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INTRODUCTION

THE STUDY OF DIFFERENTIAL EQUATIONS OFTEN INVOLVES UNDERSTANDING THE NATURE OF THEIR SOLUTIONS AND THE
RELATIONSHIPS BETWEEN VARIOUS SOLUTIONS. IN PARTICULAR, THE CONCEPTS OF FUNDAMENTAL SOLUTIONS AND POINTS OF
INFLECTION PLAY CRUCIAL ROLES IN THE QUALITATIVE ANALYSIS OF SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS. THIS
ARTICLE AIMS TO RIGOROUSLY DEMONSTRATE THAT IF TWO SOLUTIONS, Y1 AND Y2/ OF A DIFFERENTIAL EQUATION SHARE A
COMMON POINT OF INFLECTION TO WITHIN AN INTERVAL |, THEN THEY CANNOT BOTH BE PART OF A FUNDAMENTAL SET OF
SOLUTIONS. THE CONCLUSION HINGES ON THE PROPERTIES OF THE \X/RONSKIAN, THE BEHAVIOR OF SOLUTIONS AT INFLECTION
POINTS, AND THE IMPLICATIONS OF LINEAR INDEPENDENCE.

PRELIMINARIES AND DEFINITIONS

SeconND-ORrDER LINEAR DIFFERENTIAL EQUATIONS

CONSIDER THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION:

\[
Y +p(x) Y +Q(x) Yy =0,

\]

wHERE \( P(x) \) anD \( Q(x) \) ARE coNTINUOUS FUNCTIONS ON AN INTERVAL \( | \sueseTeq \MATHBB{R} \).

FUNDAMENTAL SET OF SOLUTIONS

A seT oF Two soLuTions \(\{Y_T1,Y_2\}\) is saip To Bt FUNDAMENTAL oN \( | \) IF:

- THE SOLUTIONS ARE LINEARLY INDEPENDENT ON \( | \)
- ANY SOLUTION \( Y \) OF THE DIFFERENTIAL EQUATION CAN BE EXPRESSED AS A LINEAR COMBINATION:

\[
y=c_1Y_1+c_2VY_2,
\]

FOR SOME CONSTANTS \(c_1,c_2\).

THe LINEAR INDEPENDENCE OF \( Y_1\) AND \( Y_2 \) IS TYPICALLY CHARACTERIZED BY A NON-ZERO \X/RONSKIAN:

\[
WEY_1,Y_2)(x)=Y_1(x) Y_2'(x) - Y_2(x) Y_1"(x) \NeQ O, \QuAD \ForaLL x \INI.
\]



POINT OF INFLECTION

APoINT \( T_O\INI\) IS A POINT OF INFLECTION FOR A SOLUTION \( Y \) IF:

- THe seconp DERIVATIVE \( Y'(x) \) 1s zero AT \(x =T_0\), 1e., \( Y"(T_0) =0 \).
- THE CONCAVITY OF THE SOLUTION CHANGES AT \( T_0\), wHicH ReQUIRes THAT \( Y’ \) cHANGES sian around \( T_O

\).

THIS POINT SIGNIFIES A TRANSITION FROM CONVEXITY TO CONCAVITY OR VICE VERSA.

UNDERSTANDING THE ROLE OF INFLECTION POINTS IN SOLUTIONS

IMPLICATIONS FOR THE DERIVATIVES OF SOLUTIONS

Given A soLuTion \( Y \), THE INFLECTION POINT \( T_0O \) saTISFIES:

\l
Y'(T_0) =0,
\]

AND TYPICALLY, THE CHANGE IN THE SIGN OF \( Y* \) aARound \( T_O \) INDICATES A CHANGE IN THE CURVATURE OF \( Y \).
THE BEHAVIOR AT THESE POINTS CAN INFLUENCE THE STRUCTURE AND INDEPENDENCE OF SOLUTIONS.

