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And Each Player's Expected is a fundamental topic in game theory, essential
for understanding strategic interactions in economics, political science,
biology, and computer science. Identifying Nash equilibria—both pure and
mixed strategies—enables analysts to predict stable outcomes where no player
has an incentive to unilaterally deviate. This comprehensive guide explores
the methods to find all Nash equilibria, incorporates probability notation
such as P^ and Q^, and discusses how to compute each player's expected
payoff. Whether you're a student, researcher, or practitioner, mastering this
process is crucial for analyzing strategic decision-making scenarios.

Understanding Nash Equilibrium Basics

What Is a Nash Equilibrium?
A Nash equilibrium occurs when each player's chosen strategy maximizes their
expected payoff, given the strategies of the other players. At this point, no
player can improve their outcome by unilaterally changing their strategy.
Nash equilibria can be in pure strategies (specific actions) or mixed
strategies (probabilistic combinations of actions).

Pure vs. Mixed Strategies

Pure Strategies: Players select a single action with certainty.

Mixed Strategies: Players assign probabilities to each possible action,
represented by P^ for Player 1 and Q^ for Player 2, indicating their
mixed strategy profiles.

Representation of Strategies and Payoffs



Strategy Profiles and Notation
In a two-player game, strategies are often represented as follows:

Player 1's pure strategies: S1 = {s1, s2, ..., sn}

Player 2's pure strategies: S2 = {t1, t2, ..., tm}

Their mixed strategies are probability distributions over these strategies:

Player 1: P^ = (p1, p2, ..., pn), where each p_i ≥ 0 and Σ p_i = 1

Player 2: Q^ = (q1, q2, ..., qm), where each q_j ≥ 0 and Σ q_j = 1

Here, P^ and Q^ denote the mixed strategies, with P^ representing the
probability vector for Player 1, and Q^ for Player 2.

Payoff Matrices and Expected Payoffs
Payoffs are captured in matrices:

Player 1: U1 with entries u_ij, representing Player 1's payoff when
Player 1 chooses s_i and Player 2 chooses t_j.

Player 2: U2 with entries v_ij, representing Player 2's payoff under the
same strategies.

The expected payoff for Player 1, given strategies P^ and Q^, is:

E[Player 1] = P^ᵗ  U1  Q^

Similarly, Player 2's expected payoff:

E[Player 2] = P^ᵗ  U2  Q^

This calculation considers the weighted sum over all possible strategy
combinations.

Methodology for Finding All Nash Equilibria

Pure Strategy Nash Equilibria
To identify pure strategy equilibria:

List all possible strategy profiles (s_i, t_j).1.



For each profile, check if either player can improve their payoff by2.
deviating unilaterally.

Profiles where neither player benefits from deviation are Nash3.
equilibria.

This process often involves analyzing best responses:

Best response of Player 1 to Player 2's strategy t_j: choose s_i that
maximizes u_ij.

Best response of Player 2 to Player 1's strategy s_i: choose t_j that
maximizes v_ij.

Mixed Strategy Nash Equilibria
Finding mixed strategies involves solving a system of equations to ensure
each player's strategy is a best response to the other’s:

Set the expected payoffs of all strategies that are played with positive
probability equal, ensuring indifference.

For Player 1, make sure the expected payoff of each pure strategy in
their support is equal, given Player 2's mixed strategy Q^.

Similarly, for Player 2, ensure the expected payoffs are equal across
their support, given Player 1's mixed strategy P^.

This approach leads to a set of linear equations and inequalities that can be
solved simultaneously to find P^ and Q^.

Calculating P^, Q^, And Each Player's Expected
Payoffs

Formulating the Equations for Mixed Strategies
Suppose Player 1's strategies are s1, s2, and Player 2's strategies are t1,
t2. The goal is to find P^ = (p1, p2) and Q^ = (q1, q2) such that:

Player 1's expected payoff for s1 and s2 are equal:

u_11 q1 + u_12 q2 = u_21 q1 + u_22 q2



Player 2's expected payoff for t1 and t2 are equal:

v_11 p1 + v_21 p2 = v_12 p1 + v_22 p2

Additionally, the probabilities must sum to 1:

p1 + p2 = 1

q1 + q2 = 1

Solving for P^ and Q^
The steps involve:

Set up the expected payoff equations based on the payoff matrices.1.

