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UNDERSTANDING THE FOUNDATIONAL CONCEPTS OF SET THEORY AND FUNCTIONS IS PIVOTAL IN MATHEMATICS. \W/HEN
ANALYZING FUNCTIONS BETWEEN SETS, IT'S ESSENTIAL TO COMPREHEND HOW COMPOSITIONS OF FUNCTIONS BEHAVE, THEIR
PROPERTIES, AND THEIR IMPLICATIONS IN VARIOUS MATHEMATICAL CONTEXTS. IN THIS ARTICLE, WE DELVE INTO THE SCENARIO
WHERE A, B, AND C ARE SETS, AND F AND G ARE FUNCTIONS CONNECTING THESE SETS. SPECIFICALLY, WE FOCUS ON THE
composITION \( G \cIRc F \) AND EXPLORE ITS PROPERTIES, IMPLICATIONS, AND APPLICATIONS.

BAsic DerINITIONS AND NOTATION

BEFORE EXPLORING THE COMPOSITION \( G \CIRC F \), LET'S REVISIT SOME FUNDAMENTAL DEFINITIONS:

SETS AND ELEMENTS

- SET: A COLLECTION OF DISTINCT OBJECTS, CALLED ELEMENTS.
- SETs A, B, C: ARBITRARY COLLECTIONS OF ELEMENTS, POSSIBLY INFINITE.

FUNCTIONS AND MAPPINGS

- FuncTion \( F: A \To B \): A RULE THAT AssiGNS EACH ELEMENT \( A \IN A \) To A uniQuE ELemenT \( F(a) \IN B \).
- FuncTion \( G: B \To C \): SiMILARLY, Assians EAcH \(8 \INB \) To A unique \( G(B) \in C \).

FuncTioNn CoMPOSITION
- ComposiTion \( G \circ F \): Derined as \( (G \circ F)(a) = G(F(a)) \) For aLL \( A \iINn A ).

UNDERSTANDING THE COMPOSITION IS CRUCIAL BECAUSE IT ALLOWS THE CHAINING OF FUNCTIONS AND THE STUDY OF THEIR
COMBINED EFFECTS.

ExPLORING THE ComPosiTioN \( G \circ F \)

Given THe FUNCTIONS \( F: A \To B'\) anD \( G: B \to C\), THe composiTion \( G \circ F: A \To C \) MAPS ELEMENTS
FROM A DIRECTLY To C THROUGH B.

PropPerTIES OF THE CoMpPosiITIoN \( G \circ F \)

- ASSOCIATIVITY: IF FUNCTIONS ARE COMPOSED IN A CHAIN, THE ORDER OF COMPOSITION MATTERS, BUT ASSOCIATIVITY
HOLDS FOR MULTIPLE COMPOSITIONS:

\[

H\cire (G \circ F) = (H \circ G) \circ F

\]

- DoMaIN AND CODOMAIN:

- Domain oF \( G \crc F \): seT A.

- CopomaiN oF \( G \circ F \): seT C.



- RanGe oF \( G \circ F \): THe seT oF ALL ELEMENTS \( G(F(a)) \) wHere \( A \iINn A \).

IMPLICATIONS OF THE COMPOSITION

- COMPOSITION ALLOWS THE ANALYSIS OF COMPLEX MAPPINGS BY BREAKING THEM DOWN INTO SIMPLER FUNCTIONS.
- |T FACILITATES THE STUDY OF PROPERTIES LIKE INJECTIVITY, SURJECTIVITY, AND BUECTIVITY IN A STEPWISE MANNER.

ANALYZING \( G \cIrc F \): Key ConcerTs

IN eExAMINING \( G \CIRC F \), SEVERAL IMPORTANT PROPERTIES AND QUESTIONS ARISE:

INECTIVITY (ONE-TO-ONE)

- Derinimion: \( G \circ F \) 1S INECTIVE IF DIFFERENT ELEMENTS \( A_ T, A_2 \IN A \) SATISFY:

\[
(G \cre F)(a_1) \neq (G \circ F)(a_2) \Quab \TexT{wHenever} \QuaD A_ 1 \NeQ A_2

\]

- CoNDITIONS:

- \(F \) MUST BE INECTIVE, OR

-\('G \) MUST 8E INJECTIVE ON THE RANGE OF \( F \).

