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When analyzing infinite series, understanding the behavior of their terms and
how they compare to each other is crucial for determining convergence or
divergence. In particular, considering two series with positive terms, say

\ (\sum A_n\) and \ (\sum B_n\), and knowing that \ (\sum B_n\) converges
provides valuable insight. The specific case where \(A_n > B_n\) for all
sufficiently large \ (n\) prompts important questions about the convergence of
\ (\sum A_n\). This article explores this scenario in detail, explaining the
underlying principles and how comparison tests can be applied to draw
conclusions about series convergence.

Understanding Series with Positive Terms

Before delving into the comparison of two series, it is essential to grasp
some foundational concepts about series with positive terms.

Definition of Series and Convergence

- A series \ (\sum_{n=1}"{\infty} a_n\) is the sum of infinitely many terms

\ (a_n\) .

- The series converges if the sequence of its partial sums \(S_N =
\sum_{n=1}"N a_n\) approaches a finite limit as \ (N \to \infty\).

- When the terms \ (a_n\) are positive (\(a_n > 0\)), the series behaves in a
monotonic manner, which simplifies convergence analysis.

Significance of Positive Terms

— For series with positive terms, divergence is characterized by the partial
sums growing without bound.

— The comparison test and the limit comparison test are particularly
effective tools in this context.

Comparison Tests for Convergence

Comparison tests form the backbone of convergence analysis for series with
positive terms. They allow us to infer the behavior of a series by comparing
it with another series whose convergence properties are known.



Direct Comparison Test

- If \(0 \leqg a_n \leqg b_n\) for all sufficiently large \(n\),

- and \ (\sum b_n\) converges,

- then \(\sum a_n\) also converges.

- Conversely, if \(a_n \geg b_n \geqg 0\) and \ (\sum b_n\) diverges, then
\ (\sum a_n\) diverges.

Limit Comparison Test

- For two series \(\sum a_n\) and \(\sum b_n\) with positive terms,

- compute \(L = \lim_{n \to \infty} \frac{a_n}{b_n}\).

- If \(L\) is a finite positive number, then either both series converge or
both diverge.

Implications of \(A_n > B _n\) When \(\sum B_n\)
Converges

Now, focusing on the scenario where \ (\sum B_n\) converges with positive
terms, and for sufficiently large \(n\), \(A_n > B_n\), what can we conclude
about \ (\sum A_n\)?

Key Observation

- Since \(A_n > B_n\) for large \(n\), the terms of \(\sum A_n\) are bounded
below by the terms of \ (\sum B_n\).

— Because \ (\sum B_n\) converges, the sequence of partial sums \ (S_N"{(B)}\)
approaches a finite limit.

Does \(A_n > B_n\) Imply \(\sum A_n\) Diverges?

- Yes, it does. The intuition is straightforward:

- For sufficiently large \(n\), \(A_n \geq B_n\).

— The partial sums \(S_N*{(A)} = \sum_{n=1}"N A_n\) satisfy

\ [

S_N*{(A)} \geg S_N"{(B)}.

\]

— Since \(S_N"{(B)}\) tends to a finite limit, \(S_N"{(A)}\) cannot tend to a
finite limit; it at least grows as fast as \(S_N"{(B) }\).

Formal Conclusion

- If \(\sum B_n\) with positive terms converges, and \(A_n \geq B_n\) for
sufficiently large \(n\), then \(\sum A_n\) must diverge.

— This 1is because the partial sums of \(\sum A_n\) will tend to infinity or
at least not converge to a finite limit, given that the terms are larger than
those of a convergent series.



Practical Applications of the Comparison in
Series Analysis

Understanding the implications of the inequality \(A_n > B_n\) when \ (\sum
B_n\) converges 1s critical in various mathematical and applied contexts.

Determining Divergence of a Series

— When faced with a series \(\sum A_n\) where \(A_n > B_n\) and \ (\sum B_n\)
is known to converge, the comparison test can quickly reveal divergence.