CoMMON POINTS OF INFLECTION FOR DIFFERENT SOLUTIONS

Suppose \(Y_T\) ano \( Y_2 \) ARE SOLUTIONS WITH A COMMON INFLECTION POINT AT \( T_0 \). THen:

\[
Y _1"(T_0)=0,\quab Y_2"(T_0)=0.
\]

THIS SHARED INFLECTION POINT INDICATES A POTENTIAL STRUCTURAL RELATION BETWEEN THE SOLUTIONS, ESPECIALLY IF THEIR
DERIVATIVES AT \( T_O \) ARE ALSO RELATED.

Key THEORETICAL CONCEPTS FOR THE PROOF

THE WRONSKIAN AND |TS PROPERTIES

- THe WronskIaN \( W(Y_T,Y_2)(x) \) i1s A MEASURE OF THE LINEAR INDEPENDENCE OF \( Y_T\) anD \( Y_2 ).
-IF\NCW(T_0) \WWeQ O \), THeN \CY_T\) ano \( Y_2 \) ARE LINEARLY INDEPENDENT ON \( | \).
- THE W/RONSKIAN SATISFIES ABEL’S IDENTITY:

\[
W(x) = W(x_0) \exp\LerT( - \INT_{x_0}"x P(T) DT \RIGHT),
\]

WHICH SHOWS THAT IF \( \% \) IS ZERO AT ANY POINT, IT IS ZERO EVERYWHERE IN THE INTERVAL, INDICATING LINEAR



DEPENDENCE.

BEHAVIOR OF SOLUTIONS AT INFLECTION POINTS

- SiInce \( Y'(T_0) =0'\), THE SECOND DERIVATIVES VANISH AT \( T_0 \).

- THe DERIVATIVES \( Y \) AT \( T_0 \) AnD THE vALUES \( Y(T_0) \) INFLUENCE THE LOCAL BEHAVIOR OF SOLUTIONS.
- FOR SOLUTIONS TO BE LINEARLY INDEPENDENT, THEIR DERIVATIVES AND VALUES AT \( T_O \) MUST NOT BE PROPORTIONAL
IN A WAY THAT CAUSES DEPENDENCE.

ProoF OUTLINE: WHY SHARED INFLECTION POINTS IMPLY DEPENDENCE

Step 1: AssuMe \( Y_1\) ano \( Y_2 \) ARE PART OF A FUNDAMENTAL SET

SupposE, FOR CONTRADICTION, THAT \( Y_1\) AnD \( Y_2 \) ARE FUNDAMENTAL SOLUTIONS WITH A COMMON POINT OF
INFLECTION \( T_O \in I \). THIS IMPLIES:

-\(Y_1"(T_0)=0),
-\(Y_2(T_0)=0V),
-\CW(T_0) \NeQ O \).

STep 2: ANALYZE THE DERIVATIVES AT \( T_O \)

SINCE BOTH SOLUTIONS HAVE VANISHING SECOND DERIVATIVES AT \( T_0 \), THEIR TAYLOR EXPANSIONS AROUND \( T_0'\)
ARE:

\[
Y 1(x)=Y_(T_0)+Y_1(T_0)x-T_0)+ \TEXT{HIGHER ORDER TERMS}.
\]

THE KEY POINT IS THAT THE BEHAVIOR OF \( Y _1'\) ArRounD \( T_0O \) DEPENDS ON THEIR INITIAL VALUES AND FIRST
DERIVATIVES.

STepP 3: EXPRESS SOLUTIONS IN TERMS OF INITIAL DATA AT \( T_O \)

ANY soLuTIoN \( Y \) CAN BE CHARACTERIZED BY:

\[
Y(T_0)=v_0,\quap Y (T_0)=v_0".
\]

SInce \( Y”(T_0) =0\), THe seconp DERIVATIVE AT \( T_O \) IS ZERO, WHICH AFFECTS THE CURVATURE BUT NOT
DIRECTLY THE LINEAR INDEPENDENCE.

Step 4: Derive THE W/ronskiaN AT \( T_0'\)

THe WronskiaN AT \(T_0\) is:



\[
W(T_0)=Y_WT_0)Y_2'(T_0)-Y_2(T_0)Y_1(T_0).
\]

For \( Y_1\) anp \( Y_2\) To 8E LINeaRLY INDEPENDENT, \( W (T_0) \neq O \).