SurlecTIVITY (ONTO)

- Derinimion: \( G \circ F \) I1s surjecTIVE IF For EVERY \( ¢ \IN C \), THErE ExISTS AN \( A \IN A \) SUCH THAT:

\[

(G\crec F)(A) =c

\]

- CONDITIONS:

- \('G \) MUST BE SURJECTIVE, AND

- THe IMAGE ofF \( F \) MUST cover THE boMAIN WHERE \( G \) IS SURJECTIVE.

ByecTiviTy

- DeriniTion: \( G \circ F \) 1S BUECTIVE IF IT IS BOTH INJECTIVE AND SURJECTIVE.
- IMPLICATION: PROVIDES A ONE-TO-ONE CORRESPONDENCE BETWEEN \( A \) ano \( C \).

APPLICATIONS OF FUNCTION COMPOSITION IN MATHEMATICS

FUNCTION COMPOSITION PLAYS A VITAL ROLE ACROSS VARIOUS AREAS OF MATHEMATICS:

IN ALGEBRA

- USED TO DEFINE GROUP HOMOMORPHISMS AND ISOMORPHISMS.
- COMPOSING FUNCTIONS HELPS ANALYZE THE STRUCTURE OF ALGEBRAIC OBJECTS.



IN CALCULUS

- CHAIN RULE FOR DERIVATIVES INVOLVES COMPOSITION OF FUNCTIONS,
- COMPOSITION OF CONTINUOUS FUNCTIONS REMAINS CONTINUOUS.

IN CoMPUTER SCIENCE

- FUNCTION COMPOSITION MODELS THE CHAINING OF PROCESSES AND DATA TRANSFORMATIONS.
- USED IN FUNCTIONAL PROGRAMMING PARADIGMS.

IN SET THEORY AND LOGIC

- COMPOSITION HELPS IN UNDERSTANDING THE STRUCTURE OF FUNCTIONS AND THEIR PROPERTIES.
- FUNDAMENTAL IN DEFINING RELATIONS, FUNCTIONS, AND THEIR PROPERTIES.

SpeciAL Cases AND THEoReMS ReLaTeD To \( G \circ F \)

ANALYZING PARTICULAR CASES CAN YIELD IMPORTANT THEOREMS:

WHeN \( F \) 1s INecTive ano \( G \) I1s INJECTIVE

- Tren \( G \circ F \) IS INJECTIVE.

- PrROOF SKETCH:

- Supposte \( (G \circ F)(a_1) = (G \circ F)(a_2) \).
- SINce \( G \) 1s necTive, \(F(a_1) =F(a_2) \).

- SINce \(F \) 1s ecTive, \(A_1=4a_2\).

WHeN \( G \) I1s SuriecTive anp \( F \) IS SURIECTIVE

- Tre coMposITioN \( G \cIrc F \) Is SURJECTIVE.
- IMPLICATION: EVERY ELEMENT IN \( C \) IS AN IMAGE OF SoME ELEMENT IN \( A \).

IDENTITY FUNCTIONS AND COMPOSITION

-1IF\(io_A: A\To A \) IS THE IDENTITY FUNCTION, THEN:
\[

G\crcb A=G

\]

- SiMiLarLy, \(1b_B \crc F=F\).