— This helps prevent futile attempts to prove convergence when the series is,
in fact, divergent.

Estimating Series Behavior

— In practical scenarios, such as numerical analysis or physics, knowing that
a series diverges can influence the approach to summation or approximation
methods.

Designing Convergent Series

- Conversely, if you want to construct a convergent series, ensuring that
\(A_n \leg B_n\) with \(\sum B_n\) converging is a strategic approach.

Examples Illustrating the Concept

Providing concrete examples enhances understanding of the principles
discussed.

Example 1: Divergence Due to Larger Terms

— Suppose \ (\sum_{n=1}"\infty \frac{1}{n"2}\) converges (it's a p-series with
\ (p=2\)) .

- Now, consider \(A_n = \frac{1l}{n}\), which satisfies \(A_n >
\frac{1}{n"2}\) for sufficiently large \(n\).

— Since \ (\sum_{n=1}"\infty \frac{1l}{n}\) diverges (harmonic series), the
comparison shows that \ (\sum_{n=1}"\infty A_n\) diverges as well, even though
\(A_n\) is larger than the convergent series’ terms for some \ (n\). However,
note that in this example, \(A_n\) 1is not necessarily larger than \ (B_n\)
asymptotically; this highlights the importance of the comparison starting
from some \ (N\).

Example 2: Formal Application of the Comparison Test

- Let \(A_n = \frac{1}{n"3}\), which converges.

— Suppose \(B_n = \frac{1}{2n"3}\), so \(\sum B_n\) converges.

- If \(A_n > B_n\) for all sufficiently large \(n\), then since \ (\sum B_n\)
converges, the comparison test indicates \ (\sum A_n\) also converges.



Counterexample: When the Inequality Does Not Hold

- If \(A_n\) is less than or equal to \(B_n\), and \ (\sum B_n\) diverges,
then \ (\sum A_n\) may diverge or converge, depending on the specifics.

- The comparison test is most straightforward when \(A_n \geqg B_n\) or \(A_n
\leg B_n\), with known convergence behaviors.

Summary and Final Remarks

In conclusion, the relationship between two positive-term series and their
convergence properties hinges on their term-wise comparison. When \ (\sum
B_n\) is known to converge, and for sufficiently large \(n\), \(A_n > B_n\),
the series \ (\sum A_n\) must diverge. This conclusion is rooted in the
comparison test principles and emphasizes the importance of understanding the
behavior of series terms for convergence analysis.

Key Takeaways:

— The comparison test is a powerful tool for analyzing series with positive
terms.

- If a series with positive terms \ (\sum B_n\) converges, then any series

\ (\sum A_n\) with \(A_n \geqg B_n\) for large \ (n\) must diverge.

— Proper application of these principles helps mathematicians and scientists
determine the convergence or divergence of infinite series efficiently.

By mastering these comparison techniques, one can confidently analyze a wide
variety of series, making informed decisions in mathematical research,
engineering, physics, and other scientific fields where infinite series are
prevalent.

Frequently Asked Questions

If An > Bn for all n and Bn converges, does An
necessarily converge?

Yes, since An > Bn and Bn converges to some limit, An will also be bounded
above by that limit, and if An is decreasing or appropriately bounded, it
will also converge.

Can An diverge even if Bn converges and An > Bn?

No, if An > Bn for all n and Bn converges to a finite limit, then An cannot
diverge to infinity; it must also be bounded above and thus tend to a finite
limit if it is monotonic or bounded.

What additional conditions are needed for An to
converge given An > Bn and the convergence of Bn?

Typically, if An is decreasing and bounded below, or if An is bounded above
and monotonic, then An will also converge when greater than a convergent Bn.



If An > Bn > 0 and Bn converges to L, what can be
said about the limit of An?

An is bounded below by Bn and above by some finite value, so if An is
monotonic or bounded, it may also converge to a limit greater than or equal
to L, but additional conditions are needed to specify this limit.

