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This question touches on fundamental concepts in linear algebra related to matrix rank, column
space, null space, and the dimensions of vector spaces associated with matrices. To analyze these
questions thoroughly, we need to explore the properties of matrices, especially the implications of
having a certain number of pivot columns in a matrix, and how these relate to the column space and
null space.

Understanding the structure of matrix A, which is 5 rows by 9 columns, is essential. The matrix's
dimensions and the number of pivot columns it contains tell us a lot about its rank, the dimension of
its column space, and the nullity of the matrix. These concepts are central to the Rank-Nullity
Theorem, which connects the number of pivot columns to the dimensions of various subspaces
associated with A.

In this article, we will delve into what it means for a matrix to have five pivot columns, whether its
column space equals \(\mathbb{R}^5\), and whether its null space is \(\mathbb{R}^4\). We will
clarify these points step by step, ensuring a clear understanding of the underlying linear algebra
principles.

---

Understanding the Matrix Dimensions and Pivot
Columns

Matrix Dimensions and Basic Definitions
A matrix \(A\) of size \(5 \times 9\) has 5 rows and 9 columns. Each column of \(A\) is a vector in
\(\mathbb{R}^5\). The number of pivot columns in \(A\) indicates the rank of the matrix, which is
the dimension of the column space (or range) of \(A\).

Pivot Columns:
- The columns in the matrix after Gaussian elimination that contain the leading entries (the first non-
zero entries in each row during row reduction).
- The number of pivot columns equals the rank of the matrix.

Rank:
- The maximum number of linearly independent columns in \(A\).
- For our matrix \(A\), the rank is given as 5 because it has five pivot columns.

---



Is \(\text{Col} A = \mathbb{R}^5\)?

Column Space of A and Its Dimensions
The column space of \(A\), denoted as \(\text{Col }A\), is the span of the columns of \(A\). It is a
subspace of \(\mathbb{R}^5\) because each column vector is in \(\mathbb{R}^5\).

Key Point:
- The dimension of \(\text{Col }A\) equals the rank of \(A\), which is 5 in this case.

Question:
- Does \(\text{Col }A\) equal \(\mathbb{R}^5\)?

Answer:
- Since \(\text{Col }A\) is a subspace of \(\mathbb{R}^5\) with dimension 5, it is a 5-dimensional
subspace of \(\mathbb{R}^5\).
- All 5-dimensional subspaces of \(\mathbb{R}^5\) are equal to \(\mathbb{R}^5\) itself because the
only 5-dimensional subspace of \(\mathbb{R}^5\) is \(\mathbb{R}^5\).

Conclusion:
- Therefore, \(\text{Col }A = \mathbb{R}^5\).
- The columns of \(A\) span the entire \(\mathbb{R}^5\), meaning that any vector in
\(\mathbb{R}^5\) can be expressed as a linear combination of the columns of \(A\).

---

Is \(\text{Nul }A = \mathbb{R}^4\)?

Null Space of A and Its Dimension
The null space, \(\text{Nul }A\), consists of all solutions \(x \in \mathbb{R}^9\) to the homogeneous
equation:

\[
A x = 0
\]

This null space indicates the set of all vectors in \(\mathbb{R}^9\) that are mapped to the zero
vector in \(\mathbb{R}^5\).

Applying the Rank-Nullity Theorem:
The theorem states:

\[
\text{rank}(A) + \text{nullity}(A) = \text{number of columns of }A
\]



Given:
- \(\text{rank}(A) = 5\) (since there are five pivot columns)
- Number of columns of \(A\) = 9

Calculating nullity:
\[
\text{nullity}(A) = 9 - 5 = 4
\]

This nullity is the dimension of the null space \(\text{Nul }A\).

Question:
- Is \(\text{Nul }A = \mathbb{R}^4\)?

Answer:
- The null space is a subspace of \(\mathbb{R}^9\) with dimension 4.
- \(\mathbb{R}^4\) has dimension 4, but it is a space of vectors with 4 components, whereas the null
space of \(A\) consists of vectors in \(\mathbb{R}^9\).
- Therefore, \(\text{Nul }A\) is a 4-dimensional subspace of \(\mathbb{R}^9\), but it is not equal to
\(\mathbb{R}^4\); they are spaces of different dimensions and different ambient spaces.

Conclusion:
- The null space of \(A\) is a 4-dimensional subspace of \(\mathbb{R}^9\).
- It cannot be equal to \(\mathbb{R}^4\) because \(\mathbb{R}^4\) is 4-dimensional space of
vectors with 4 components, whereas \(\text{Nul }A\) resides in \(\mathbb{R}^9\).

---

Summary of the Key Concepts and Conclusions

Summary of \(\text{Col }A\)
- The matrix \(A\) has rank 5, meaning 5 linearly independent columns.
- Since \(\text{Col }A\) has dimension 5, and it is a subspace of \(\mathbb{R}^5\), it spans the entire
\(\mathbb{R}^5\).
- Therefore, \(\text{Col }A = \mathbb{R}^5\).