ConcLusion: SieNIFICANCE ofF ComposiTioN \( G \circ F \)

THE COMPOSITION OF FUNCTIONS \( G \CIRC F \) IS A FOUNDATIONAL CONCEPT IN MATHEMATICS, PROVIDING A FRAMEWORK TO
ANALYZE COMPLEX RELATIONSHIPS BETWEEN SETS. | TS PROPERTIES INFLUENCE THE BEHAVIOR OF FUNCTIONS, ESPECIALLY
REGARDING INJECTIVITY, SURJECTIVITY, AND BUECTIVITY, WHICH ARE CRUCIAL IN FIELDS LIKE ALGEBRA, CALCULUS, AND
COMPUTER SCIENCE. UNDERSTANDING THESE PROPERTIES HELPS MATHEMATICIANS AND SCIENTISTS MODEL REAL-WORLD
PROBLEMS, DEVELOP ALGORITHMS, AND ANALYZE STRUCTURES WITH CLARITY AND PRECISION.

IN SUMMARY:



- FUNCTION COMPOSITION ENABLES THE CHAINING OF TRANSFORMATIONS.

- THe proPerTIES OF \( G \cIrc F \) DEPEND HEAVILY ON THE PROPERTIES OF \( F \) ano \( G \).

- APPLICATIONS ARE WIDESPREAD, HIGHLIGHTING THE IMPORTANCE OF MASTERING THIS CONCEPT IN ADVANCED MATHEMATICS
AND RELATED DISCIPLINES.

BY GRASPING THE INTRICACIES OF \( G \CIRC F \), STUDENTS AND RESEARCHERS CAN UNLOCK DEEPER INSIGHTS INTO THE
STRUCTURE AND BEHAVIOR OF MATHEMATICAL SYSTEMS, PAVING THE WAY FOR FURTHER DISCOVERIES AND INNOVATIONS.

FREQUENTLY AskeD QUESTIONS

\WHAT DOES IT MEAN FOR THE COMPOSITION G [{] F TO BE DEFINED FROM SET A TO SET
Ce

IT MEANS THAT FOR EVERY ELEMENT A IN A, THE ELEMENT F(A) IN B MUST BE IN THE DOMAIN OF G, so THAT G(F(A)) Is WELL-
DEFINED, RESULTING IN A FUNCTION FROM A DIRECTLY To C.

IFG F 1S A FUNCTION FROM A TO C, WHAT PROPERTIES MUST F AND G SATISFY?

F MUST BE A FUNCTION FROM A TO B, AND G MUST BE A FUNCTION FROM B To C, ENSURING THAT THE COMPOSITION G [F] F
MAPS EACH ELEMENT A IN A To G(F(a)) N C.

How DoEs THE COMPOSITION G [?] F RELATE TO THE CONCEPT OF FUNCTION
COMPATIBILITY?

For G FToBE DEFINED, THE OUTPUT OF F MUST LIE WITHIN THE DOMAIN OF G/ MEANING THAT THE RANGE OF F MUST BE A
SUBSET OF THE DOMAIN OF G, ENSURING COMPATIBILITY.

IF Gl F IS THE IDENTITY FUNCTION ON A, WHAT CAN BE INFERRED ABOUT F AND GP

IT IMPLIES THAT F IS AN INJECTION AND G IS A SURJECTION SUCH THAT G(F(A)) = A FOR ALL A IN A, MAKING F AND G INVERSES
ON THEIR RESPECTIVE IMAGES.

WHAT ARE THE IMPLICATIONS IF G F IS AN INJECTIVE FUNCTION?

IT SUGGESTS THAT F IS INJECTIVE AND THAT G, WHEN RESTRICTED TO THE RANGE OF F, IS ALSO INJECTIVE, PRESERVING
DISTINCTNESS THROUGH THE COMPOSITION.

CaN G F se surjecTiVE oNTO C IF F IS NOT SURJECTIVE ONTO B?

YESs, IF G 1S SURJIECTIVE ONTO C AND ITS RESTRICTION TO THE RANGE OF F CoVvers C, THEN G F CAN BE SURJECTIVE oNTO C
EVEN IF F IS NOT SURJECTIVE ONTO B.

\WHAT DOES THE COMPOSITION G [?] F TELL US ABOUT THE RELATIONSHIP BETWEEN THE
SeTs A, B, anp C?