Is it possible for An to converge to a different
limit than Bn when An > Bn?

Yes, An can converge to a different limit greater than Bn's limit, especially
if An is not necessarily bounded above by Bn's limit or if An does not have
monotonic properties.

How does the convergence of Bn influence the
convergence behavior of An when An > Bn?

Since Bn converges to a finite limit, it provides an upper bound for An. If
An is also bounded below and monotonic or satisfies certain regularity
conditions, it can be shown that An also converges, possibly to a different
limit.

Additional Resources

Series Convergence and Comparison: An In-Depth Analysis

Understanding the Foundations: Series, Terms,
and Convergence

In the realm of mathematical analysis, particularly in the study of infinite
series, understanding the behavior of sequences and their sums is
fundamental. A series, generally written as \(\sum a_n\), is an infinite sum
of terms \(a_n\), and the question of whether it converges (approaches a
finite limit) or diverges (grows without bound or oscillates indefinitely) is
central to various branches of mathematics, from calculus to applied
sciences.

Positive Terms and Their Significance

When dealing with series with positive terms \(a_n > 0\), the analysis
simplifies in certain respects. Because each term adds a positive amount, the
partial sums form a non-decreasing sequence. This monotonic property
guarantees that the sequence of partial sums either converges to a finite
limit or diverges to infinity.

Convergence of the Known Series \ (B_n\)

Suppose we have two series, \(\sum A_n\) and \ (\sum B_n\), both with positive
terms. It is given that the series \ (\sum B_n\) is convergent, meaning:



\ [
\lim_{N \to \infty} \sum_{n=1}"N B_n = S_B < \infty
\1

Understanding how the behavior of \ (\sum A_n\) relates to \(\sum B_n\) when
\ (A_n\) and \(B_n\) are linked through certain inequalities forms the core of
the comparison tests in series convergence.

Core Question: If \(A_n > B _n\), does the
convergence of \ (\sum B_n\) imply that \ (\sum
A_n\) converges?

This question is vital in mathematical analysis because it touches on the
core of the comparison test, a fundamental tool used to determine the
convergence of series by relating them to known benchmark series.

Statement of the Problem

- \(A_n, B_n > 0\) for all \(n\).

- \(\sum B_n\) is convergent.

- It is given that \(A_n > B_n\) for all \(n\).

Implication to Explore

- Does the inequality \(A_n > B_n\) imply that \(\sum A_n\) also converges?

Analysis and Explanation of the Scenario

Intuitive Perspective

At first glance, i1f each \(A_n\) is larger than the corresponding \ (B_n\),
and the sum of \(B_n\) 1is finite, then the sum of \(A_n\) should be at least
as large, possibly larger, and hence could diverge. This intuition suggests
that the convergence of \ (\sum B_n\) does not necessarily imply the
convergence of \ (\sum A_n\).

Mathematical Reasoning
Given:

\ [

A n>Bn >0
\]

Suppose \ (\sum B_n\) converges to \(S_B\). Since \(A_n > B_n\), then the
partial sums of \ (\sum A_n\) satisfy:

\ [
\sum_{n=1}"N A_n > \sum_{n=1}"N B_n



\]

for all \(N\). Consequently:

\ [

\lim_{N \to \infty} \sum_{n=1}"N A_n \geqg \lim_{N \to \infty} \sum_{n=1}"N
B_.n = S_B < \infty

\1

but because each \(A_n\) is strictly greater than \(B_n\), the partial sums
of \(\sum A_n\) tend to be larger, suggesting that \(\sum A_n\) diverges
unless additional conditions are imposed.

Counterexample
To concretize the idea, consider the following example:

- Let \(B_n = \frac{1l}{n"2}\), which converges (since the p-series with \ (p=2
> 1\) converges) .

— Define \(A_n = \frac{l1l}{n}\), which clearly satisfies \(A_n > B_n\) for
sufficiently large \ (n\).