STeP 5: SHOW THAT THE SHARED INFLECTION POINT CONSTRAINS THE DERIVATIVES

BECAUSE BOTH SOLUTIONS HAVE ZERO SECOND DERIVATIVES AT \( T_O \), THE SOLUTIONS' BEHAVIORS ARE HEAVILY
RESTRICTED:

- THEY CAN BE EXPRESSED LOCALLY AS LINEAR FUNCTIONS PLUS HIGHER-ORDER TERMS.
- THe DErIVATIVES \( Y_1'(T_0) \) anp vALUES \( Y_I(T_0) \) DETERMINE THE SOLUTIONS COMPLETELY IN A
NEIGHBORHOOD.

IF BOTH SOLUTIONS SHARE THE SAME INFLECTION POINT, IT IMPOSES A RELATION:

\[
Y_1"(T_0)=0, \quap Y_2"(T_0) =0,
\]

WHICH, COMBINED WITH THEIR INITIAL VALUES AND DERIVATIVES, CAN LEAD TO THE PROPORTIONALITY OF THEIR INITIAL DATA,
IMPLYING DEPENDENCE.

STeP 6: CONCLUDE DEPENDENCE AND CONTRADICTION WITH THE FUNDAMENTAL SET
ASSUMPTION

IF\CY_T\) anD \( Y_2 \) ARE LINEARLY DEPENDENT, THEN:

\[
Y 2=cY_1,
\]

FOR SOME CONSTANT \( € \). IN THIS CASE, THEIR \W/RONSKIAN IS IDENTICALLY ZERO:

\[
WCY_1,Y_2)(x) \equiv O,
\]

WHICH CONTRADICTS THE ASSUMPTION THAT THEY FORM A FUNDAMENTAL SET.

THEREFORE, THE SHARED INFLECTION POINT AT \( T_O \) ENFORCES A RELATION THAT CAUSES THE SOLUTIONS TO BE LINEARLY
DEPENDENT, PREVENTING BOTH FROM BEING PART OF A FUNDAMENTAL SET.

SUMMARY AND FINAL REMARKS

THE CORE OF THE ARGUMENT HINGES ON THE PROPERTIES OF THE SOLUTIONS AT THE POINT \( T_O \)

- THE EXISTENCE OF A COMMON INFLECTION POINT WHERE \( Y_17(T_0) =Y_2"(T_0) = 0 \) CONSTRAINS THE
SOLUTIONS' LOCAL BEHAVIOR.

- THIS CONSTRAINT EFFECTIVELY LINKS THEIR INITIAL DERIVATIVES AND VALUES AT \( T_0O \), WHICH CAN LEAD TO
PROPORTIONALITY.



- |IF THE SOLUTIONS ARE PROPORTIONAL, THEIR \W/RONSKIAN IS ZERO, INDICATING LINEAR DEPENDENCE.
-As A CONSEQUENCE, BOTH SOLUTIONS CANNOT SIMULTANEOUSLY BE PART OF A FUNDAMENTAL SET, WHICH

FREQUENTLY ASkeD QUESTIONS

\W/HAT DOES IT MEAN FOR TWO FUNCTIONS Y 1 AND Y2 TO HAVE A COMMON POINT OF
INFLECTION TO IN THE INTERVAL |?

[T MEANS THAT AT THE POINT TO WITHIN THE INTERVAL |, BOTH FUNCTIONS Y 1 AND Y2 HAVE A POINT WHERE THEIR SECOND
DERIVATIVES ARE ZERO AND CHANGE SIGN, INDICATING AN INFLECTION POINT THAT THEY SHARE.

\¥/HY DOES SHARING A COMMON POINT OF INFLECTION TO IMPLY THAT Y 1 AND Y2
CANNOT BE FUNDAMENTAL SOLUTIONS?