[T INDICATES HOW ELEMENTS FROM A ARE MAPPED THROUGH F INTO B AND THEN THROUGH G INTO C, PROVIDING INSIGHT INTO
HOW THE FUNCTIONS CONNECT THE SETS AND THEIR STRUCTURES.

IFG[E FIS A CONSTANT FUNCTION, WHAT DOES THIS IMPLY ABOUT F AND G?

[T IMPLIES THAT F MAPS ALL ELEMENTS OF A TO A SINGLE ELEMENT B IN B, AND G MAPS THAT B TO A FIXED ELEMENT C IN C/



MAKING THE COMPOSITION CONSTANT.

How DoEs THE COMPOSITION G [F] F RELATE TO THE CONCEPT OF FUNCTION
INVERTIBILITY?

IFG F IS THE IDENTITY ON A, THEN F AND G ARE INVERSES OF EACH OTHER ON THEIR RESPECTIVE IMAGES, INDICATING THAT
BOTH ARE INVERTIBLE ON THOSE SUBSETS.

ADDITIONAL RESOURCES

UNDERSTANDING THE COMPOSITION OF FUNCTIONS: AN IN-DEpTH AnaLYsIs of \( G \circ F \)

INTRODUCTION

IN THE STUDY OF SET THEORY AND FUNCTIONS, THE COMPOSITION OF FUNCTIONS IS A FUNDAMENTAL CONCEPT THAT BRIDGES
DIFFERENT SETS AND EXPLORES HOW TRANSFORMATIONS FROM ONE SET TO ANOTHER CAN BE COMBINED. \W/HEN DEALING W/ITH
FUNCTIONS \(F: A\ToB\) aND \( G: B \1o C\), THe coMposITion \( G \cIRc F: A \To C \) OFFERS RICH INSIGHTS INTO
HOW THE IMAGE OF ONE FUNCTION CAN SERVE AS THE DOMAIN OF ANOTHER, CREATING A NEW PATHWAY FROM THE INITIAL TO
THE TERMINAL SET.

THIS COMPREHENSIVE REVIEW AIMS TO DISSECT THE STRUCTURE, PROPERTIES, AND IMPLICATIONS OF THE COMPOSITION \( G
\CIRC F \), ESPECIALLY WHEN CONSIDERING ADDITIONAL CONDITIONS SUCH AS INJECTIVITY, SURJECTIVITY, BUECTIVITY, AND
OTHER FUNCTIONAL ATTRIBUTES. WE WILL ALSO EXPLORE PRACTICAL EXAMPLES, THEORETICAL UNDERPINNINGS, AND THE
RELEVANCE OF THESE CONCEPTS ACROSS VARIOUS MATHEMATICAL DISCIPLINES.

1. FounbATIONS ofF FuncTioN CoMPOSITION
1.1 DeriNiTION ofF FUNCcTION COMPOSITION
GIVEN:

-Sets \( A, B, C)),

- Functions \(F: A\To B)),

-anp \(G:B\toC\),

THE coMPosITION \( G \cIrc F \) IS DEFINED AS A NEW FUNCTION:

\[

(G\carc F) : A\To C, \Quap \TexT{wHere} \Quap (G \circ F)(a) = G(F(a))
\]

For ALL \( A \INA V).

THIS OPERATION EFFECTIVELY APPLIES \( F \) FIRST TO ELEMENTS OF \( A \) To LAND IN\( B \), AnD THEN APPLIES \( G \)
To THE RESULT To LAND IN \( C \).

1.2 NoTATION AND GENERAL PROPERTIES
- Tre NoTATION \( G \cIRc F \) REFLECTS THE ORDER OF APPLICATION: \( F \) IS APPLIED FIRST, THEN \( G \).

- THe poMAIN of \( G \circ F \) 1s \( A'\), anp THE copomain is \( C \).
- CoMPOSITION IS ASSOCIATIVE: FOR FUNCTIONS \(F: A\To B\), \(G:B\1o C\), a0 \(H: C\To D), WEe HAVE:

\[



H \circ (G \circ F) = (H \circ G) \circ F
\]

- IDENTITY FUNCTIONS SERVE AS NEUTRAL ELEMENTS:

\[
\text{ib} A:A\1o A, \Quap \TexT{ip}_A(A) = A
\]

SATISFY:

\[
F\circ \TexT{ip}_A =F, \Quap \TexT{ip}_B \circ F =F
\]

For ANY \(F: A\To B \).

