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Understanding Critical Points in Multivariable
Calculus

In multivariable calculus, the analysis of functions of several variables often hinges on
understanding their critical points. These are points where the gradient vector of a function
vanishes, indicating potential local maxima, minima, or saddle points. Identifying and
classifying these critical points is fundamental in understanding the behavior and topology
of the function's graph.

When a function of two variables, say \(f(x, y)\), has exactly four critical points, a natural
question arises: How can we list these critical points in increasing lexicographic order? This
ordering is particularly useful when cataloging critical points systematically, especially for
functions with multiple critical points.

In this article, we will explore the concept of critical points, examine methods for finding
and classifying them, and demonstrate how to list four critical points in increasing
lexicographic order. We will also include illustrative examples and practical applications to
deepen understanding.

Critical Points: Definition and Significance

What Are Critical Points?

A critical point of a function \(f(x, y)\) is a point \((x_0, y_0)\) where the gradient vector
\(\nabla f(x, y)\) equals the zero vector:

\[

\nabla f(x_0, y_0) = \left( \frac{\partial f}{\partial x}(x_0, y_0), \frac{\partial f} {\partial
y}(x_0, y_0) \right) = (0, 0)

\]



These points are candidates for local extrema or saddle points. Determining the nature of
each critical point requires examining the second derivatives via the Hessian matrix.

Significance in Optimization and Topology

Critical points help identify where a function reaches local maxima or minima, which is vital
in optimization problems. They also reveal the topological structure of the surface defined
by the function, providing insights into the behavior of the system modeled.

Finding Critical Points of a Function

Step 1: Compute Partial Derivatives

Given a function \(f(x, y)\), calculate:
\[

f x = \frac{\partial f}{\partial x}, \quad f_y = \frac{\partial f} {\partial y}
\]

Step 2: Set Partial Derivatives Equal to Zero

Solve the system:

\[
f x(x,y) =0,\quad f y(x,y) =0
\]

to find candidate points \((x, y)\).

Step 3: Solve for Critical Points

The solutions to this system are the critical points. The number of solutions depends on the
specific function.

Step 4: Classify Critical Points

Use the second derivative test involving the Hessian determinant:



\[
D =1f_{xx}f_{yy}-(f_{xy})"2
\]

- If\
- If\
- If\
- If\

D > 0\
D > 0\
D < 0\
D = 0\

and \(f_{xx} > 0\), then \((x, y)\) is a local minimum.
and \(f_{xx} < 0\), then \((x, y)\) is a local maximum.
, then \((x, y)\) is a saddle point.

, the test is inconclusive.
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Listing Critical Points in Increasing Lexicographic
Order

Suppose a function has four critical points. To list them in increasing lexicographic order,
we order them primarily by their \(x\)-coordinate; if two points share the same \(x\)-
coordinate, then by their \(y\)-coordinate.

Lexicographic order means:

\[

(x_ 1,y 1) <(x 2,y 2)\quad \text{if} \quad x 1 < x_2 \quad \text{or} \quad (x 1 =x 2
\text{and }y 1 <y 2)

\]

This ordering simplifies systematic cataloging, especially in functions where the critical
points are explicitly solvable.

Example: A Function with Four Critical Points

Let's consider a specific example to illustrate the process.
Suppose \(f(x, y) = Xx~4 + y™4 - 4xy\).

Step 1: Find the critical points

Compute the partial derivatives:

\[

f x=4x"3-4y,\quad f y = 4y”"3 - 4x

\]

Set them equal to zero:



\[
4x”~3 - 4y = 0 \quad \Rightarrow \quad x*3 =y
\]
\[
4y~ 3 - 4x = 0 \quad \Rightarrow \quad y”™3 = X
\]

From these, substitute \(y = x"™3\):

\[
(x~3)"3 = x \quad \Rightarrow \quad x~9 = x
\]

This yields:

\[

x”~9 - x = 0 \quad \Rightarrow \quad x(x~8-1) =0
\]

Solutions:

\[
x = 0 \quad \text{or} \quad x~8 = 1 \Rightarrow x = \pm 1
\]

Corresponding \(y\):

- For \(x=0\):
\[
y=x"3=0
\]

- For \(x=1\):
\[
y=1"3=1
\]

- For \(x=-1\):
\[
y=(-1)"3=-1
\]

Critical points are:

\[
(0, 0), \quad (1, 1), \quad (-1, -1)
\]



But note that the equations also have solutions when \(x~8 = 1)), i.e., \(x = e”™ {i\pi k/4}\).
Since we're considering real solutions, only \(x = \pm 1, 0\) are valid here.

