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Understanding the Problem Statement

In number theory, the concepts of coprimality and divisibility form the foundation for many
intriguing properties and theorems. Here, we are given two integers, a and B, with the condition
that their greatest common divisor (gcd) is 1, i.e., (a, B) = 1. The problem asks us to prove a specific
property related to these numbers when both are odd, and to analyze what happens when they are
not both odd.

Specifically, the goal is to demonstrate that:

- If both a and B are odd numbers, then the gcd of (a + B) and the product ABis 2, i.e., (a + B, A B)
=2,

- Otherwise (if at least one of a or B is even), then the gcd of (a + B) and A B is different, and in
particular, the problem hints that the gcd should be 1 or possibly another value.

This statement involves key concepts such as coprimality, parity (odd or even), and the behavior of
gcds under addition and multiplication. Understanding these concepts thoroughly will help us
approach the proof systematically.

Key Definitions and Preliminaries

Before delving into the proof, it's crucial to clarify some fundamental concepts:

1. Greatest Common Divisor (gcd)

- For two integers x and y, the gcd, denoted as (x, y), is the largest positive integer that divides both
x and y without leaving a remainder.
- For example, (8, 12) = 4.



2. Coprimality

- Two integers a and B are coprime if their gcd is 1, i.e., (a, B) = 1.
- This means they share no common prime factors.

3. Parity (Odd and Even Numbers)

- An integer is even if it is divisible by 2, i.e., can be written as 2k for some integer k.
- An integer is odd if it is not divisible by 2, i.e., can be written as 2k + 1 for some integer k.

Analyzing the Conditions and Approach

The problem divides into two main cases:

- Case 1: Both a and B are odd.
- Case 2: At least one of a or B is even.

Our goal is to analyze the gcds in these cases and prove the stated properties.

Case 1: Both a and B are odd numbers

Step 1: Expressing a and B as odd integers

- Let:
-a=2m+1
-B=2n+1

- where m, n are integers.

Step 2: Compute (a + B)

-a+B=0C2m+1)+0Cn+1)=2m+2n+2=2(m+n+1)
- Therefore, a + B is even.

Step 3: Compute the product A B

-AB=0Cm+1)Cn+1)=4mn+2m+2n+1

- Notice that 4mn + 2m + 2n is even, since each term is divisible by 2, so:
-AB=(even) +1

- Hence, A B is odd.



Step 4: Determine gcd((a + B), A B)

- Since a + B is even, and A B is odd, their gcd cannot be greater than 1 because:

- The gcd divides both numbers.

- The only common divisors of an even and an odd number are 1.

- Therefore:

-(a + B, A B) =1 or possibly 2 if the gcd considers the factors of the even number.

But wait, the problem states that if both a and B are odd, then the gcd is 2. Let's analyze this
carefully.

Contradiction?

- Our earlier step indicates that a + B is even, and A B is odd. The gcd of an even and odd number is
1, because no even number greater than 2 divides both.

- But the problem claims that the gcd should be 2.

Possible correction:

- The key is to recognize that the gcd is not necessarily 1 in this case, but possibly 2, because:

- Both a + B and A B are divisible by 1, obviously.

- Is a + B divisible by 2? Yes, because it is even.

- Is A B divisible by 2? No, because A B is odd.

- So, the gcd divides the even number, but not the odd, hence the gcd is 1, unless there’s a mistake.

Conclusion for Case 1:

- Since a + B is even and A B is odd, their gcd is 1, not 2, contradicting the initial assumption unless
we reconsider the problem's statement.

Refinement of the Problem Statement

Given the above analysis, it appears that the original statement might imply that:
- When both a and B are odd, then the gcd of (a + B) and A B is 2, not 1.
But based on the parity analysis:

-a + B is even.
- A B is odd.

Thus, gcd((a + B), A B) should not be 2, but 1, because 2 divides the first but not the second.
Therefore, the initial claim might need correction or clarification.

Alternative interpretation:



- Perhaps the original statement intended to say that if both a and B are odd, then the gcd of (a + B)
and A B is 2 only if A and B are coprime and both odd, and perhaps the problem is considering a
different scenario.

Case 2: When at least one of a or B is even

In this case:

- If either a or B is even, then:

Step 1: Parityofa + B

- If a is even, B can be either odd or even:

-If Bis odd, then a + B is even + odd = odd.
-If Bis even, then a + B is even + even = even.

- If a is odd, B can be either odd or even:

-If Bis odd, then a + B is odd + odd = even.
-If Bis even, then a + B is odd + even = odd.

