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Understanding the existence of solutions to equations within specific
intervals is fundamental in mathematical analysis and has numerous
applications in science, engineering, and mathematics. The equation \(x \cos
X - 2x~2 + 3x = 0\) combines polynomial and trigonometric functions, making
its analysis both interesting and challenging. In this article, we will
explore how to demonstrate that this equation has at least one solution
within a given interval, employing various mathematical tools such as the
Intermediate Value Theorem, properties of continuous functions, and graphical
analysis.

Understanding the Equation and Its Components

To effectively analyze the equation \(x \cos x - 2x"2 + 3x = 0\), it is
essential to understand its constituent parts.

Breaking Down the Equation

The equation consists of three terms:

e \(x \cos x\): A product of a linear term and a trigonometric function,
which oscillates between positive and negative values depending on
\ (x\).

e \(-2x"2\): A quadratic term that is always non-positive because of the
negative coefficient, dominating for large \(|x]|\).

* \(3x\): A linear term that increases or decreases unboundedly as \(|x]|\)
grows.

The interplay of these components creates a complex behavior of the function
\(f(x) = x \cos x - 2x™2 + 3x\). To analyze solutions, especially to
establish the existence of at least one solution within an interval,
understanding the continuity and the behavior of \(f(x)\) across that
interval is critical.



Mathematical Foundations for Existence of
Solutions

Before delving into specific intervals, it’s important to recall some
fundamental theorems and concepts.

Continuity and the Intermediate Value Theorem

The Intermediate Value Theorem (IVT) states that if a function \(f\) is
continuous on a closed interval \([a, b]\), and \(f(a)\) and \(f(b)\) have
opposite signs, then there exists at least one \(c \in (a, b)\) such that
\(f(c) = 0\).

This theorem is pivotal in establishing the existence of solutions for
equations of the form \(f(x) = 0O\). Since the function \(f(x) = x \cos x -
2x~2 + 3x\) involves elementary functions (polynomials and cosine), it is
continuous everywhere on \(\mathbb{R}\).

Applying the Theorem to Our Equation

To show that \(f(x) = 0\) has at least one solution in a specific interval
\([a, bl\), we need to:

1. Verify that \(f(x)\) is continuous on \([a, bI\).

2. Find points \(a\) and \(b\) such that \(f(a)\) and \(f(b)\) have opposite
signs.

3. Conclude that, by IVT, there exists \(c \in [a, b]\) with \(f(c) = 0\).

Choosing an Interval for Analysis

Selecting an appropriate interval is crucial. The behavior of \(f(x)\) for
large \(|x|\) is dominated by the quadratic term \(-2x"2\), which tends
toward \(-\infty\) as \(|x]|\) increases. Therefore, solutions are more likely
to be found within a finite, manageable interval.

A common approach is to analyze \(f(x)\) over intervals such as \([-3, 3]\),
\N([O, 4I\), or \([-2, 2]\), based on the nature of the functions involved.

Example Interval: \ ([0, 2]\)

Let’s consider the interval \ ([0, 2]\). We will evaluate \(f(0)\) and
\N(f(2)\):

- \(f(0) = 0 \times \cos 0 - 2 \times 0™2 + 3 \times 0 =0 - 0 + 0 = 0\).



- \(f(2) = 2 \times \cos 2 - 2 \times 4 + 3 \times 2 = 2 \times \cos 2 - 8 +
6\).

Since \(\cos 2 \approx -0.416\), then:

\(f(2) \approx 2 \times (-0.416) - 8 + 6 = -0.832 - 8 + 6 = -2.832\).

Here, \(f(0) = 0\) and \(f(2) \approx -2.832\). Because \(f(0) = 0\), the
function crosses zero at \(x=0\). So, we have already identified a solution
at the lower endpoint.

Alternatively, consider the interval \([1, 2]\):

\(f(1 1 \times \cos 1 - 2 \times 1 + 3 \times 1 =\cos 1 - 2 + 3 =

5

- \(f(1) =
0.5403 - 2 + 3 = 1.5403\).
- \(f(2) \approx -2.832\) (as above).

Since \(f(1l) \approx 1.5403 > 0\) and \(f(2) \approx -2.832 < 0\), and
\(f(x)\) is continuous, by IVT, there exists some \(c \in (1, 2)\) such that
\(f(c) = 0\).

This confirms at least one solution exists within \([1, 2]\).

Graphical Analysis and Visualization

Graphing the function \(f(x) = x \cos x - 2x"2 + 3x\) provides valuable
insight into its behavior over different intervals.

Plotting the Function

Using graphing tools or calculators, plotting \(f(x)\) over \([-3, 3]\)
shows:

- The function crosses the x-axis at \(x=0\).

- For positive \(x\), \(f(x)\) dips below zero, indicating solutions in the
vicinity.

- For negative \(x\), the function’s behavior can be analyzed similarly to
identify where it crosses zero.

Graphical analysis can suggest candidate intervals where solutions exist,
which can then be rigorously verified using the IVT.

Alternative Methods to Confirm Solutions

While the IVT is a powerful tool, other methods can support the analysis.



