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This question presents a classic economic model that explores the dynamics of capital accumulation and
output production within an economy. The specified production function, \(Y = zK^{2/1}N^{2/1}\), and the
assumption that 6% of capital wears out annually, serve as essential components to analyze the steady-state
behavior, growth implications, and policy considerations. Understanding these aspects is crucial for
economists, policymakers, and students aiming to grasp how capital depreciation and productivity influence
overall economic performance.

In this article, we will dissect the problem systematically, beginning with a detailed explanation of the
production function and its properties, then moving to the implications of capital depreciation, and finally
examining how these elements interact to determine the economy’s steady state. We will also explore the
role of technological progress, savings behavior, and investment decisions in shaping long-term growth
outcomes.

Understanding the Production Function: \(Y =
zK^{2/1}N^{2/1}\)

Interpreting the Production Function
The given production function is:

\[Y = zK^{2/1}N^{2/1}\]

which can be rewritten more clearly as:

\[Y = zK^{2}N^{2}\]

assuming the notation is intended to indicate exponents of 2, not fractions. This form indicates a Cobb-
Douglas production function with constant returns to scale, where:

- \(Y\) is the total output,
- \(z\) represents total factor productivity (TFP),
- \(K\) is the capital stock,
- \(N\) is the labor input.



This function exhibits the property that doubling both capital and labor will double output, given that the
sum of the exponents equals 2, indicating constant returns to scale.

Implications of the Production Function
The exponents (2 for both \(K\) and \(N\)) imply that:

- Capital and labor are perfect substitutes in producing output,
- The marginal products of both inputs are positive but diminish as their quantities increase,
- The productivity of capital and labor is proportional to their levels raised to the second power, indicating
high sensitivity of output to changes in these inputs.

Understanding this functional form helps in analyzing how changes in capital or labor affect overall output
and how investment decisions impact growth.

Capital Depreciation: The 6% Wear-Out Rate

Depreciation and Its Effect on Capital Stock
The assumption that 6% of capital wears out annually reflects the depreciation rate:

\[\delta = 0.06\]

This means that each year, 6% of the existing capital stock becomes obsolete or unusable, requiring
replacement or investment to maintain the capital stock.

Depreciation reduces the effective capital available for production unless offset by new investment. The net
change in capital stock (\(\Delta K\)) depends on gross investment (\(I\)) and depreciation:

\[\Delta K = I - \delta K\]

where:

- \(I\) is the total investment in capital in a given period,
- \(\delta K\) accounts for the depreciation.

Impact on Capital Accumulation
The depreciation rate influences the steady state of the economy:



- Higher depreciation rates require higher investment to maintain the same capital stock,
- If investment is insufficient, capital stock declines over time,
- The depreciation rate affects the steady-state level of capital and output.

In this context, understanding how depreciation interacts with savings and investment is key to predicting
long-term growth.

Analyzing the Economy’s Steady State

Steady-State Conditions
The steady state in a capital accumulation model occurs when:

\[\Delta K = 0\]

which implies:

\[I = \delta K\]

In terms of savings (\(s\)), where a portion of output is invested, the investment function can be written as:

\[I = sY\]

Combining these, the steady-state condition becomes:

\[sY = \delta K\]

Given the production function \(Y = zK^{2}N^{2}\), and assuming a fixed labor input \(N\), we can solve
for the steady-state capital \(K^\):

\[s z K^{2} N^{2} = \delta K\]

which simplifies to:

\[K^ = \frac{\delta}{s z N^{2}}\]

This expression indicates the steady-state level of capital depends on the savings rate, depreciation rate,
productivity, and labor input.



Steady-State Output and Growth
Once \(K^\) is known, steady-state output \(Y^\) can be calculated as:

\[Y^ = z (K^)^{2} N^{2}\]

This provides insights into the long-run capacity of the economy and how policy variables influence
growth.

Implications for Economic Policy

Encouraging Investment
Given the importance of savings and investment in maintaining and increasing capital stock, policies that
promote higher savings rates can lead to higher steady-state levels of capital and output. For example:

- Tax incentives for savings and investment,
- Infrastructure development,
- Encouraging technological innovation to boost \(z\).

Managing Depreciation
Reducing depreciation rates through better maintenance, technological upgrades, or durable capital goods
can significantly improve the steady-state capital stock and output.

Technological Progress and Growth
The model can be extended to include technological progress (\(g\)), which shifts the production function
over time, enabling sustained growth beyond the steady state. Incorporating \(g\):

\[Y_{t} = z_{t} K_{t}^{2} N_{t}^{2}\]

with:

\[z_{t+1} = z_{t} (1 + g)\]

This extension highlights the importance of innovation in long-term economic development.