Step 2: Parity of AB

- If either A or B is even, then the product A B is even.
- If both are odd, then A B is odd.

Step 3: gcd analysis

- When A B is even, gcd((a + B), A B) is at least 2, because both are divisible by 2 if A B is even, and
if a + B is also even, then the gcd could be 2 or higher.

Summary of the Results and General Proof Sketch

Based on the above analysis, here's a summarized conclusion:

- When both a and B are odd:



-a + Bis even.

-A B is odd.

- gcd((a + B), A B) = 1, since an even number and an odd number are coprime unless the even
number is divisible by 2 but the odd is not, which implies gcd is 1.

- When at least one of a or B is even:

-a + B can be even or odd depending on the specific values.
-A B is even, so the gcd could be 2 or higher, depending on the divisibility.

Final Conclusion and Formal Proof

Theorem:

Suppose that (a, B) = 1.

- If both a and B are odd, then gcd(a + B, AB) = 1.

- Otherwise, gcd(a + B, A B) divides 2, and specifically, if both are odd, the gcd is 1; if at least one is
even, the gcd may be

Frequently Asked Questions

What does it mean when (a, B) = 1 in the context of the
problem?

It means that the greatest common divisor (GCD) of a and B is 1, so they are coprime.

Why is the condition that both A and B are odd numbers
significant in the proof?

Because odd numbers have specific properties regarding divisibility, which influence the GCD of
their sums and products.

How do we approach proving that (a + B, AB) = 2 when both A
and B are odd?

By analyzing the factors of a + B and AB, and using properties of odd numbers and coprimality to
show their GCD is 2.

What happens when either A or B is even, according to the
problem?

The problem suggests a different conclusion, typically that the GCD of (a + B, AB) is 1 or another
value, depending on the case.



Can you explain why (a + B, AB) = 2 when both A and B are
odd?

Because the sum of two odd numbers is even, and the product of two odd numbers is odd, their GCD
is 2, which divides the sum but not the product directly.

What mathematical properties are primarily used in this
proof?

Properties of gcd, parity of integers (odd/even), and the multiplicative nature of gcd.

Is the initial condition (a, B) = 1 necessary for the proof?

Yes, it ensures that a and B share no common factors, simplifying the analysis of their sum and
product.

How does the proof change if A and B are not both odd?

The conclusion about the gcd may differ; in particular, the gcd of (a + B, AB) may be 1 or another
value, depending on the parity of A and B.

What is the significance of this problem in number theory?

It demonstrates how the parity of numbers and their coprimality influence the gcd of related
expressions, illustrating fundamental concepts in divisibility and number properties.
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Exploring the Number Theory Behind GCD Conditions: An In-Depth Analysis

Number theory, a branch of pure mathematics devoted to the study of integers and their properties,
often reveals surprising relationships between seemingly simple arithmetic operations. One such
intriguing problem involves the greatest common divisor (GCD) of sums and products of integers
under specific parity conditions. This article delves into the statement:

> Suppose that \((a, B) = 1\). Show that if \(a\) and \(B\) are odd numbers, then \((a + B, AB) = 2\).
Otherwise, the GCD behaves differently.

Our goal is to rigorously analyze and prove this statement, exploring the underlying principles,
implications, and broader context within number theory.

Understanding the Problem Statement



Before diving into proofs and detailed analysis, it's essential to restate and interpret the problem
accurately.

Restatement

Given integers \(a\) and \(B\) such that \(\gcd(a, B) = 1\), show:
- If both \(a\) and \(B\) are odd, then

tgcd(a + B, AB) =2

\]

- Otherwise, the GCD \(\gcd(a + B, AB)\) behaves differently, typically being 1 or possibly another
value depending on the parity of \(a\) and \(B\).

Fundamental Concepts and Preliminaries

To approach this problem, we must revisit some foundational concepts.

1. Greatest Common Divisor (GCD)

- For integers \(x, y\), \(\gcd(x, y)\) is the largest positive integer dividing both \(x\) and \(y\).
2. Parity of Integers

- An integer is odd if it can be expressed as \(2k + 1\), where \(k\) is an integer.
- An integer is even if it can be expressed as \(2k\).

3. Basic Properties
- If\(\gcd(a, B) = 1\), then \(a\) and \(B\) share no common prime factors.

- The GCD of sums and products often depends on the parity and common factors of the involved
numbers.

Detailed Analysis and Proof

Part 1: When \(a\) and \(B\) are odd

Step 1: Establish the parity of \(a\) and \(B\)

Since both are odd:

\[

a=2m + 1,\quad B = 2n + 1,\quad \text{for some integers } m, n.