Sign Testing at Multiple Points

Evaluating \(f(x)\) at several points within an interval helps identify where
the sign changes occur, indicating the presence of roots.

Using Derivatives to Understand Function Behavior

Calculating \(f'(x)\) to analyze the function's monotonicity can help
identify intervals where solutions are guaranteed.

\frac{d}{dx} (x \cos x - 2x™2 + 3x)\).

(f'(x)
f' \co0s X - X \sin x - 4x + 3\).

-\
- \ (' (x)

Studying \(f'(x)\) reveals where \(f(x)\) is increasing or decreasing, which
aids in confirming the existence and possibly the number of solutions.

Summary and Conclusion

In conclusion, demonstrating that the equation \(x \cos x - 2x™2 + 3x = 0\)
has at least one solution within a given interval involves:

- Recognizing the continuity of \(f(x)\) over \(\mathbb{R}\).

- Choosing an appropriate interval based on the function's behavior.

- Computing \(f(x)\) at the endpoints to check for sign changes.

- Applying the Intermediate Value Theorem to conclude the existence of at
least one solution within that interval.

- Using graphical analysis and derivative tests to support findings and
identify potential solutions more precisely.

This process underscores the importance of fundamental theorems in analysis
for solving real-world and mathematical problems involving equations with
mixed functions. By carefully analyzing the function's behavior and applying
the IVT, we can confidently state that the equation \(x \cos x - 2x"2 + 3x =
0\) has at least one solution in the interval \ ([0, 2]\), and similar methods
can be used for other intervals.

Additional Tips for Solving Similar Equations

- Always verify the continuity of the function.

- Consider multiple intervals, especially where the polynomial dominates.
- Use derivatives to understand the function's increasing or decreasing
nature.

- Combine analytical methods with graphical tools for better intuition.

- Remember that the IVT guarantees the existence of solutions but does not
specify their exact location; numerical methods like Newton-Raphson or
bisection can then approximate the roots.



By mastering these techniques, you can analyze a wide variety of equations
and confidently establish the existence of solutions within specified
intervals, an essential skill in advanced mathematics, engineering, and
applied sciences

Frequently Asked Questions

How can the Intermediate Value Theorem be applied to
show that the equation xcosx - 2x*2 + 3x has at
least one solution on a specific interval?

By evaluating the function at the endpoints of the interval and confirming
that the function takes on values of opposite signs, the Intermediate Value
Theorem guarantees at least one root exists within that interval.

What is the first step to determine whether the
equation xcosx - 2x”2 + 3x has solutions on the
interval [0, 2]7?

Calculate the values of the function at the endpoints x=0 and x=2 to check
for a change in sign, which indicates the presence of at least one solution
within the interval.

Can the function f(x) = xcosx - 2x"2 + 3x have
multiple solutions within the interval? How can this
be checked?

Yes, the function can have multiple solutions. To determine this, analyze the
function's derivative to identify critical points and use sign changes to
locate multiple roots.

Why is the continuity of the function xcosx - 2x72 +
3x important in proving the existence of solutions?

Because the function is continuous everywhere, the Intermediate Value Theorem
can be applied on any interval to ensure at least one solution exists if the
function values at the endpoints have opposite signs.

What additional methods, besides the Intermediate
Value Theorem, can be used to confirm the existence
of solutions to the equation on a given interval?

Methods such as the Bisection Method or Newton-Raphson Method can be used
numerically to approximate solutions, and analyzing the derivative can help



identify multiple solutions or roots.

Additional Resources
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Introduction

In the realm of mathematical analysis, particularly in the study of equations
and functions, establishing the existence of solutions within specified
intervals is a fundamental concern. The equation

\[ f(x) = x \cos x - 2x"2 + 3x \]

serves as a compelling case study for applying classical theorems such as the
Intermediate Value Theorem (IVT) and properties of continuous functions. This
article aims to rigorously demonstrate that the given equation possesses at

least one solution within a specified interval, employing thorough analytical
techniques and logical reasoning.

Understanding the Function and Its Domain

Before delving into the existence proof, it is essential to analyze the
nature of the function:

\[ f(x) = x \cos x - 2x™2 + 3x \]

Key properties:

- Continuity: Since \( f(x) \) is composed of polynomial and trigonometric
functions, both of which are continuous over \(\mathbb{R}\), their sum and

product are also continuous. Therefore, \( f(x) \) is continuous everywhere.

- Differentiability: The function is differentiable everywhere, which allows
us to analyze its behavior via derivatives if needed.

The primary goal is to identify an interval \([a, b]\) where \(f(a)\) and

\(f(b)\) have opposite signs, ensuring, via the IVT, the existence of at
least one root within that interval.

Selecting the Interval

Choosing an appropriate interval is crucial. Since the function involves



quadratic and trigonometric terms, its behavior may change at different
scales.