BECAUSE HAVING A COMMON INFLECTION POINT SUGGESTS A SPECIFIC RELATIONSHIP OR DEPENDENCY BETWEEN THE FUNCTIONS,
WHICH CONTRADICTS THE INDEPENDENCE REQUIRED FOR FUNDAMENTAL SOLUTIONS OF A DIFFERENTIAL EQUATION.

\WHAT IS THE SIGNIFICANCE OF THE FUNCTIONS Y 1 AND Y 2 BEING FUNDAMENTAL
SOLUTIONS?

FUNDAMENTAL SOLUTIONS ARE LINEARLY INDEPENDENT SOLUTIONS THAT FORM THE BASIS FOR THE GENERAL SOLUTION OF A
DIFFERENTIAL EQUATION, MEANING THEY CANNOT BE SCALAR MULTIPLES OF EACH OTHER AND MUST NOT SHARE CERTAIN SPECIAL
POINTS LIKE A COMMON INFLECTION POINT.

How DOES THE PRESENCE OF A COMMON INFLECTION POINT T O AFFECT THE LINEAR
INDEPENDENCE OF Y 1 AND Y 2P

A COMMON INFLECTION POINT OFTEN IMPLIES A DEPENDENCY OR SPECIAL RELATION BETWEEN Y 1 AND Y2, WHICH CAN LEAD TO
THEM NOT BEING LINEARLY INDEPENDENT, THUS DISQUALIFYING THEM AS FUNDAMENTAL SOLUTIONS.

CAN TWO SOLUTIONS OF A DIFFERENTIAL EQUATION SHARE AN INFLECTION POINT
WITHOUT AFFECTING THEIR FUNDAMENTAL STATUS?

TYPICALLY, SHARING AN INFLECTION POINT DOES NOT NECESSARILY PREVENT THEM FROM BEING FUNDAMENTAL SOLUTIONS;
HOWEVER, IF THEY SHARE THE SAME INFLECTION POINT IN A SPECIFIC WAY THAT INDICATES DEPENDENCE, THEY CANNOT BOTH BE
FUNDAMENTAL SOLUTIONS.

\WHAT ROLE DOES THE SECOND DERIVATIVE PLAY IN ESTABLISHING THE POINT OF
INFLECTIONFOR Y 1 AND Y 2°

THE SECOND DERIVATIVE INDICATES CONCAVITY; A POINT WHERE IT IS ZERO AND CHANGES SIGN MARKS AN INFLECTION POINT,
WHICH BOTH Y 1 AND Y2 SHARE AT T O IN THIS CONTEXT.

How DOES THE THEOREM OR STATEMENT RELATE THE GEOMETRIC PROPERTY OF
INFLECTION POINTS TO THE ALGEBRAIC CONCEPT OF FUNDAMENTAL SOLUTIONS?
THE THEOREM HIGHLIGHTS THAT THE GEOMETRIC COINCIDENCE OF AN INFLECTION POINT AT TO FOR BOTH SOLUTIONS SUGGESTS

A DEPENDENCE THAT PREVENTS THE SOLUTIONS FROM BEING LINEARLY INDEPENDENT, THUS THEY CANNOT BOTH BE FUNDAMENTAL
SOLUTIONS.



ADDITIONAL RESOURCES

ProvE THAT IF Y, AnD Y, HAVE A CoMMoN PoINT OF INFLECTION T IN |, THEN THEY CANNOT BE A FUNDAMENTAL

INTRODUCTION

IN THE REALM OF DIFFERENTIAL EQUATIONS, THE STUDY OF SOLUTIONS AND THEIR QUALITATIVE PROPERTIES IS FUNDAMENT AL
TO UNDERSTANDING COMPLEX PHENOMENA ACROSS MATHEMATICS, PHYSICS, AND ENGINEERING. AMONG V ARIOUS
CHARACTERISTICS OF SOLUTIONS, THE NATURE OF INFLECTION POINTS—POINTS WHERE THE CURVATURE OF A GRAPH CHANGES
SIGN—PLAYS A PIVOTAL ROLE IN ANALYZING THE BEHAVIOR OF SOLUTIONS OVER AN INTERVAL.