Step 2: List critical points in increasing lex order
Order the points by \(x\):

-\(-1, -1\)

-\(0, 0\)

-\(1, 1\)

Suppose the function's analysis reveals exactly four critical points—for example,
considering symmetric solutions or additional solutions from other parts of the system.

Assuming the four critical points are:

\[
(-1, -1), \quad (0, 0), \quad (1, 1), \quad \text{and maybe} \quad (0, 1) \text{ or } (1, 0)
\]

then, arranged in increasing lexicographic order, they would be:

Analyzing and Classifying Critical Points

Once the critical points are identified and ordered, the next step is classification.
Second Derivative Test:

Calculate the second derivatives:

\[
f {xx} =12x"2,\quad f {yy} = 12y~2,\quad f_{xy} = -4
\]

Compute the Hessian determinant:

\[
D= (12x"2)(12y"2) - (-4)"2 = 144x~2y"~2 - 16
\]

- At\((-1, -1)\):



\[

D =144(1)(1)-16 =128 >0
\]

\[

f {xx} =12(1)=12>0

\]

So, \((-1, -1)\) is a local minimum.
- At \((0, 0)\):

\[
D=0-16=-16<0
\]

Thus, \((0, 0)\) is a saddle point.
- At\((1, \):

\[

D=144(1)(1)-16 =128>0
\]

\[

f {xx} =12(1)=12>0

\]

Indicating a local minimum.

Note: The critical points' nature depends on the specific second derivative test results,
which can vary based on the function.

Practical Applications of Critical Point Analysis

Understanding critical points and their ordering is not just a theoretical exercise; it has
practical implications in various fields:

- Physics: Identifying equilibrium points in potential energy surfaces.
- Economics: Finding optimal points in utility or cost functions.

- Engineering: Stability analysis in control systems.

- Mathematics: Topological classification of surfaces and manifolds.

Systematic listing using lexicographic order facilitates analysis when dealing with complex
functions with multiple critical points, especially in computational settings.



Conclusion

To summarize, when a function of two variables

Frequently Asked Questions

What are the critical points of the function f(x)?

The critical points of the function are the values of x where the derivative f'(x) equals zero
or is undefined. Given that the function has 4 critical points, these are specific x-values
where the function's slope changes or is undefined.

How do you determine the critical points of a function?

Critical points are found by computing the derivative of the function and solving for x when
the derivative equals zero or does not exist. These points often indicate potential local
maxima, minima, or saddle points.

What does it mean to list critical points in increasing
lexicographic order?

Listing critical points in increasing lexicographic order means arranging the points based on
their x-values from smallest to largest, considering their numerical value, similar to
dictionary order for strings.

Why is the number of critical points important in
understanding the behavior of a function?

Critical points help identify where the function reaches local maxima, minima, or saddle
points, which are essential in understanding the overall shape, increasing/decreasing
intervals, and potential points of interest on the graph.

If a function has 4 critical points, what can be inferred
about its graph?
Having 4 critical points suggests the function's graph has at least 4 points where the slope

is zero or undefined, indicating multiple peaks, valleys, or inflection points, contributing to
the overall shape complexity.

Can critical points be points of inflection? Why or why
not?

Critical points can sometimes be points of inflection if the derivative is zero at those points
and the second derivative changes sign. However, not all critical points are inflection
points; some may be local maxima or minima.



Additional Resources

Suppose a function has 4 critical points. List them in increasing lexicographic order. By that
we mean that the critical points should be ordered first by their x-coordinate, and in case of
ties, by their y-coordinate. This task involves understanding the nature of critical points,
how to find them, and then how to organize and list them according to the lexicographic
ordering. In this comprehensive guide, we will explore these concepts step by step,
providing a detailed methodology to identify, analyze, and order critical points effectively.

Understanding Critical Points

Critical points are fundamental in the study of multivariable calculus, especially when
analyzing the behavior of functions of two variables, say \(f(x, y)\). A critical point occurs
where the gradient of the function is zero or undefined:

\[
\nabla f(x, y) = \left( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y} \right) = (0, 0)
\l

Why are critical points important? They help identify potential local maxima, minima, or
saddle points, which are essential for understanding the function's behavior and graphing
its surface.