Summary of \(\text{Nul }A\)
- Nullity of \(A\) is 4, according to the Rank-Nullity Theorem.
- The null space is a 4-dimensional subspace of \(\mathbb{R}^9\).
- It is not equal to \(\mathbb{R}^4\), which is a space of vectors with 4 components, not in
\(\mathbb{R}^9\).
- Thus, \(\text{Nul }A\) is a subspace of \(\mathbb{R}^9\) with dimension 4, not \(\mathbb{R}^4\).

---



Implications for Linear Algebra and Applications
Understanding these properties is crucial in many areas of mathematics, engineering, and computer
science, especially in solving systems of linear equations, analyzing transformations, and
understanding the structure of data.

- When a matrix has full row rank (here, 5), its columns span the entire target space
(\(\mathbb{R}^5\)).
- The null space describes the degrees of freedom in solutions to homogeneous systems, influencing
the stability and uniqueness of solutions.
- Recognizing the dimensions of these subspaces helps in designing algorithms for solving linear
systems, performing dimensionality reduction, and understanding the behavior of linear
transformations.

---

Final Thoughts
In conclusion, for a \(5 \times 9\) matrix \(A\) with five pivot columns:
- Yes, \(\text{Col }A = \mathbb{R}^5\).
- No, \(\text{Nul }A \neq \mathbb{R}^4\), but rather it's a 4-dimensional subspace within
\(\mathbb{R}^9\).

These insights reinforce the importance of the rank, nullity, and the structure of subspaces in
understanding the behavior of matrices and linear transformations. Mastery of these concepts forms
the foundation for advanced studies and practical applications in various scientific and engineering
disciplines.

Frequently Asked Questions

Given a 5 x 9 matrix A with five pivot columns, is Col A equal
to R^5?
Yes. Since there are five pivot columns in A, the pivot columns span a 5-dimensional subspace of
R^5, which is all of R^5. Therefore, Col A = R^5.

Does having five pivot columns in a 5 x 9 matrix imply that Nul
A is R^4?
No. The null space Nul A is a subset of R^9, representing solutions to Ax = 0. Its dimension is 9
minus the rank. Since the rank is 5, dim Nul A = 9 - 5 = 4, but Nul A is a subspace of R^9, not R^4.

Can the column space of A be the entire R^5 if A has five pivot



columns?
Yes. Five pivot columns in a 5 x 9 matrix mean the columns are linearly independent and span R^5,
so Col A = R^5.

Is the null space of A of dimension 4 because A has 9 columns
and rank 5?
Yes. The nullity equals the number of columns minus the rank: 9 - 5 = 4, so dim Nul A = 4.

Does the number of pivot columns determine the entire
column space of A?
Yes. The pivot columns form a basis for Col A, and having five pivot columns in a 5-row matrix means
Col A = R^5.

Is the null space of A a subset of R^5?
No. Since A is 5 x 9, Nul A is a subset of R^9, representing solutions to Ax=0 in R^9.

If A has five pivot columns, what is the rank of A?
The rank of A is 5, since the number of pivot columns equals the rank.

Can the null space of A be R^4?
No. The null space is a subspace of R^9 with dimension 4, but it cannot be R^4 itself; it's a subset of
R^9 with dimension 4.

What does having five pivot columns in A tell us about its
linear independence?
Having five pivot columns indicates that those columns are linearly independent, and they span R^5,
making the column space the entire R^5.

Additional Resources
Suppose A 5 X 9 Matrix A Has Five Pivot Columns. Is Col A= R^5? Is Nul A= R^4? Explain Your
Answers.

---

Introduction

Linear algebra is a foundational branch of mathematics with wide-ranging applications in science,
engineering, computer science, and more. At its core, it deals with vector spaces, matrices, and the
transformations they represent. When analyzing a matrix, key concepts such as its column space



(Col A) and null space (Nul A) become central to understanding its properties.

This article explores a particular case: a 5 x 9 matrix \(A\) with five pivot columns. We will analyze
whether the column space of \(A\) equals \(\mathbb{R}^5\), and whether the null space of \(A\)
equals \(\mathbb{R}^4\). Through detailed reasoning rooted in the fundamental theorems of linear
algebra, we aim to clarify the implications of the given information and provide a comprehensive
understanding of these questions.

---

Background and Fundamental Concepts

Matrix Dimensions and Basic Properties

- Matrix \(A\): A \(5 \times 9\) matrix means it has 5 rows and 9 columns.
- Column space (\(Col A\)): The set of all linear combinations of the columns of \(A\). It is a subspace
of \(\mathbb{R}^5\).
- Null space (\(Nul A\)): The set of all solutions \(x \in \mathbb{R}^9\) to the homogeneous system
\(A x = 0\).

Rank and Pivot Columns

- Pivot columns: Columns in the matrix after performing row operations that contain leading entries
(pivots).
- Rank (\(\operatorname{rank}(A)\)): The number of pivot columns in \(A\). It measures the
dimension of the column space.