THIS ARTICLE EXPLORES A PROFOUND RELATIONSHIP BETWEEN THE INFLECTION POINTS OF SOLUTIONS TO CERTAIN DIFFERENTIAL
EQUATIONS AND THEIR CLASSIFICATION AS FUNDAMENTAL. SPECIFICALLY, WE WILL EXAMINE THE CLAIM: [F TWO SOLUTIONS, Y,
AND Y,, TO A DIFFERENTIAL EQUATION POSSESS A COMMON POINT OF INFLECTION T WITHIN AN INTERVAL |, THEN THEY
CANNOT BOTH BE FUNDAMENTAL SOLUTIONS.

W/E WILL DELVE INTO THE DEFINITIONS, THE UNDERLYING THEORY, AND A RIGOROUS PROOF OF THIS STATEMENT, EMPHASIZING ITS
SIGNIFICANCE IN THE BROADER CONTEXT OF DIFFERENTIAL EQUATIONS AND SOLUTION SPACE STRUCTURE.

(UNDERSTANDING FUNDAMENTAL SOLUTIONS
\WHAT ARE FUNDAMENTAL SOLUTIONS?

IN THE CONTEXT OF LINEAR DIFFERENTIAL EQUATIONS, FUNDAMENTAL SOLUTIONS ARE A SET OF SOLUTIONS THAT FORM A BASIS
FOR THE SOLUTION SPACE. FOR EXAMPLE, CONSIDER A LINEAR SECOND~-ORDER DIFFERENTIAL EQUATION:

[y +pP(x) ¥ +Q(x)y=01\]

A FUNDAMENTAL SET OF SOLUTIONS CONSISTS OF TWO LINEARLY INDEPENDENT SoLUTIONS, \(Y_1(x)\) anp \(Y_2(x)\),
SUCH THAT ANY OTHER SOLUTION \(Y(x)\) CAN BE EXPRESSED AS A LINEAR COMBINATION:

MY)=c TY_ 1) +c 2Y_2(x)\]

FOR SOME CONSTANTS \(c_1,c_2\).

Key PROPERTIES OF FUNDAMENTAL SOLUTIONS

- LINEAR INDEPENDENCE: THE WRONSKIAN \(W(Y_1,Y_2)(x)=Y_1Y_2"-Y_2Y_1"\) IS NON-ZERO THROUGHOUT THE
INTERVAL \(I\).

- COMPLETENESS: THEY SPAN THE ENTIRE SOLUTION SPACE.

- UNIQUENESS UP TO CONSTANTS: ANY SOLUTION CAN BE WRITTEN UNIQUELY AS A LINEAR COMBINATION OF THE
FUNDAMENTAL SOLUTIONS.

SIGNIFICANCE OF FUNDAMENTAL SOLUTIONS

THESE SOLUTIONS SERVE AS BUILDING BLOCKS FOR CONSTRUCTING THE GENERAL SOLUTION TO THE DIFFERENTIAL EQUATION.

THEIR PROPERTIES, ESPECIALLY LINEAR INDEPENDENCE, ARE CRUCIAL IN THE ANALYSIS OF SOLUTION BEHAVIORS, STABILITY, AND
OSCILLATORY NATURE.

THE CONCEPT OF INFLECTION POINTS AND THEIR ROLE

DEFINITION OF AN INFLECTION POINT



AN INFLECTION POINT \(T_0\) oF A birrereNTIABLE FUNCTION \(Y(x)\) 15 A POINT IN THE INTERVAL \(I\) WHERE THE
CURVATURE CHANGES SIGN. MATHEMATICALLY, IT IS CHARACTERIZED BY THE FOLLOWING:

- THe seconp DERIVATIVE \(Y”'(T_0) = 0\)
- THe concAVITY cHANGES AT \(T_0\), e, \(Y”"(x)\) cHANGES sien arounp \(T_0\).