Step 1: Finding Critical Points

To find critical points for a given function \(f(x, y)\):
1. Compute the partial derivatives:

\[
f x = \frac{\partial f} {\partial x}
\]
\[
f y = \frac{\partial f} {\partial y}
\]

2. Solve the system:

\[
f x(x,y)=0
\]
\[



fyix,y)=0
\]

The solutions \((x, y)\) to this system are the critical points.
Example: Suppose

\[
f(x,y) = x~3 + y™3 - 3xy
\]

then:

\[
f x=3x"2-3y
\]
\[
fy=3y™2-3x
\]

Set both equal to zero:

\[
3x72 - 3y = 0 \Rightarrow x~2 =y
\]
\[
3y”™2 - 3x = 0 \Rightarrow y™~2 = x
\]

Substitute \(y = x™2\) into \(y™~2 = x\):

\[
(x~2)"2 = x \Rightarrow x~4 = x
\]

\[
x~4 - x = 0 \Rightarrow x(x~3-1) =0
\]

:<[ = 0 \quad \text{or} \quad x~3 = 1 \Rightarrow x =1
\]

Corresponding \(y\):

- For \(x=0\):

\[

y=x"2=0
\]



- For \(x=1\):

\[
y=1"2=1
\]

Thus, the critical points are:

\[
(0,0),(1,1)
\]

Step 2: Identifying the Number of Critical Points

The example above yields 2 critical points, but the problem states that the function has 4
critical points. In real applications, the number of critical points depends on the specific
function and its derivatives. For functions with multiple critical points:

- Solve the system of equations derived from the partial derivatives.
- Check for additional solutions that might arise from the equations, especially if the
derivatives are nonlinear.

Note: The critical points could be isolated or form curves, but typically, in calculus
problems, they are discrete points.

Step 3: Classifying Critical Points

Once the critical points are identified, the next step is to classify their nature—are they
local maxima, minima, or saddle points? This classification is achieved using the second
derivative test for functions of two variables.

Second Derivative Test:
Define the second derivatives:

\[

f {xx} = \frac{\partial™~2 f}{\partial x~2}, \quad f_{yy} = \frac{\partial~2 f} {\partial
y~2},\quad f {xy} = \frac{\partial™~2 f}{\partial x \partial y}

\]

Compute the discriminant \(D\):



\[
D =f {xx} \cdot f _{yy} - (f_{xy})"2
\]

- If\
- If\
- If\
- If\

D > 0\
D > 0\
D < 0\
D = 0\

and \(f_{xx} > 0\), the point is a local minimum.
and \(f_{xx} < 0\), the point is a local maximum.
, the point is a saddle point.

, the test is inconclusive.
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Applying this to each critical point helps understand their character.

Step 4: Lexicographic Ordering of Critical Points

Lexicographic order is a way of ordering pairs \((x, y)\) based on their components, similar
to dictionary ordering:

- First, compare the x-coordinates.

- If they differ, the smaller x-coordinate comes first.
- If they are equal, compare the y-coordinates.

- The smaller y-coordinate comes first.

In practice:

Given critical points:

\[

\{(x_1,y 1), (x2,y.2),(x3,y_3), (x4, y4)\}
\]

Order them as:

1. Sort all points by increasing \(x\).
2. For points sharing the same \(x\), sort by increasing \(y\).

This ordering ensures a consistent, predictable listing of points, which is especially useful
for documentation, analysis, or further computation.

Step 5: Example — Listing 4 Critical Points in
Lexicographic Order

Suppose the critical points of a certain function are:



\[

(2, 3), \quad (1, 5), \quad (2, 1), \quad (0, 4)
\]

Order them lexicographically:

1. The smallest x-coordinate is O:

\[

(0, 4)

\]

2. Next x-coordinate is 1:

\[

(1, 5)

\]

3. For \(x=2\), two points:

\[
(2, 1) \quad \text{and} \quad (2, 3)
\]

Sorted by y:

\[

(2, 1), \quad (2, 3)
\]

Final ordered list:

’

’

0
1,
2
2
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Summary and Final Remarks

- Starting from a given function, find its critical points by solving the system of equations
derived from setting the first derivatives to zero.

- Classify each critical point using the second derivative test to understand their nature.

- List the critical points in increasing lexicographic order, first by \(x\), then by \(y\), to
organize analysis systematically.

- When dealing with multiple critical points, this ordering helps in visualization, comparison,
and further study.



Remember: The process hinges on accurate computation of derivatives, solving the
resulting algebraic equations carefully, and applying the classification criteria diligently.
This structured approach makes analyzing critical points manageable, especially when their
number increases.

In conclusion, suppose a function has 4 critical points, the systematic approach involves
finding all solutions to the critical point equations, classifying each, and then listing them in
increasing lexicographic order. This method ensures clarity and consistency in multivariable
calculus analysis, essential for both theoretical understanding and practical applications.
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