}{x3} \) AT \(x=2\).

CoNCLUSION

PRODUCING THE EQUATION OF A TANGENT LINE TO A FUNCTION AT A SPECIFIC POINT INVOLVES UNDERSTANDING THE FUNCTION'S
DERIVATIVE, EVALUATING IT AT THE POINT OF INTEREST, AND APPLYING THE POINT-SLOPE FORM OF A LINE. FOR THE FUNCTION
\(y=x"2€"%\) AT \(P(7,E) \), WE FOUND THE DERIVATIVE, EVALUATED IT TO OBTAIN THE SLoPE \( 3 \), AND THEN
DERIVED THE TANGENT LINE EQUATION \( ¥ = 3e x - 2 \).

MASTERING THIS PROCESS ENHANCES YOUR CALCULUS PROFICIENCY, ENABLING YOU TO ANALYZE FUNCTION BEHAVIOR,
APPROXIMATE VALUES, AND SOLVE REAL-WORLD PROBLEMS INVOLVING RATES OF CHANGE. REMEMBER/ PRACTICE IS KEY TO
BECOMING CONFIDENT IN CALCULATING TANGENT LINES FOR VARIOUS FUNCTIONS.

KEYWORDS: TANGENT LINE, CALCULUS, DERIVATIVES, POINT-SLOPE FORM, FUNCTION ANALYSIS, LINEAR APPROXIMATION,
DIFFERENTIAL CALCULUS, CURVE TANGENT, SLOPE CALCULATION, MATHEMATICAL ANALYSIS



FREQUENTLY AskeD QUESTIONS

How Do | FIND THE EQUATION OF THE TANGENT LINE TO THE FUNCTION Y = X2Ef] AT
THE POINT P(1, E)?

FIRST, COMPUTE THE DERIVATIVE Y’ = D/DX[X2E[F] ] USING THE PRODUCT RULE. THEN, EVALUATE Y’ AT X=1 TO FIND THE SLOPE
M. NEXT, FIND Y AT X=1, WHICH IS Y= E. FINALLY, USE POINT-SLOPE FORM: Y - E = M(x - 1).

\W/HAT IS THE DERIVATIVE OF Y = X%E[)] AND HOW DOES IT HELP IN FINDING THE TANGENT
LINE?

THE DERIVATIVE Y' = 2X EF] + x2 €] =€eff] (2x + x3). IT GIVES THE SLOPE OF THE TANGENT LINE AT ANY POINT X, ALLOWING
US TO FIND THE TANGENT LINE'S EQUATION AT A SPECIFIC POINT.

AT THE POINT P(1, E), WHAT IS THE SLOPE OF THE TANGENT LINE TO Y = X2%g[f] ?

SuesTITUTE x=1 INTO Y’ = €[] (2x +x2): v =€ (21 + 12)=e(2 + 1) = 3e. So, THE SLOPE IS 3E.

How Do | FIND THE Y-COORDINATE AT X=1 FOR THE FUNCTION Y = X2e[f] ?

SuesTITUTE x=1 INTO ¥ = X?e[] : ¥ = 12 €' =€ THe POINT P(1, E) CONFIRMS THIS VALUE.

\WHAT IS THE STEP-BY-STEP PROCESS TO WRITE THE EQUATION OF THE TANGENT LINE
AT P(1,€)?

1. FIND THE DERIVATIVE Y’ AND EVALUATE AT X=1 TO GET THE SLOPE M = 3E. 2. Ust THe POINT P(1, E). 3. APPLY POINT-
SLOPE FORM: Y - E = 3e(x - 1).

CAN YOU PROVIDE THE FINAL EQUATION OF THE TANGENT LINE TO ¥ = x2e[f] AT P(1,
E)?

Yes. UsING ¥ - £ = 3e(x - 1), THE EQUATION OF THE TANGENT LINE IS Y = 3e(x - 1) +E.

\WHY IS THE PRODUCT RULE NECESSARY WHEN DIFFERENTIATING Y = X2EE| P

BecAuse v = ><2E IS A PRODUCT OF TWO FUNCTIONS, X2 AND E , SO THE PRODUCT RULE IS NEEDED TO CORRECTLY
DIFFERENTIATE IT.

How po | VERIFY THAT THE TANGENT LINE TOUCHES THE CURVE AT THE GIVEN POINT?

ENSURE THE POINT P( 1 , E) LIES ON BOTH THE ORIGINAL FUNCTION AND THE TANGENT LINE. PLUG X=T1 INTO THE TANGENT LINE
EQUATION; IT SHOULD GIVE Y=E, MATCHING THE POINT ON THE CURVE.