\]

Given \(\gcd(a, B) = 1\), this implies:



\[
\gcd(2m + 1, 2n + 1) = 1.
\]

Step 2: Compute \(a + B\) and \(AB\)

- Sum:

\[
a+B=0Cm+1)+2n+1)=2m+n + 1).
\]

- Product:

\[
AB=Q0C2m+1)2n+1)=4mn + 2m + 2n + 1.
\]

Step 3: Analyze \(\gcd(a + B, AB)\)

- The sum \(a + B\) is clearly even, divisible by 2.
- The product \(AB)) is odd because:

\[

(2m + 1)(2n + 1) \equiv 1 \times 1 = 1 \pmod{2}.
\]

- Since \(AB)) is odd, \(\gcd(a + B, AB)\) must divide the even number \(a + B\) and the odd number
\(AB\). The only common divisors can be 1 or 2.

- Is 2 a divisor? Let's check:

\[
a+B=2m+n+1),
\]
which is divisible by 2.

- Does 2 divide \(AB\)? No, because:

\[

AB \equiv 1 \pmod{2},

\]

so \(AB)) is odd, not divisible by 2.

- Therefore, the only common divisor is 1 unless there's a factor of 2 in both, which isn't the case
here because \(AB)) is odd.



- But wait, the initial statement claims that \(\gcd(a + B, AB) = 2\). How is that possible?

This suggests that our initial assumption needs refinement.

Clarification and Corrected Approach

The above reasoning indicates that:

\[

\gcd(a + B, AB) =1,

:ihen both \(a\) and \(B\) are odd, and \(\gcd(a, B) = 1\).

However, the original statement claims the GCD is 2 under these conditions. Let's analyze this more
carefully.

Reconciling the Discrepancy: The Role of \(\gcd(a, B) = 1))
Given that \(\gcd(a, B) = 1)), and both are odd, the sum \(a + B\) is even, but \(AB)) is odd.

- Since \(AB)) is odd, \(\gcd(a + B, AB)\) divides the odd number \(AB\), and the only possible common
divisors are 1 or odd divisors.

- But since \(a + B)) is even, and \(AB)) is odd, their gcd cannot be even, so:
\[

\gcd(a + B, AB) \text{ divides } 1,

\]

implying:

\[

\gcd(a + B, AB) = 1.
\]

Critical Observation: The Original Statement and Its Conditions

Given the above analysis, the initial claim:

> "Show that if \(a\) and \(B\) are odd numbers, then \(\gcd(a + B, AB) = 2\)"

appears inconsistent with the properties deduced unless additional conditions are specified.
Possible clarification:

- The statement might be assuming that \(\gcd(a, B) = 1\) but not necessarily that \(a\) and \(B\) are



both odd in the same context.

- Alternatively, perhaps the original problem intends to assert that if \(a\) and \(B\) are odd, then:
\[

\gcd(a + B, AB) = 2,

\]

but only when the initial \(\gcd(a, B) = 1\) and \(a, B\) are odd.

Corrected and Generalized Statement

Based on standard number theory principles, the more accurate statement would be:
Proposition:

> Suppose \(\gcd(a, B) = 1\).

> - If both \(a\) and \(B\) are odd, then \(\gcd(a + B, AB) = 1\).
> - If at least one of \(a, B)) is even, then \(\gcd(a + B, AB)\) can be 2.

Formal Proof of the Corrected Statement

Case 1: Both \(a\) and \(B\) are odd, \(\gcd(a, B) = 1\)

-\(a=2m + 1\),\(B =2n + 1\).

-\(a + B=2(m + n + 1)\), which is even.

-\(AB=(2m + 1)(2n + 1) = 4mn + 2m + 2n + 1\), which is odd.
- Since \(AB)) is odd, \(\gcd(a + B, AB)\) divides 1, so:

\[

\gcd(a + B, AB) = 1.
\]

Case 2: At least one of \(a, B\) is even

- Suppose \(a\) is even, \(B\)) is odd (or vice versa), with \(\gcd(a, B) = 1\).
-\(a =2m\), \(B = 2n + 1\).

- Sum:

\[



a+B=2m+2n+1=2(m+n)+ 1,
\]

which is odd.

- Product:

\[

AB = 2m \times (2n + 1) = 4mn + 2m,

\]

which is even.

- Therefore, \(\gcd(a + B, AB)\) divides 1 and 2.

- Since \(AB)) is divisible by 2, and \(a + B\) is odd, their GCD cannot be even unless it's 1.
- But, if \(a\) is even and \(B\) is odd with \(\gcd(a, B) = 1\), then:

\[
\
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