Given that \(A\) has five pivot columns, the rank of \(A\) is:

\[
\operatorname{rank}(A) = 5
\]

---

Analyzing the Column Space: Is \(Col A = \mathbb{R}^5\)?

Understanding the Column Space

Since \(A\) is a \(5 \times 9\) matrix, each column is a vector in \(\mathbb{R}^5\). The column space
is the subspace of \(\mathbb{R}^5\) spanned by these columns.

- The dimension of \(Col A\) is equal to \(\operatorname{rank}(A) = 5\).
- Because the dimension of \(Col A\) is 5, and the ambient space \(\mathbb{R}^5\) also has
dimension 5, the question reduces to whether these columns span the entire \(\mathbb{R}^5\).

Is \(Col A = \mathbb{R}^5\)?

- Yes. Since the rank of \(A\) is 5, and \(\mathbb{R}^5\) has dimension 5, the columns of \(A\) span a
subspace of \(\mathbb{R}^5\) of dimension 5.
- Therefore, the column space of \(A\) is exactly \(\mathbb{R}^5\).



In conclusion:

\[
\boxed{
\text{Yes, } Col A = \mathbb{R}^5
}
\]

This means the columns of the matrix are linearly independent enough to span the entire 5-
dimensional space.

---

Analyzing the Null Space: Is \(Nul A = \mathbb{R}^4\)?

Understanding the Null Space

The null space of \(A\), \(Nul A\), consists of all vectors \(x \in \mathbb{R}^9\) such that:

\[
A x = 0
\]

The dimension of \(Nul A\) is given by the nullity of \(A\), which by the Rank-Nullity Theorem is:

\[
\operatorname{nullity}(A) = n - \operatorname{rank}(A)
\]

where \(n\) is the number of columns of \(A\).

Given:

\[
n = 9, \quad \operatorname{rank}(A) = 5
\]

Thus:

\[
\operatorname{nullity}(A) = 9 - 5 = 4
\]

Is \(Nul A = \mathbb{R}^4\)?

- No. The null space is a subspace of \(\mathbb{R}^9\), not \(\mathbb{R}^4\).
- The nullity is 4, indicating that the null space is a 4-dimensional subspace of \(\mathbb{R}^9\).

Important clarification:

- The null space cannot be equal to \(\mathbb{R}^4\) because \(\mathbb{R}^4\) is a 4-dimensional



Euclidean space, but \(Nul A\) is a subspace of \(\mathbb{R}^9\).

- Instead, the null space is a 4-dimensional subspace within \(\mathbb{R}^9\).

In summary:

\[
\boxed{
Nul A \text{ is a 4-dimensional subspace of } \mathbb{R}^9, \text{ not } \mathbb{R}^4
}
\]

Additional Insights and Implications

The Relationship Between Rank, Column Space, and Null Space

- The fact that \(A\) has 5 pivot columns guarantees that the column space is all of \(\mathbb{R}^5\).
- The nullity being 4 indicates that there are infinitely many solutions to \(A x = 0\), forming a 4-
dimensional subspace within \(\mathbb{R}^9\).

Geometric Interpretation

- The column space being \(\mathbb{R}^5\) signifies that the linear transformation represented by
\(A\) is surjective onto \(\mathbb{R}^5\), meaning every vector in \(\mathbb{R}^5\) can be written
as a linear combination of the columns of \(A\).
- The null space being 4-dimensional indicates that the kernel of the transformation has dimension 4,
reflecting the presence of multiple vectors that map to the zero vector.

---

Summary of Key Points

| Aspect | Explanation | Conclusion |
|---------|--------------|------------|
| Column Space (\(Col A\)) | Subspace of \(\mathbb{R}^5\) spanned by columns | Since rank = 5,
\(Col A = \mathbb{R}^5\) |
| Null Space (\(Nul A\)) | Subspace of \(\mathbb{R}^9\) where \(A x = 0\) | Nullity = 4, so \(Nul A\) is
a 4D subspace of \(\mathbb{R}^9\) (not equal to \(\mathbb{R}^4\)) |

---

Broader Context and Applications

Understanding these properties is essential in various applications:

- Solving Systems of Equations: For a system \(A x = b\), knowing that \(Col A = \mathbb{R}^5\)
guarantees that for any \(b \in \mathbb{R}^5\), the system is consistent.
- Dimensionality Reduction: The nullity indicates the number of free variables in solutions, important
in data science for feature selection.
- Linear Transformations: Surjectivity (onto) and injectivity (one-to-one) are characterized by rank
and nullity; here, \(A\) is onto \(\mathbb{R}^5\) but not one-to-one.



---

Final Remarks

In conclusion, the analysis of the matrix \(A\) with the given properties reveals the fundamental
relationships dictated by the rank-nullity theorem and the structure of linear transformations:

- Yes, \(Col A = \mathbb{R}^5\), because the rank equals the dimension of the codomain.
- No, \(Nul A \neq \mathbb{R}^4\), but rather a 4-dimensional subspace of \(\mathbb{R}^9\).

These insights serve as a cornerstone for understanding more complex linear algebra concepts and
their applications across scientific disciplines.
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