2. STRUCTURAL ANALYSIS ofF \( G \circ F \)
2.7 IMAGE AND PREIMAGE RELATIONSHIPS

- THe iMAGE oF A SET \( S \susseTeq A \) unper \( F \) Is:

\[

F(S) =\{F(s) \Mps\iInS\}

\]

- THe imaGE oF \( A \) unper \( G \circ F \) Is:
\[

(G \cire F)(A) = G(F(A))

\]

- THe preiMAGE oF A SET \( T \sueseTeq C \) unper \( G \circ F \) Is:

\[
(G\cre )MA1HTM) =\ A\INA \WMD (G \cire F)(A)\INT \3
\]

WHICH CAN BE EXPRESSED AS:

\[
c]\m (PME1GH-1XTD)

THIS NESTING OF PREIMAGES INDICATES THAT THE PREIMAGE OF \( T \) UNDER THE COMPOSITION CAN BE VIEWED AS THE
PREIMAGE UNDER \( F \) of THE preiMAGE ofF \( T \) unoer \( G \).

2.2 FUNCTIONAL PROPERTIES AND THEIR PRESERVATION

UNDERST ANDING HOW PROPERTIES LIKE INJECTIVITY, SURJECTIVITY, OR BUECTIVITY ARE PRESERVED OR TRANSFORMED THROUGH
COMPOSITION IS KEY.

INECTIVITY (ONE-TO-ONE):

-lIFgoTH \(F\) anD \( G \) ARe INECTIVE, THEN \( G \cIRC F \) IS INJECTIVE.
- IF\( G \crc F \) 1S INECTIVE, IT DOES NOT NECESSARILY IMPLY THAT \( F \) AnD \( G \) ARE INDIVIDUALLY INJECTIVE, BUT



IF \(F\)1s necTive anp \( G \circ F \) 1s InecTive, THEN \( G \) MusT ge ecTive on \(F(A) \).
SURECTIVITY (ONTO):

-IreotH \(F \) anD \( G \) Are surjecTIVE, THEN \( G \cIRc F \) Is SURJECTIVE.
- ConverseLy, IF \( G \cIrc F \) IS SURJECTIVE, THEN:

\[
\TexT{IM}G \circ F) =C
\]

\WHICH IMPLIES:

\[
G(F(A) =C
\]

BUT DOES NOT NECESSARILY IMPLY THAT \( G \) or \( F \) ARE INDIVIDUALLY SURJECTIVE UNLESS ADDITIONAL CONDITIONS
ARE SPECIFIED.

ByecTiviTy:
- WHen BoTH \( F \) ano \( G \) ARrEe BiECTIONS, THEIR coMPOSITION \( G \cIRC F \) IS ALSO A BIECTION.

- ConverseLY, A BUECTIVE \( G \cIrc F \) boes NoT GUARANTEE THAT \( F \) or \( G \) ARE BECTIONS UNLESS THEY ARE
RESTRICTIONS OR SATISFY SPECIFIC CONDITIONS.

3. Deep Dive: THe STATEMENT “Suppose THAT \( G \circ F \) 1s..."

THIS PHRASE OPENS A BROAD AVENUE FOR EXPLORING VARIOUS PROPERTIES OF THE COMPOSITE FUNCTION, DEPENDING ON THE
conpITIoNs PLACED ON \( G \cIRC F \). BELOW, WE ANALYZE KEY SCENARIOS.

4. SCENARIO ANALYSIS AND THEORETICAL IMPLICATIONS
4.7 WHen \( G \circ F \) Is INJECTIVE
Cram: IF\( G \ciRc F \) IS INJECTIVE, THEN:

- \(F\) MUST BE INJECTIVE.
-\( G \) musT BE INECTIVE ON THE IMAGE \( F(A) \).