Use algebraic methods or linear programming techniques to solve the2.
system of equations.

Ensure the probabilities are within [0,1] and sum to 1.3.

Once P^ and Q^ are determined, calculate each player's expected payoff:

E[Player 1] = P^ᵗ  U1  Q^
E[Player 2] = P^ᵗ  U2  Q^

Examples and Applications

Two-Strategy Game Example
Consider a simple game:

Player 1 strategies: S1 = {A, B}

Player 2 strategies: T1 = {X, Y}

Payoff matrices:

U1 = | 3  0 |
| 5  1 |

U2 = | 2  4 |
| 0  2 |



To find the mixed equilibrium:

Set up the indifference conditions for Player 1 and Player 2.

Solve the resulting equations for p1, p2, q1, q2.

Calculate expected payoffs accordingly.

Real-World Applications
- Economics: Pricing strategies among competing firms.
- Political Science: Negotiation and voting strategies.
- Biology: Evolutionarily stable strategies.
- Computer Science: Algorithmic game theory and multi-agent systems.

Conclusion: Mastering Nash Equilibria Analysis
Solving for all Nash equilibria, both in pure and mixed strategies, requires
a systematic approach that combines theoretical understanding with
computational techniques. By using notation such as P^ and Q^ to represent
mixed strategies and calculating each player's expected payoff, analysts can
uncover the strategic stability of various outcomes. Whether analyzing simple
2x2 games or complex multi-strategy interactions, mastering these methods
enhances predictive power and strategic insight in diverse fields. With
practice, you'll be adept at identifying equilibrium strategies and
understanding their implications for strategic decision-making in competitive
environments.

Frequently Asked Questions

How do you identify all Nash equilibria in pure
strategies for a given game?
To identify all pure strategy Nash equilibria, analyze each possible strategy
profile and determine if any player can improve their payoff by unilaterally
changing their strategy. Equilibria are strategy profiles where no player has
an incentive to deviate, i.e., their expected payoff is maximized given
others' strategies.

What is the process to find mixed strategy Nash
equilibria using probability vectors P ̂and Q?̂
To find mixed strategy equilibria, assign probability vectors P ̂and Q ̂to
players' strategies. Set up the indifference conditions where each player's



expected payoff remains constant across strategies, leading to a system of
equations. Solving these equations yields the equilibrium probabilities that
make players indifferent, indicating mixed strategy Nash equilibria.

How do you compute each player's expected payoff (E)
in pure and mixed strategy Nash equilibria?
For pure strategies, the expected payoff is straightforward, based on the
specific payoff matrix entries. For mixed strategies, calculate each player's
expected payoff by summing the payoffs weighted by the probabilities assigned
to each strategy (using P ̂and Q)̂. Equilibrium expects that no player can
improve their E by deviating unilaterally.

What role do the probability vectors P ̂and Q ̂play in
determining the Nash equilibria?
P ̂and Q ̂represent the mixed strategies of players, indicating the probability
of selecting each strategy. They are central in solving for mixed equilibria
because they allow us to set up indifference conditions where each player's
expected payoff is equal across strategies, enabling the identification of
equilibrium distributions.

How can we verify that all identified strategies
form a Nash equilibrium in both pure and mixed
cases?
Verification involves checking that, given the strategies of others, no
player can increase their expected payoff by unilaterally changing their own
strategy. For pure strategies, ensure no profitable deviation exists. For
mixed strategies, confirm that each player's expected payoff is maximized
with their chosen probability distribution, validating that no unilateral
deviation improves their outcome.