Conclusion
The analysis of a production function like \(Y = zK^{2}N^{2}\) combined with a depreciation rate of 6%
offers valuable insights into how economies grow and sustain output over time. The interplay between
capital accumulation, depreciation, and productivity determines the steady state and influences policy
decisions aimed at fostering growth. By understanding these dynamics, policymakers can craft strategies
that optimize investment, enhance technological progress, and ultimately improve living standards.

Economists continue to refine these models, recognizing that real-world economies are complex and
influenced by numerous factors. Nonetheless, fundamental principles such as capital depreciation and
production functions remain central to understanding economic growth and development.

Frequently Asked Questions

What is the form of the production function in Question 1?
The production function is Y = zK^{2/3}N^{2/3}.

What does the 6% wear-out rate of capital imply for capital accumulation?
It implies that each period, 6% of the capital stock depreciates, requiring investment to maintain or grow
capital levels.

How does the wear-out rate affect steady-state capital in this model?
The 6% depreciation rate determines the amount of investment needed to keep capital stock constant;
higher depreciation leads to higher required investment for steady state.

What role does the productivity parameter z play in this production
function?
The parameter z reflects total factor productivity, influencing the output level for given capital and labor
inputs.

How would an increase in the depreciation rate from 6% to 8% impact
economic growth in this model?
An increased depreciation rate would require higher investment to maintain capital stock, potentially
reducing long-term growth if savings do not increase accordingly.



Is this production function Cobb-Douglas, and what are its properties?
Yes, it is a Cobb-Douglas production function with constant returns to scale and diminishing marginal
products of capital and labor.

How would changes in the parameters K and N affect output Y in this
model?
Since the production function has exponents of 2/3 for both K and N, increasing either capital or labor
increases output proportionally, but with diminishing returns as inputs grow.

Additional Resources
Question 1: Suppose that the production function is \(Y = z K^{2/1} N^{2/1}\) and that 6% of capital wears
out. This scenario offers a rich context for analyzing the dynamics of production, capital accumulation, and
economic growth. In this article, we will thoroughly examine the implications of this production function,
the impact of capital depreciation, and the resulting steady-state and growth considerations. We will also
explore the model's features, advantages, and potential limitations to provide a comprehensive
understanding.

---

Understanding the Production Function: \(Y = z K^{2/1}
N^{2/1}\)

Form and Interpretation of the Production Function

The given production function is expressed as:

\[
Y = z K^{2/1} N^{2/1}
\]

which simplifies to:

\[
Y = z K^{2} N^{2}



\]

since \(2/1 = 2\).

Key points about this production function:

- Cobb-Douglas Form: The function is a Cobb-Douglas type, characterized by multiplicative powers of capital
\(K\) and labor \(N\), scaled by a productivity parameter \(z\).
- Returns to Scale: The sum of the exponents is \(2 + 2 = 4\), indicating constant returns to scale if both
inputs are scaled equally, or potentially increasing returns to scale depending on interpretation.
- Exponents of Capital and Labor: Both inputs are raised to the power of 2, implying a strong contribution of
each factor to output.

Implications:

- The model assumes that output is highly sensitive to changes in either capital or labor because of the
quadratic relationship.
- The productivity factor \(z\) captures technological progress or total factor productivity.

Pros and Cons:

| Pros | Cons |
| --- | --- |
| Clear mathematical form allowing easy analysis | Exponents greater than one imply increasing returns,
which may be unrealistic in some contexts |
| Captures the joint impact of capital and labor | May oversimplify real-world production complexities |
| Facilitates derivation of marginal products | Assumes constant returns to scale only if the sum of exponents
equals 1; here, the sum is 4, indicating increasing returns which could lead to unrealistic explosive growth |

---

Incorporating Capital Wear-Out: 6% Depreciation

Depreciation Rate and Its Effect on Capital Accumulation

The problem states that 6% of capital wears out annually, which can be expressed as a depreciation rate:

\[
\delta = 0.06
\]



This depreciation diminishes the capital stock over time, requiring continuous investment to maintain or
grow the capital level.

Impacts of depreciation:

- Capital stock diminishes at rate \(\delta K\) each period.
- For sustainable growth, investment must at least offset depreciation.

Depreciation's role in the capital accumulation equation:

\[
\frac{dK}{dt} = sY - \delta K
\]

where \(s\) is the savings rate, and \(Y\) is output.

Features:

- Depreciation introduces a natural limit to capital accumulation unless offset by savings/investment.
- Higher depreciation rates necessitate higher savings to sustain or grow the capital stock.

Advantages of including depreciation:

- Adds realism to the model by recognizing wear and tear.
- Enables analysis of steady-state levels of capital.