A practical approach involves evaluating \(f(x)\) at strategic points:
- At \(x=0\):

\ [
f(0) = 0 \times \cos O - 2 \times 072 + 3 \times 0 = 0
\1]

- At \(x=1\):

\ [

f(1) = 1 \times \cos 1 - 2 \times 172 + 3 \times 1 \approx 1 \times 0.5403 -
2 + 3 =0.5403 - 2 + 3 = 1.5403

\1]

- At \(x=-1\):

\ [

f(-1) = (-1) \times \cos(-1) - 2 \times (-1)"2 + 3 \times (-1) = -1 \times
\cos 1 - 2 + (-3) \approx -1 \times 0.5403 - 2 - 3 = -0.5403 - 2 - 3 =
-5.5403

\1

- At \(x=2\):

\ [

f(2) = 2 \times \cos 2 - 2 \times 4 + 3 \times 2 \approx 2 \times (-0.4161) -
8 +6 =-0.8322 - 8 + 6 = -2.8322

\1

- At \(x=-2\):

\ [

f(-2) = -2 \times \cos 2 - 2 \times 4 + 3 \times (-2) \approx -2 \times
(-0.4161) -8 -6 = 0.8322 -8 -6 = -13.1678

\1]

From these evaluations, the function:

- Is zero at \(x=0\),

- Is positive at \(x=1\),
- Is negative at \(x=-1\),
- Is negative at \(x=2\),
- Is negative at \(x=-2\).

This suggests that there is a root in the negative \(x\)-interval between
\(-1\) and \(0\), and possibly others elsewhere.



Application of the Intermediate Value Theorem (IVT)
The IVT states:

> If \(f\) is continuous on \([a, b]\), and \(f(a)\) and \(f(b)\) have
opposite signs, then there exists at least one \(c \in (a, b)\) such that
\(f(c) = O\).

Based on the evaluations:
- Between \(-1\) and \(0O\):

\ [
f(-1) \approx -5.5403 \quad \text{and} \quad f(0) = 0
\1]

Since \(f(-1) < 0\) and \(f(0) = 0\), the IVT guarantees at least one root in
\([-1, 0]\), specifically at \(x=0\), which is explicitly a solution. Hence,
the equation has at least one solution at \(x=0\).

- Between \(-2\) and \(-1\):

\ [
f(-2) \approx -13.1678, \quad f(-1) \approx -5.5403

\1
Both are negative; the IVT does not confirm a root here.
- Between \(0\) and \(1\):

\ [
f(0) = 0, \quad f(1) \approx 1.5403
\1]

Again, the function transitions from zero at \(x=0\) to positive at \(x=1\),
indicating the root at \(x=0\). No additional solutions are guaranteed in
this interval.

- Between \(1\) and \(2\):

\ [
(1) \approx 1.5403, \quad f(2) \approx -2.8322

\]

Since \(f(1) > 0\) and \(f(2) < 0\), the IVT guarantees at least one root in
\([1, 2]\).



Confirming the Existence of Solutions

From the above analysis, the key findings are:

1. At \(x=0\):
\ [

f(0) =0

\]

which directly indicates that \(x=0\) is a solution.
2. Between \(1\) and \(2\):

\ [

f(1) \approx 1.5403 > 0, \quad f(2) \approx -2.8322 < 0

\1]

By IVT, there exists at least one \(c \in (1, 2)\) such that \(f(c) = 0\).
3. Between \(-1\) and \(0\):

\ [
f(-1) \approx -5.5403 < 0, \quad f(0) =0
\1]

Again, the function reaches zero at \(x=0\), confirming the solution.

Additional Analysis: Derivative and Critical Points
To further understand the solution structure, analyzing the derivative:

\ [
f'(x) = \frac{d}{dx} (x \cos x - 2x"2 + 3x)
\1

Calculations:

\ [
f'(x) = \cos x - x \sin x - 4x + 3
\]

This derivative's zeros, critical points, and monotonicity can be examined to
identify potential multiple solutions or behavior patterns.

Summary of Findings



- Existence of a Solution at \(x=0\): The function explicitly equals zero at
\(x=0\), providing a trivial solution.

- Existence of Additional Solutions:

- Since \(f(1) > 0\) and \(f(2) < 0\), there exists at least one solution in
\([1, 2]\).

- The function's continuity and the sign change confirm the presence of
solutions in these intervals.

- No Solutions in Some Intervals:

- In \([-2, -11\), the function remains negative; no guarantee of solutions
here.

- Similarly, for large \(x\), the \(-2x"2\) term dominates, ensuring \(f(x)\)
tends to \(-\infty\), and solutions, if any, are confined to certain regions.

Conclusion

Through a meticulous application of the Intermediate Value Theorem, combined
with strategic evaluations of \(f(x)\), it has been rigorously demonstrated
that the equation

\[ x \cos X - 2x™2 + 3x = 0 \]

has at least one solution within the interval \([-1, 2]\). In particular, the
explicit solution at \(x=0\) confirms existence, while the sign change
between \(x=1\) and \(x=2\) guarantees an additional solution in that
interval.

This analysis underscores the power of classical theorems in establishing the
existence of solutions without necessarily finding explicit roots. The
approach exemplifies a standard yet profound methodology in mathematical
analysis, emphasizing the importance of continuity, strategic interval
selection, and sign analysis in solving real-valued equations.
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Final Remarks

The investigation confirms the fundamental truth that solutions to equations
of
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