Additional Resources
Nash Equilibria: Unlocking Strategic Stability in Game Theory

---

Introduction

In the realm of strategic decision-making, the concept of Nash Equilibrium
stands as a cornerstone of game theory. Named after mathematician John Nash,
this equilibrium point encapsulates the idea of strategic stability where no
player can unilaterally improve their payoff by changing their own strategy,
given the strategies of others. Whether analyzing competitive markets,
political negotiations, or evolutionary biology, understanding how to solve



for all Nash equilibria—both in pure and mixed strategies—is essential for
anyone seeking a comprehensive grasp of strategic interactions.

This article offers an in-depth exploration of the methods to identify all
Nash equilibria, emphasizing the importance of P^, Q^, and each player's
expected payoff. We will dissect the process step-by-step, providing clarity
on the underlying principles and practical techniques used in equilibrium
analysis.

---

Understanding Nash Equilibrium: The Foundation

Before diving into solution methods, it’s vital to understand what
constitutes a Nash equilibrium:

- Pure Strategies: Strategies where players choose a specific action with
certainty.
- Mixed Strategies: Probabilistic combinations of pure strategies, where
players assign probabilities to each possible action.

A Nash equilibrium is a profile of strategies—either pure or mixed—that
satisfies the condition:

- No unilateral incentive to deviate: Given the other players’ strategies,
each player's chosen strategy yields the highest possible expected payoff.

Mathematically, for players \( i \), strategies \( s_i^ \), and strategies of
others \( s_{-i}^ \):

\[
u_i(s_i^, s_{-i}^) \geq u_i(s_i, s_{-i}^) \quad \forall s_i
\]

where \( u_i \) denotes the expected payoff for player \( i \).

---

From Pure to Mixed Strategies: The Solution
Spectrum

Pure Strategy Nash Equilibria are straightforward to identify: look for
strategy profiles where no player can improve their payoff by changing
actions unilaterally.

Mixed Strategy Nash Equilibria, however, require a more nuanced approach,



often involving probability calculations:

- Assign probabilities to each player's strategies.
- Calculate the expected payoffs for each possible strategy.
- Ensure that players are indifferent among strategies they assign positive
probabilities to.

This shift from pure to mixed strategies expands the solution space,
capturing equilibria in games where no pure strategy profile exists that
satisfies equilibrium conditions.

---

Key Components in Solving for Nash Equilibria

To systematically find all Nash equilibria, especially in complex games,
consider the following critical components:

1. Payoff Matrices (Q^ and P^)

Understanding the payoff matrices is fundamental:

- Q^ (or \( Q \)): The payoff matrix for Player 2, representing their payoffs
for each strategy combination.
- P^ (or \( P \)): The payoff matrix for Player 1, similarly detailing their
payoffs.

These matrices form the backbone of equilibrium calculations, providing the
quantitative basis for expected payoffs.

2. Expected Payoffs

Expected payoffs are calculated based on the probability distributions over
strategies:

\[
\text{Expected payoff for Player } i = \sum_{s_j} u_i(s_i, s_j) \times p_j
\]

where \( p_j \) is the probability that Player \( j \) chooses strategy \(
s_j \).

For mixed strategies, the expected payoff becomes a weighted sum, reflecting
the probabilistic nature of players’ choices.

---



Solving for Pure Strategy Nash Equilibria

Identifying pure strategies involves analyzing the payoff matrices for mutual
best responses.

Step-by-step process:

1. Identify best responses for each player:

- For each strategy of Player 1, find Player 2’s best response by selecting
the strategy that maximizes Player 2's payoff.
- Conversely, for each strategy of Player 2, find Player 1’s best response.

2. Locate mutual best response profiles:

- These are strategy pairs where each player's choice is the best response to
the other's.
- Such profiles constitute pure strategy Nash equilibria.