INFLECTION POINTS IN DIFFERENTIAL EQUATIONS

IN SOLUTIONS TO DIFFERENTIAL EQUATIONS, INFLECTION POINTS REFLECT CHANGES IN THE SOLUTION'S CONCAVITY, INDICATING
SHIFTS IN THE SOLUTION'S BEHAVIOR. THESE POINTS ARE SIGNIFICANT BECAUSE THEY RELATE TO THE OSCILLATORY NATURE,
STABILITY, AND QUALITATIVE SHAPE OF SOLUTIONS.

CoMMON POINT OF INFLECTION

WHen Two soLuTions \(Y_T\) ano \(Y_2\) sHARE THE SAME INFLECTION POINT \(T_0\), IT INDICATES THAT BOTH

SOLUTIONS CHANGE CONCAVITY AT THE SAME LOCATION. THIS SHARED FEATURE CAN REVEAL DEEP STRUCTURAL
CORRELATIONS BETWEEN THE SOLUTIONS.

THE MAIN CLAIM: WHY COMMON INFLECTION POINTS IMPLY NON-FUNDAMENTALITY

INTUITIVE OVERVIEW

THE CORE IDEA IS THAT IF TwWo soLuTIons \(Y_ 1)) ano \(Y_2\) possess A comMon POINT oF INFLECTION \(T_0\), THen
THEIR BEHAVIORS ARE INTERTWINED AT THAT POINT IN A WAY INCOMPATIBLE WITH BOTH BEING PART OF A FUNDAMENTAL SET.
THIS IS BECAUSE FUNDAMENTAL SOLUTIONS ARE LINEARLY INDEPENDENT AND EXHIBIT CERTAIN DIFFERENTIAL PROPERTIES THAT
PREVENT THEM FROM SHARING SUCH SPECIFIC FEATURES SIMULTANEOUSLY.

FORMAL STATEMENT

Ceam: IF\(Y_1, Y_2\) ARE SOLUTIONS TO A LINEAR DIFFERENTIAL EQUATION ON \(I\), AND THERE ExISTS \(T_0 \in I\)

sucH THAT BoTH \(Y_T\) ano \(Y_2\) HAVE A comMon POINT oF INFLECTION AT \(T_0\), THen \(Y_T\) ano \(Y_2\)
CANNOT FORM A FUNDAMENTAL SET.

Ricorous ProoF of THE CLAIM

ASSUMPTIONS AND SETUP

LET’S CONSIDER THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION:

\[Y” +pP00) Y + Q) y=01\]

DEFINED ON AN INTERVAL \(I\), wiTH conTinuous FUNcTIons \(P(x)\) anD \(Q(x)\).
SUPPOSE:

-\(Y_1, Y_2\) ARE SOLUTIONS TO THE EQUATION.
- BOTH SOLUTIONS HAVE THE SAME POINT OF INFLECTION AT \(T_O \InI\), 1.E.,

\[
Y_1"(T_0)=0,\quap Y_2"(T_0)=0
\]

- THE SOLUTIONS ARE LINEARLY INDEPENDENT, LE., THEIR W/RONsSKIAN \(W/(T_0) \neq 0)).

STEP 1: IMPLICATION OF INFLECTION POINTS ON THE SOLUTIONS



Since \(Y_1"(T_0) = Y_2"(T_0) = 0\), AND BOTH ARE SOLUTIONS TO THE DIFFERENTIAL EQUATION, WE ANALYZE THEIR
DERIVATIVES AT \(T_0\):

\[
Y (T 0)=-r(T_OY (T O)-T 0)Y T _0)=0
\]

ror \(1=1, 2\).
THIS GIVES:

\[
T OY (T O+T O)Y (T 0)=0
\]

WHICH IS A LINEAR RELATION BETWEEN THE FUNCTION VALUE AND THE FIRST DERIVATIVE AT \(T_0\).
STeP 2: THE CONDITIONS FOR BOTH SOLUTIONS

Since BoTH \(Y_1\) ano \(Y_2\) SATISFY THE SAME LINEAR RELATION AT \(T_0\), WE HAVE:

\[
P(T_O)Y_1(T_0)+(T_0)Y_1(T_0)=0
\]
\[
P(T_ O)Y 2(T 0)+(T_0)Y_2(T_0)=0
\]

THIS INDICATES THAT THE PAIRS \((Y_1(T_0), Y_T1(T_0)N\) ano \((Y_2(T_0), Y_2'(T_0))\) LIE IN A SUBSPACE
DEFINED BY THIS RELATION.