ADDITIONAL RESOURCES

PRODUCING THE EQUATION OF THE T ANGENT LINE TO A FUNCTION AT A SPeCIFIC PoINT: A CoMPREHENSIVE GUIDE

UNDERSTANDING HOW TO FIND THE EQUATION OF A TANGENT LINE TO A CURVE AT A GIVEN POINT IS A FUNDAMENTAL SKILL IN
CALCULUS. IT COMBINES CONCEPTS OF DIFFERENTIATION, POINT-SLOPE FORMS, AND THE PROPERTIES OF FUNCTIONS TO PRODUCE
A PRECISE LINEAR APPROXIMATION OF THE FUNCTION AT A SPECIFIC POINT. THIS DETAILED GUIDE WILL WALK THROUGH THE
PROCESS STEP-BY-STEP, USING THE FUNCTION \( ¥ = x"2 £"x \) AT THE POINT \( P(T, E) \), TO ILLUSTRATE EACH PHASE



THOROUGHLY.

INTRODUCTION TO T ANGENT LINES AND THEIR SIGNIFICANCE

BEFORE DIVING INTO CALCULATIONS, IT’S CRUCIAL TO UNDERSTAND WHAT A TANGENT LINE REPRESENTS AND WHY IT IS
IMPORTANT.

WHAT Is A TANGENT LINEP

- THE TANGENT LINE TO A CURVE AT A SPECIFIC POINT IS THE STRAIGHT LINE THAT TOUCHES THE CURVE PRECISELY AT THAT
POINT.

- |T HAS THE SAME SLOPE AS THE CURVE'S INSTANTANEOUS RATE OF CHANGE AT THAT POINT.

- GEOMETRICALLY, THE TANGENT LINE "JUST TOUCHES” THE CURVE AND DOES NOT CROSS IT AT THE POINT OF TANGENCY
(THOUGH IT MAY CROSS ELSE\X/HERE).

WHY FIND THE EQUATION OF THE T ANGENT LINEP

- TO APPROXIMATE THE BEHAVIOR OF A FUNCTION NEAR A POINT.
- TO UNDERSTAND THE FUNCTION'S LOCAL LINEARITY.
- To SOLVE OPTIMIZATION PROBLEMS, ANALYZE RATES, OR DEVELOP LINEAR MODELS IN APPLIED MATHEMATICS.

Core CONCEPTS AND MATHEMATICAL FOUNDATIONS

SUCCESSFULLY DERIVING A TANGENT LINE EQUATION INVOLVES SOME KEY MATHEMATICAL CONCEPTS:

DERIVATIVE AS THE SLOPE OF THE T ANGENT

- Tre perIVATIVE \( ' = \Frac{pY3}{ox} \) GIVES THE SLOPE OF THE TANGENT LINE AT ANY POINT \( X \).
- For A FUNCTION \( ¥ = F(x) \), THE DERIVATIVE IS COMPUTED USING DIFFERENTIATION RULES SUITED TO THE FUNCTION’S
FORM.

PoINT-SLoPE FORM OF A LINE

- THE GENERAL EQUATION FOR A LINE WITH SLoPE \( M \) PassiNG THrRouaH \( (x_0, y_0) \):

\[
Y-y 0=mM(x-x_0)

\]

- \W/HEN FINDING THE TANGENT LINE, \( M \) 1s THE DERIVATIVE AT \( x_0 \), aND \( (x_0, ¥_0) \) IS THE POINT OF
TANGENCY.



STeP-BY-STEP DERIVATION FOR THE GIVEN FUNCTION

Using THE FUNCTION \( ¥ = X2 £*x \) AT THE POINT \( P(T, E) \):

STep 1: CONFIRM THE POINT OF T ANGENCY

- THe poINT Given 1s \(P(T, e) \).
- VERIFY THAT THE FUNCTION PASSES THROUGH THIS POINT:

\[
y(1D)=(D"2\1iMes M1} =1 \TIMESE=FE
\]

Yes, THE POINT \( (T, €) \) LIES ON THE CURVE.

Step 2: CoMpuTE THE DErivATIVE \( ¥’ \)

- THE FUNCTION:

\[
v =x"2 e™x

\]

- DIFFERENTIATION INVOLVES THE PRODUCT RULE:

\[
\rrAac{p}ox3u \TiMES V] =U' v + U V'
\]
- Here, \(u=x"2\) a0 \( v =€"x \).

- COMPUTE DERIVATIVES:

\[

U = 2x

\]

\[

v =X

\]

- APPLY THE PRODUCT RULE:
\[

vi=Uu' v+uv =2x e+ x"2 %%
\]

- SIMPLIFY:

\[

Y =™ (2x + x"2)



\]

Step 3: FIND THE SLope AT \(x=11)

- PLucg \( x = 1\) INTO THE DERIVATIVE:

\[

Y(D)=eM13@2\1Mes T+ 1"2)=e(2+ 1) =3¢

\]

- THEREFORE, THE SLOPE OF THE TANGENT LINE AT \( x = 1 \) Is:
\[

M= 3E

\]

STep 4: WRITE THE EQUATION OF THE T ANGENT LINE

- USE THE POINT-SLOPE FORM:

\[

Y-y 0=m(x-x_0)

\]

- SuesTiTuTing \((x_0, v_0)=(1,8) \) ano \(m= 3 \):
\[

y-e=3e(x-1)

\]

- FINAL FORM:

\[

y=e+3e(x-1)

\]

- SIMPLIFY:

\[

vy =g+ 3ex- 3E

\]

\[

vy =3Ex- 2E

\]

THEREFORE, THE EQUATION OF THE TANGENT LINE TO \( 'Y = x"2 "% \) AT THE POINT \( P(1, E) \) I1S:
\[

\BoxED{

\TeExT{TANGENT LiNE: } ¥ = 3E X - 2E
}

\]



ADDITIONAL INSIGHTS AND APPLICATIONS

BEYOND SIMPLY DERIVING THE TANGENT LINE, SEVERAL ADDITIONAL CONSIDERATIONS AND APPLICATIONS ENRICH THIS
UNDERSTANDING.