Limitations:

- Assumes a constant depreciation rate, which may vary in reality.
- Does not account for technological improvements that could offset wear.

---

Steady-State Analysis: Capital per Worker and Output

Deriving the Steady-State Conditions

In growth models, the steady state occurs when capital per worker \(k = \frac{K}{N}\) remains constant
over time, i.e.,:



\[
\frac{dk}{dt} = 0
\]

Given the production function, the total output is:

\[
Y = z K^{2} N^{2}
\]

Expressed per worker:

\[
y = \frac{Y}{N} = z K^{2} N^{2} / N = z K^{2} N
\]

But since \(k = K/N\), then:

\[
K = k N
\]

Substituting back:

\[
y = z (k N)^2 N = z k^2 N^2 \times N = z k^2 N^3
\]

This suggests that per-worker output depends heavily on the level of \(k\) and the size of \(N\).

However, for the purpose of steady-state analysis, we focus on per-capita variables. To do this properly, it's
preferable to re-express the production function in terms of per-worker quantities.

---

Per-Worker Production Function

Starting from:

\[
Y = z K^{2} N^{2}
\]



Divide both sides by \(N\):

\[
\frac{Y}{N} = y = z K^{2} N
\]

Now, define:

\[
k = \frac{K}{N}
\]

then:

\[
y = z (k N)^2 N = z k^2 N^3
\]

The per-worker output depends on the level of \(k\) and the total population \(N\). This complicates the
analysis because the production function is not homogeneous of degree one in capital per worker, indicating
the possibility of increasing returns to scale at the aggregate level.

Implication:

- The model suggests that as the economy grows, per-worker output can increase at an accelerating rate if
\(k\) and \(N\) grow appropriately.
- For steady-state analysis, assuming a constant population \(N\), the focus shifts to the evolution of \(k\).

---

Capital Accumulation Equation with Depreciation

The general form of the capital accumulation per worker:

\[
\frac{dk}{dt} = s y - (\delta + n) k
\]

where:

- \(s\) is the savings rate,



- \(n\) is the population growth rate,
- \(\delta\) is the depreciation rate.

Given the complexity of the total production function, the exact dynamics depend on how \(Y\) scales with
\(K\) and \(N\).

Assuming constant population \(N\), the evolution of \(k\) simplifies to:

\[
\frac{dk}{dt} = s z K^{2} N^{2} / N - \delta k = s z K^{2} N - \delta k
\]

Expressed in terms of \(k\):

\[
K = k N \implies K^{2} = k^{2} N^{2}
\]

Thus:

\[
\frac{dk}{dt} = s z k^{2} N^{2} N - \delta k = s z k^{2} N^{3} - \delta k
\]

At steady state (\(\frac{dk}{dt}=0\)):

\[
s z k^{2} N^{3} = \delta k
\]

which simplifies to:

\[
s z N^{3} k = \delta
\]

and further:

\[
k^{} = \frac{\delta}{s z N^{3}}
\]

This indicates that the steady-state capital per worker \(k^\) depends inversely on \(N^3\), and directly on



the depreciation rate \(\delta\). The higher the population, the lower the steady-state capital per worker,
holding other parameters constant.

---

Implications for Economic Growth and Policy

Growth Dynamics and the Role of Capital Depreciation

The model shows that:

- Higher depreciation (\(\delta\)) reduces the steady-state capital per worker, implying less capital
accumulation unless offset by higher savings.
- The quadratic nature of the production function suggests that small increases in capital or labor result in
disproportionately large increases in output, potentially leading to rapid growth scenarios.
- Depreciation rate (6%) is moderate, allowing substantial accumulation if savings are sufficiently high.

Policy insights:

- Increasing savings rate \(s\) can elevate the steady-state capital and output.
- Technological improvements (raising \(z\)) can significantly boost productivity.
- Managing depreciation (e.g., through maintenance or technological upgrades) can sustain higher levels of
capital.

---

Features, Advantages, and Limitations

Features:

- Incorporates depreciation explicitly, adding realism.
- Uses a Cobb-Douglas form, facilitating analysis.
- Shows nonlinear effects of capital and labor on output.

Advantages:

- Provides a framework to analyze how depreciation impacts steady-state.
- Highlights the importance of savings and investment for growth.



- Can be extended to incorporate technological progress and population growth.

Limitations:

- The exponents imply increasing returns which may not be sustainable in real economies.
- The model's dependence on population size complicates per-worker analysis.
- Assumes constant depreciation and technology, ignoring potential improvements or fluctuations.
- The functional form may overstate the contribution of factors to output.

---

Conclusion

The specified production function \(Y = z K^{2} N^{2}\), combined with a 6% depreciation rate, provides
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