Example:

Suppose the payoff matrices are:

| Player 1 / Player 2 | Strategy A | Strategy B |
|-----------------------|--------------|--------------|
| Strategy X | (3, 2) | (1, 4) |
| Strategy Y | (2, 3) | (4, 1) |

- Player 1's best responses:
- To Player 2's A: Strategy X (payoff 3 > 2)
- To Player 2's B: Strategy Y (payoff 4 > 1)

- Player 2's best responses:
- To Player 1's X: Strategy B (payoff 4 > 2)
- To Player 1's Y: Strategy A (payoff 3 > 1)

- Mutual best responses:
- (X, B): Player 1's best response to B is Y, so not a mutual response.
- (Y, A): Player 2's best response to Y is A, and Player 1's best response to
A is X, so not matching.
- No pure strategy equilibria in this case.

---

Extending to Mixed Strategies: Finding



Equilibria

When pure strategies don't yield equilibria, or to find all possible
equilibria, mixed strategies come into play.

1. Set Up Indifference Conditions

Players randomize over strategies to make their opponents indifferent:

- For Player 1, assign probabilities \( p \) to strategies and compute
expected payoffs.
- For Player 2, assign probabilities \( q \) similarly.

Example:

If Player 1 mixes between strategies \( s_{X} \) and \( s_{Y} \):

\[
\text{Expected payoff to Player 2 when Player 1 plays } p: \quad E_2 = q
\times u_{2}(s_{X}) + (1 - q) \times u_{2}(s_{Y})
\]

Player 2 chooses probabilities to make Player 1 indifferent between
strategies, which leads to equations that can be solved for equilibrium
probabilities.

2. Solve System of Equations

Set the expected payoffs of strategies that are mixed to be equal, ensuring
players are indifferent:

\[
u_{1}(s_{X}) = u_{1}(s_{Y}) \\
u_{2}(s_{A}) = u_{2}(s_{B})
\]

Solve these equations simultaneously to find the equilibrium probabilities \(
p^ \) and \( q^ \).

3. Verify Best Response Conditions

Ensure that neither player can improve their expected payoff by deviating
from the calculated probabilities.

---



Case Study: Analyzing a Classic Game

Let's analyze the well-known "Battle of the Sexes" game:

| Player 1 / Player 2 | Ballet | Football |
|-----------------------|---------|-----------|
| Ballet | (2, 1) | (0, 0) |
| Football | (0, 0) | (1, 2) |

Pure strategies:
- Equilibria at (Ballet, Ballet) and (Football, Football).

Mixed strategy equilibrium:
- Player 1 plays Ballet with probability \( p \).
- Player 2 plays Ballet with probability \( q \).

Set indifference conditions:

- Player 1's expected payoff for Ballet:

\[
E_{1}^{Ballet} = 2q + 0(1 - q) = 2q
\]

- For Football:

\[
E_{1}^{Football} = 0q + 1(1 - q) = 1 - q
\]

Set equal for indifference:

\[
2q = 1 - q \Rightarrow 3q = 1 \Rightarrow q = \frac{1}{3}
\]

Similarly for Player 2:

- For Ballet:

\[
E_{2}^{Ballet} = 1p + 0(1 - p) = p
\]

- For Football:

\[
E_{2}^{Football} = 0p + 2(1 - p) = 2 - 2p
\]



Set equal:

\[
p = 2 - 2p \Rightarrow 3p = 2 \Rightarrow p = \frac{2}{3}
\]

Result: The mixed strategy equilibrium is:

- Player 1: plays Ballet with probability \( \frac{2}{3} \)
- Player 2: plays Ballet with probability \( \frac{1}{3} \)

This equilibrium reflects a coordination where players randomize to prevent
being predictable.

---

Calculating Each Player’s Expected Payoff

Once strategies are determined, computing each player's expected payoff
provides insight into the strategic stability and payoff distribution.

Expected payoff formula:

\[
\text{Expected payoff for Player } i = \sum_{s_j} u_i(s_i, s_j) \times p_j
\]

where:

- \( s_j \) are the strategies of the opponent.
- \( p_j \) are the probabilities assigned to those strategies.

Applying to the
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