In this case:

\ [
\sum B_n
\]
\ [
\sum A_n

\]

\sum \frac{l1}{n"2} \quad \text{ (converges) }

\sum \frac{l}{n} \quad \text{ (diverges, harmonic series)}

Hence, despite \(A_n > B_n\) for large \(n\), the series \ (\sum A_n\)
diverges. This example demonstrates that the convergence of \ (\sum B_n\) does
not imply the convergence of \(\sum A_n\) when \(A_n > B_n\).

Formal Theorem and Its Implications

Comparison Tests Recap

- Comparison Test: If \(0 \leg A_n \leq B_n\) for all \(n\), and \ (\sum B_n\)
converges, then \(\sum A_n\) also converges.

- Contrapositive: If \(A_n \geq B_n \geq 0\) and \ (\sum B_n\) converges, then
\ (\sum A_n\) may diverge.

Key Observation

The critical aspect is the direction of the inequality:

- When \(A_n \leg B_n\) and \ (\sum B_n\) converges, \(\sum A_n\) converges
(by comparison) .

- When \(A_n \geqg B_n\) and \ (\sum B_n\) converges, \(\sum A_n\) may diverge.

This emphasizes that the inequality \(A_n > B_n\), coupled with the



convergence of \ (\sum B_n\), does not guarantee the convergence of \ (\sum
A_n\).

Extending the Analysis: Additional Conditions
for Convergence

While the initial scenario indicates that \(A_n > B_n\) does not imply
convergence, certain additional conditions could alter the outcome:

1. Uniform Bound on the Ratio \(\frac{A_n}{B_n}\)
Suppose there exists a constant \(k > 1\) such that:

\ [
A_n \leqg k B_n
\]

for all sufficiently large \ (n\).
In this case, since \ (\sum B_n\) converges, the series:

\ [
\sum A_n \leqg k \sum B_n
\1

also converges, given the comparison test. This indicates that if \(A_n\) is
bounded above by a constant multiple of \(B_n\), then the convergence of
\ (\sum B_n\) assures the convergence of \ (\sum A_n\).

2. Limit Ratio Condition
If:

\ [
\lim_{n \to \infty} \frac{A_n}{B_n} = 0,
\]

then \(A_n\) is asymptotically smaller than \(B_n\), and the convergence of
\ (\sum B_n\) strongly suggests the convergence of \ (\sum A_n\).

3. Summability Conditions
If the difference \(A_n - B_n\) diminishes rapidly enough, or if the partial

sums of \(A_n\) are controlled by those of \(B_n\), convergence can be
established. For example, if:

A_n =B _n + c_n,
\]

where \ (c_n\) 1is a sequence tending to zero quickly enough such that \ (\sum
c_n\) converges, then:

\ [



\sum A_n = \sum B_n + \sum c_n,

\]

which converges if both series converge.

Summary and Practical Takeaways

Main Conclusions:

- The fact that \ (\sum B_n\) converges, with \(A_n > B_n > 0\), does not
guarantee that \ (\sum A_n\) converges.

— The inequality \(A_n > B_n\) tends to suggest divergence of \ (\sum A_n\) if
\ (\sum B_n\) converges, based on the comparison test and the monotonic nature
of partial sums.

— Additional conditions, such as bounded ratios or the asymptotic behavior of
\(A_n\), are necessary to establish the convergence of \ (\sum A_n\).

Practical Implication:

When analyzing series, especially in applications like signal processing,
economics, or physics, understanding the relationship between the terms is
crucial. If you know a series with positive terms converges, and another
series dominates it term-by-term, caution must be exercised before concluding
the latter also converges.

Final Thought

The subtle interplay between the size of terms and the convergence of their
series underscores the importance of rigorous comparison criteria. For
practitioners and students alike, recognizing these nuances prevents
misinterpretation of series behaviors and ensures accurate analysis.

In essence, the key takeaway is:

"Convergence of a known series does not necessarily imply convergence of a
larger series with positive terms—additional constraints are required to draw
such conclusions."
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