STEP 3: THE IMPLICATION FOR LINEAR INDEPENDENCE
THe WronskiAN AT \(T_0\) Is:

\l
W(T_0)=Y_1(T_0)Y_2(T_0)-Y_2(T_0) Y_1(T_0)
\]

SUPPOSE BOTH SOLUTIONS SATISFY THE INFLECTION CONDITION, LEADING TO THE RELATION:

\[
Y "(T_0)=0\iMrLiEs P(T_0) Y_I(T_0)+(T_0)Y_(T_0)=0
\]

THIS RELATION CONSTRAINS THE DERIVATIVES AND FUNCTION VALUES, IMPLYING THAT THE PAIRS \((Y_I(T_0),
Y _1'(T_0))\) ARE LINEARLY RELATED.

IF BOTH SOLUTIONS SATISFY THIS SAME RELATION, THEN THEIR INITIAL DATA AT \(T_O\) ARE LINEARLY DEPENDENT, WHICH
CAN BE SHOWN TO RESTRICT THE W/RONSKIAN'S VALUE.

|NDEED, WITH THIS CONSTRAINT, THE \X/RONSKIAN SIMPLIFIES TO:

\[
W(T_0)=Y_1(T_0)Y_2(T_0)-Y_2(T_0) Y_1(T_0)=0
\]

BECAUSE THE DERIVATIVES ARE PROPORTIONAL TO THE FUNCTION VALUES, CAUSING THE TWO SOLUTIONS TO BE LINEARLY
DEPENDENT IN THEIR DERIVATIVES AT \(T_0\).



CONTRADICTION:
= 1IF\CY_T\) anp \(Y_2\) Are LINeARLY INDEPENDENT, THEN \(\W/(T_0) \neq O\).
- BUT THE ABOVE ARGUMENT SHOWS THAT THE \W/RONSKIAN MUST BE ZERO IF BOTH SOLUTIONS SHARE A COMMON INFLECTION

poiNT \(T_0\).

THIS CONTRADICTION IMPLIES THAT BOTH SOLUTIONS CANNOT BE LINEARLY INDEPENDENT IF THEY SHARE THE SAME INFLECTION
POINT.

CONCLUSION:
- THe AssuMPTION THAT \(Y_T, Y_2\) ARE BOTH FUNDAMENTAL (AND THUS LINEARLY INDEPENDENT) SOLUTIONS IS
INCOMPATIBLE WITH THE EXISTENCE OF A COMMON INFLECTION POINT \(T_0\).

- THEREFOREI IF TWO SOLUTIONS HAVE A COMMON INFLECTION POINT \(T_O\), THEY CANNOT BOTH BE FUNDAMENT AL
SOLUTIONS.

BROADER SIGNIFICANCE AND APPLICATIONS

IMPACT ON SOLUTION STRUCTURE

THIS RESULT UNDERSCORES THE DELICATE RELATIONSHIP BETWEEN THE GEOMETRIC FEATURES OF SOLUTIONS (LIKE INFLECTION
POINTS) AND THEIR ALGEBRAIC INDEPENDENCE. | T HIGHLIGHTS THAT SHARED GEOMETRIC FEATURES IMPOSE RESTRICTIONS ON THE
LINEAR INDEPENDENCE OF SOLUTIONS, WHICH IS VITAL FOR UNDERSTANDING THE STRUCTURE OF SOLUTION SPACES.

PRACTICAL IMPLICATIONS

- OSCILLATORY SYSTEMS: IN PHYSICAL SYSTEMS MODELED BY DIFFERENTIAL EQUATIONS, THE PRESENCE OF COMMON INFLECTION
POINTS CAN INDICATE UNDERLYING SYMMETRIES OR CONSTRAINTS PREVENTING SOLUTIONS FROM FORMING A FUNDAMENTAL SET.
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