LINEAR APPROXIMATION OF THE FUNCTION NEAR THE POINT

- THE TANGENT LINE PROVIDES THE BEST LINEAR APPROXIMATION OF THE FUNCTION NEAR \( x = 1 \).
- For sMALL \(H\), \( v \aprrox Y(1) + Y (1) H=€+ 3eH \), wHere \(H=x - T\).

GRAPHICAL INTERPRETATION

- \W/HEN PLOTTED, THE TANGENT LINE WILL TOUCH THE CURVE AT \( (1, E) \) AND HAVE THE saME sLore \( 3e \).
- THE TANGENT LINE VISUALLY DEMONSTRATES THE RATE AT WHICH \( ¥ \) CHANGES AT THAT POINT.

ExTENSIONS TO OTHER POINTS AND FUNCTIONS

- THE SAME PROCESS APPLIES TO ANY DIFFERENTIABLE FUNCTION AT ANY POINT:
- FIND THE DERIVATIVE.

- EVALUATE AT THE POINT.

- USE POINT-SLOPE FORM FOR THE TANGENT.

INCORPORATING HIGHER-ORDER APPROXIMATIONS

- FOR GREATER ACCURACY NEAR \( x =1 \), CONSIDER SECOND DERIVATIVES OR T AYLOR SERIES EXPANSIONS.

CoMMON MISTAKES AND TROUBLESHOOTING

W/HEN TACKLING SUCH PROBLEMS, AW ARENESS OF POTENTIAL PITFALLS ENSURES ACCURACY.
- MISAPPLICATION OF DIFFERENTIATION RULES: ENSURE PROPER USE OF PRODUCT RULE, CHAIN RULE, ETC.
- INCORRECT EVALUATION OF DERIVATIVES: DOUBLE-CHECK CALCULATIONS AT THE SPECIFIC POINT.

- ConrFUSING POINTS: ConrFIRM THAT THE \( (x_0O, v_0) \) POINT INDEED LIES ON THE CURVE.
- SIGN ERRORS: BE CAUTIOUS WITH SIGNS, ESPECIALLY WHEN SIMPLIFYING EXPRESSIONS.

PrACTICAL APPLICATIONS AND REAL-W oORLD CONTEXTS

UNDERSTANDING TANGENT LINES TRANSCENDS PURE MATHEMATICS, IMPACTING FIELDS SUCH AS:

- PHYSICS: ANALYZING VELOCITY AND ACCELERATION AS SLOPES OF POSITION-TIME GRAPHS.
- ENGINEERING: APPROXIMATING COMPLEX SYSTEM BEHAVIORS LOCALLY.



- EconoMIcs: LINEARIZATION OF COST FUNCTIONS AROUND SPECIFIC POINTS.
- BioLoGY AND MEDICINE: MODELING RATES OF CHANGE IN POPULATIONS OR CONCENTRATIONS.

SUMMARY AND FINAL THOUGHTS

PRODUCING THE EQUATION OF THE TANGENT LINE TO A FUNCTION AT A SPECIFIED POINT INVOLVES A SYSTEMATIC APPROACH:

1. VERIFY THE POINT LIES ON THE FUNCTION.

2. FIND THE DERIVATIVE TO DETERMINE THE SLOPE.

3. EVALUATE THE DERIVATIVE AT THE POINT.

4. USE POINT-SLOPE FORM TO PRODUCE THE LINE EQUATION.

IN THE cast oF \( ¥ = x"2 e"x \) AT \(P(1, €) \), THE PROCESS IS STRAIGHTFORW ARD ONCE DIFFERENTIATION RULES ARE
CORRECTLY APPLIED. THE RESULTING TANGENT LINE:

\[

\Boxen{

vy =3ExX-2E
}

\]

SERVES AS A POWERFUL LOCAL APPROXIMATION AND A FOUNDATION FOR FURTHER EXPLORATIONS IN CALCULUS AND APPLIED
MATHEMATICS.

BY MASTERING THIS PROCESS, STUDENTS AND PROFESSIONALS CAN ANALYZE COMPLEX FUNCTIONS MORE INTUITIVELY, MODEL
REAL-WORLD PHENOMENA WITH LINEAR APPROXIMATIONS, AND DEEPEN THEIR UNDERSTANDING OF THE DYNAMIC BEHAVIOR OF
FUNCTIONS AT SPECIFIC POINTS.
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