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Understanding and solving ordinary differential equations (ODEs) is a
fundamental aspect of mathematical analysis, especially in fields such as
physics, engineering, and applied mathematics. Homogeneous ODEs, in
particular, are a class of equations characterized by their specific
structure, allowing for certain solution techniques that simplify the
process. In this comprehensive guide, we will explore how to solve the
following homogeneous ODEs on the interval (0, ∞):

1. \( \frac{dy}{dx} = \frac{y + xy}{y x^2 - x^3} \)

2. \( \frac{dy}{dx} = \frac{5x - 3}{x + 5y} \)

By the end of this article, you will understand the methods to approach such
equations, including substitution techniques, homogeneous equations
recognition, and solving through variable transformations. This article is
optimized for SEO to help students, educators, and math enthusiasts find
detailed solutions and explanations for these types of differential
equations.

Understanding Homogeneous Differential
Equations

Before diving into specific solutions, it's essential to grasp what
constitutes a homogeneous differential equation.

What Is a Homogeneous ODE?
A first-order differential equation is called homogeneous if it can be
expressed in the form:

\[
\frac{dy}{dx} = F\left(\frac{y}{x}\right)
\]

or equivalently, the right-hand side of the equation can be written as a
function of \( y/x \). These equations are characterized by their symmetry
and scale invariance, meaning that if \( y = k x \) is a solution, then \( y



= c x \) for any constant \( c \) may also be a solution, depending on the
equation's structure.

Key points:
- Homogeneous equations often involve ratios \( y/x \).
- They are solvable via substitution \( v = y/x \).
- Recognizing the form simplifies the solving process.

Why Are Homogeneous ODEs Important?
Homogeneous ODEs appear naturally in many physical systems, including:

- Fluid flow problems
- Electrical circuits
- Population dynamics
- Mechanical systems

Their solvability using substitution makes them particularly attractive for
analytical solutions.

Solving the First ODE: \( \frac{dy}{dx} =
\frac{y + xy}{y x^2 - x^3} \)

Let's analyze and solve the first differential equation step-by-step.

Step 1: Simplify the Equation
Given:

\[
\frac{dy}{dx} = \frac{y + xy}{y x^2 - x^3}
\]

Note that numerator:

\[
y + xy = y(1 + x)
\]

and denominator:

\[
y x^2 - x^3 = x^2 y - x^3
\]

So the equation becomes:



\[
\frac{dy}{dx} = \frac{y(1 + x)}{x^2 y - x^3}
\]

Step 2: Recognize the Structure
Observe that both numerator and denominator involve \( y \) and powers of \(
x \). To facilitate substitution, divide numerator and denominator by \( x^3
\):

\[
\frac{dy}{dx} = \frac{ y (1 + x)}{x^2 y - x^3} = \frac{ y (1 + x)}{x^2 y -
x^3}
\]

Dividing numerator and denominator by \( x^3 \):

\[
\frac{dy}{dx} = \frac{ y \frac{1 + x}{x^3} }{ y \frac{x^2}{x^3} - 1 } =
\frac{ y \frac{1 + x}{x^3} }{ y \frac{1}{x} - 1 }
\]

Define:

\[
v = \frac{y}{x}
\]

which implies:

\[
y = v x
\]
\[
\frac{dy}{dx} = v + x \frac{dv}{dx}
\]

Now, substitute into the differential equation:

\[
v + x \frac{dv}{dx} = \frac{ v x (1 + x) / x^3 }{ v x (1 / x) - 1 } = \frac{
v (1 + x) / x^2 }{ v - 1 }
\]

Simplify numerator:

\[
v \frac{1 + x}{x^2}
\]



So the equation becomes:

\[
v + x \frac{dv}{dx} = \frac{ v (1 + x) / x^2 }{ v - 1 }
\]

Multiply both sides by \( v - 1 \):

\[
(v + x \frac{dv}{dx})(v - 1) = v \frac{1 + x}{x^2}
\]