EXPLANATION:

- To see wHy \(F \) 1s jecTive, suppose \( F(a_1) =F(a_2) \). THen:

\[
(G\carc F)(a_1)=G(F(a_1)) = G(F(a_2)) = (G \crc F)(A_2)
\]

Since \( G \circ F \) 1s INECTIVE, THIS IMPLIES \( A_T=A_2\), conrirMING \( F \) IS INECTIVE.
-For \( G \), necTiviTy on \( F(A) \) is NecessarY BecAUSE IF \( F \) is surjecTive onTo \( B” \sueseTeq B \), AnD
\(G\)isnoT vecTive on \(B"\), THEN \( G \) couLp MaP Two DIFFERENT ELEMENTS IN \( F(A) \) TO THE SAME ELEMENT

IN\( C\), vioLATING THE INECTIVITY oF \( G \clrRc F \).

IMPLICATION: THE INECTIVITY OF THE COMPOSITION PLACES STRONG RESTRICTIONS ON THE INDIVIDUAL FUNCTIONS, OFTEN



REQUIRING BOTH TO BE INJECTIVE, OR AT LEAST FOR \( F \) To Be INECTIVE AND \( G \) TO BE INECTIVE ON THE IMAGE OF \( F

\).

4.2 WHen \( G \circ F \) 15 SURJECTIVE

Cram: IF\( G \cIRc F \) IS SURJECTIVE, THEN:

\[
G(F(A) =C
\]

WHICH INDICATES THAT THE IMAGE ofF \( F \) IN\( B \) unper \( G \) covers \( C \).
IMPLICATIONS:

- THe sURiECTIVITY OF \( G \cIRc F \) DoES NOT NECESSARILY IMPLY THAT \( G \) I1s surjecTIVE onTo \( C \), unLess \(

F(A)=B\).

-1r \(F\) 1s suriecTive onTo \( B \), THEN \( G \) musT & surjecTIvE onTo \( C \). ConverseLy, IF\( G \) 1s
SURJECTIVE, THEN THE COMPOSITION IS SURIECTIVE IF \( F \) MAPS \( A \) onTo enouaH oF \( B \) To reacH ALL oF \( C

\).
ExXAMPLE:

Suppose \(F: A\To B \) is suriecTive, aND \( G : B \To C \) 1s surjecTIve, THEN \( G \crc F: A\To C\)I1s
SURJECTIVE.

4.3 WHen \( G \circ F \) I1s ByecTive
THIS IS A CRITICAL CASE IN MANY APPLICATIONS, ESPECIALLY IN ALGEBRA AND ANALYSIS.
CONDITIONS FOR BUECTIVITY:

-BoTH \(F\) anD \( G \) MUST BE INECTIVE AND SURJECTIVE.
- THe INverse of \( G \cIrc F \) CAN BE EXPRESSED AS:

\[
(G\cre )*-13 =F*{-13 \circ G*{-13
\]

\WHERE:

-\(FM-1}:B\To A ),
-\(GM-13:C\toB\).

SIGNIFICANCE:
- THe syecTioN oF \( G \circ F \) ensures A PErFeCT “MATCHING” BeTweEEN \( A \) ano \( C \).

- THIS PROPERTY IS ESSENTIAL IN CONSTRUCTING ISOMORPHISMS IN ALGEBRAIC STRUCTURES, SUCH AS GROUPS, RINGS, AND
VECTOR SPACES, WHERE BUJECTIVE FUNCTIONS PRESERVE STRUCTURE.

5. THe RoLE oF THE CoMPOSITION IN ALGEBRAIC STRUCTURES



5.1 HOMOMORPHISMS AND |SOMORPHISMS

IN ALGEBRA, FUNCTIONS ARE OFTEN STRUCTURE-PRESERVING MAPS CALLED HOMOMORPHISMS. THE COMPOSITION OF
HOMOMORPHISMS MAINTAINS STRUCTURAL
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