Step 3: Expand and Rearrange
Expand the left side:

\[
v (v - 1) + x \frac{dv}{dx} (v - 1) = v \frac{1 + x}{x^2}
\]

which simplifies to:

\[
v^2 - v + x (v - 1) \frac{dv}{dx} = v \frac{1 + x}{x^2}
\]

Rearranged as:

\[
x (v - 1) \frac{dv}{dx} = v \frac{1 + x}{x^2} - v^2 + v
\]

Express the right side over common denominator \( x^2 \):

\[
= \frac{ v (1 + x) - x^2 v^2 + x^2 v }{ x^2 }
\]

Now, combine like terms numerator:

\[
v (1 + x) + x^2 v - x^2 v^2
\]

which simplifies to:

\[
v + v x + x^2 v - x^2 v^2
\]



Factor where possible:

\[
v (1 + x + x^2) - x^2 v^2
\]

Now, the differential equation reduces to:

\[
x (v - 1) \frac{dv}{dx} = \frac{ v (1 + x + x^2) - x^2 v^2 }{ x^2 }
\]

Divide both sides by \( x (v - 1) \):

\[
\frac{dv}{dx} = \frac{ v (1 + x + x^2) - x^2 v^2 }{ x^2 \cdot x (v - 1) } =
\frac{ v (1 + x + x^2) - x^2 v^2 }{ x^3 (v - 1) }
\]

This form, while complex, suggests that substitution \( v = y/x \) is on the
right track, and the equation can be approached with further algebraic
manipulation or numerical methods if necessary.

Summary:
The key to solving this first differential equation involves recognizing the
substitution \( v = y/x \), simplifying the original expression, and
transforming it into a separable or more manageable form.

Solving the Second ODE: \( \frac{dy}{dx} =
\frac{5x - 3}{x + 5y} \)

This equation is a classic example of a homogeneous differential equation.

Step 1: Recognize the Homogeneous Form
The right-hand side is a ratio of linear functions:

\[
\frac{5x - 3}{x + 5y}
\]

which suggests substitution to reduce the equation to a separable form.

Step 2: Substitution \( v = y / x \)
Set:



\[
v = \frac{y}{x}
\]
\[
y = v x
\]
\[
dy/dx = v + x \frac{dv}{dx}
\]

Express the right-hand side in terms of \( v \):

\[
\frac{5x - 3}{x + 5 v x} = \frac{5x - 3}{x (1 + 5v)} = \frac{5 - 3/x}{1 + 5v}
\]

Now, rewrite the differential equation:

\[
v + x \frac{dv}{dx} = \frac{5 - 3/x}{1 + 5v}
\]

Multiply both sides by \( 1 + 5v \):

\[
(v + x \frac{dv}{dx})(1 + 5v) = 5 - \frac{3}{x}
\]

Expand the left side:

\[
v (1 + 5v) + x \frac{dv}{dx} (1 + 5v) = 5 - \frac{3}{x}
\]

which simplifies to:

\[
v + 5v^2 + x (1 + 5v) \frac{dv}{dx} = 5 - \frac{3}{x}
\

Frequently Asked Questions

How do you approach solving the homogeneous
differential equation Dy/dx = (Y + xy) / (Yx^2 -
x^3)?
First, rewrite the equation to identify if it can be expressed in terms of a
substitution such as v = y/x to simplify the expression. Then, convert the



equation into a separable form in terms of v and x, and integrate
accordingly.

What is the method to solve the differential
equation Dy/dx = (5x - 3) / (x + 5y)?
Recognize whether the equation is homogeneous or can be transformed into a
homogeneous form. Use substitution v = y/x to convert the equation into a
separable form, then integrate both sides to find the general solution.

Are the given differential equations homogeneous,
and how can you verify that?
Yes, both equations are homogeneous. To verify, check if the right-hand side
can be expressed as a function of y/x alone. In the first, rewrite numerator
and denominator in terms of y/x; in the second, observe if the ratio
simplifies to a function of y/x.

What substitution is commonly used to solve
homogeneous ODEs like these?
The standard substitution is v = y/x, which simplifies the differential
equation into a form easier to integrate. After substitution, differentiate y
= vx to express dy/dx in terms of v and x.

How do you handle the integration after substitution
in solving these homogeneous ODEs?
After substituting v = y/x, rewrite the differential equation in terms of v
and x. Separate the variables, then integrate both sides with respect to
their variables to find v(x), and subsequently y(x).

What are common challenges faced when solving these
types of homogeneous ODEs, and how can they be
addressed?
Common challenges include correctly identifying the substitution and
simplifying the equation for integration. These can be addressed by carefully
rewriting the equation in terms of y/x, verifying homogeneity, and
methodically performing substitution and integration steps.

Additional Resources
Solving homogeneous ordinary differential equations (ODEs) is a fundamental
aspect of mathematical analysis with wide-ranging applications in physics,
engineering, and applied sciences. These equations often exhibit specific



structures that enable systematic solution methods, providing insight into
the behavior of complex systems. In this article, we delve into two
particular homogeneous ODEs defined on the interval (0, ∞), exploring their
forms, solution strategies, and underlying mathematical principles. The first
equation is given by Dy/dx = (Y + xy) / (Yx^2 - x^3), and the second by Dy/dx
= (5x - 3) / (x + 5y). Our goal is to analyze these equations
comprehensively, demonstrating step-by-step solutions, discussing their
properties, and highlighting the importance of homogeneous equations in
broader contexts.>

Understanding Homogeneous Differential
Equations

Definition and Characteristics
Homogeneous differential equations are a class of equations distinguished by
their specific structure, which allows for simplification and solution via
substitution methods. In the context of first-order equations, a differential
equation is considered homogeneous if it can be expressed in the form:

\[ \frac{dy}{dx} = F\left(\frac{y}{x}\right) \]

or equivalently, when the right-hand side is a function of the ratio y/x.
This structure indicates that the equation exhibits scale invariance: if (x,
y) is a solution, then (kx, ky) is also a solution for any non-zero constant
k.

Key features of homogeneous equations include:

- The dependence of dy/dx solely on the ratio y/x.
- The potential for substitution y = vx, transforming the equation into a
separable form.
- Their prevalence in modeling phenomena where proportional relationships
matter, such as in physics and economics.

Significance in Mathematical Modeling
Homogeneous equations often arise naturally in physics, where scale
invariance plays a role—for instance, in fluid dynamics, thermodynamics, and
electromagnetism. Their solvability using substitution methods makes them a
vital component of the analytical toolkit for mathematicians and scientists.
Understanding these equations enhances the ability to analyze systems where
proportionality and scaling are fundamental.



Analyzing the First Homogeneous ODE

Equation Overview
The first differential equation under consideration is:

\[ \frac{dy}{dx} = \frac{Y + xy}{Yx^2 - x^3} \]

At first glance, the notation suggests a potential typographical ambiguity,
but interpreting Y as a function of x (i.e., y(x)) and recognizing that the
equation involves terms like y, x, and their products, the goal is to
determine whether this is a homogeneous equation, and if so, how to solve it.

Rewriting the equation:

\[ \frac{dy}{dx} = \frac{y + xy}{y x^2 - x^3} \]

or, factoring:

\[ \frac{dy}{dx} = \frac{y (1 + x)}{x^2 (y - x)} \]

The critical step is to examine whether this equation can be expressed as a
function of y/x.

Homogeneity Assessment
Let's analyze the right-hand side:

\[ \frac{y (1 + x)}{x^2 (y - x)} \]

Expressing in terms of y/x:

Let \( v = \frac{y}{x} \). Then \( y = vx \).

Substitute into the equation:

\[ \frac{dy}{dx} = \frac{v x (1 + x)}{x^2 (v x - x)} = \frac{v x (1 + x)}{x^2
x (v - 1)} \]

But this appears inconsistent unless carefully simplified. Instead, rewrite
numerator and denominator:

Numerator:

\[ y (1 + x) = v x (1 + x) \]

Denominator:



\[ x^2 (v - 1) \]

Thus,

\[ \frac{dy}{dx} = \frac{v x (1 + x)}{x^2 (v - 1)} = \frac{v (1 + x)}{x (v -
1)} \]

Now, express dy/dx in terms of v:

Since \( y = v x \),

\[ \frac{dy}{dx} = v + x \frac{dv}{dx} \]

Therefore,

\[ v + x \frac{dv}{dx} = \frac{v (1 + x)}{x (v - 1)} \]

Rearranged:

\[ x \frac{dv}{dx} = \frac{v (1 + x)}{x (v - 1)} - v \]

Multiply through by x:

\[ x^2 \frac{dv}{dx} = \frac{v (1 + x)}{v - 1} - v x \]

This form indicates the equation is not straightforwardly homogeneous in y/x,
but with suitable manipulations and substitutions, it can be transformed into
a solvable form.

Key insight: The underlying structure suggests possible substitution
strategies involving y/x or more advanced methods like substitution to reduce
to a linear or separable form.

Solution Strategy
Given the complexity, the typical approach would involve:

1. Substituting \( v = y/x \) to reduce the equation.
2. Expressing dy/dx in terms of v and dv/dx.
3. Simplifying the resulting differential equation in v.
4. Solving the resulting equation, often a separable or linear ODE.

This process, while intricate, exemplifies the importance of substitution in
solving homogeneous equations that are not immediately separable.

Analyzing the Second Homogeneous ODE



Equation Overview
The second differential equation is:

\[ \frac{dy}{dx} = \frac{5x - 3}{x + 5y} \]

This equation more clearly exhibits a structure amenable to substitution for
homogeneous equations.

Homogeneity check:

Rewrite the right side as:

\[ \frac{5x - 3}{x + 5y} \]

To determine if the equation is homogeneous, examine whether numerator and
denominator are homogeneous functions of the same degree:

- Numerator: \( 5x - 3 \) is linear in x, but includes a constant.
- Denominator: \( x + 5 y \) is linear in x and y.

The presence of constants complicates the classification; however, the
critical insight is to see if the equation can be transformed into a form
where the variables are ratios.

Transforming the equation:

Introduce \( v = y / x \):

\[ y = v x \]

then,

\[ \frac{dy}{dx} = v + x \frac{dv}{dx} \]

Substitute into the original:

\[ v + x \frac{dv}{dx} = \frac{5x - 3}{x + 5 v x} = \frac{5x - 3}{x (1 + 5
v)} \]

Simplify numerator:

\[ \frac{5x - 3}{x (1 + 5 v)} = \frac{5x}{x (1 + 5 v)} - \frac{3}{x (1 + 5
v)} = \frac{5}{1 + 5 v} - \frac{3}{x (1 + 5 v)} \]

Now, the differential equation becomes:

\[ v + x \frac{dv}{dx} = \frac{5}{1 + 5 v} - \frac{3}{x (1 + 5 v)} \]

To isolate the derivatives:



\[ x \frac{dv}{dx} = \frac{5}{1 + 5 v} - \frac{3}{x (1 + 5 v)} - v \]

Multiplying through by x:

\[ x^2 \frac{dv}{dx} = x \frac{5}{1 + 5 v} - \frac{3}{1 + 5 v} - v x \]

This form indicates that further substitution or rearrangement can lead to a
solvable ODE, possibly through integrating factors or substitution of the
form \( w = 1 + 5 v \).

Solution Strategy
Given the structure, an effective approach involves:

- Substituting \( w = 1 + 5 v \), which simplifies the denominator.
- Expressing all terms in terms of w and x.
- Reducing the equation to a linear or separable form.
- Integrating to find the solution for y in terms of x.

This process exemplifies how recognizing linear combinations and
substitutions streamline solving complex ODEs.

Methods for Solving Homogeneous Equations

Substitution y = vx
The cornerstone technique for homogeneous equations is the substitution:

\[ y = v x \]

which leverages the proportional relationship between y and x.
Differentiating:

\[ \frac{dy}{dx} = v + x \frac{dv}{dx} \]

This substitution simplifies many first-order equations by transforming them
into equations solely in v and x, often separable.

Transforming to Separable Equations
Once in terms of v and x, the equation can often be manipulated into a form:

\[ \frac{dv}{dx} = G(v, x) \]
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