Suppose THAT F(X, Y) =X Xy +Y 5x+ 5y WITHX + Y
25. 1. AesoLUTE MiNMuM OF F(x, Y) Is 2. ABSOLUTE

Supposte THAT F(x, Y) =X Xy + Y 5x + 5y WitH X + Y 25. 1. AssoLuTe MiniMuM Of F(x, Y) Is 2. AssoLUTE

INTRODUCTION

IN THE REALM OF MULTIVARIABLE CALCULUS, UNDERSTANDING HOW TO FIND THE MINIMUM OR MAXIMUM OF A FUNCTION SUBJECT
TO CERTAIN CONSTRAINTS IS FUNDAMENTAL. THE PROBLEM AT HAND INVOLVES ANALYZING THE FUNCTION \( F(x, Y) = x"2 v +
Y 5x + 5Y \), WITH THE GIVEN CONSTRAINT \( X + ¥ = 25 \). THE KEY OBJECTIVES ARE TO DETERMINE THE ABSOLUTE
MiNiMUM OF \( F(x, ¥) \) UNDER THIS CONSTRAINT AND TO UNDERSTAND THE NATURE OF THIS MINIMUM.

THIS ARTICLE WILL PROVIDE A DETAILED EXPLORATION OF THE PROBLEM, INCLUDING METHODS TO SOLVE CONSTRAINED
OPTIMIZATION PROBLEMS, APPLICATION OF L AGRANGE MULTIPLIERS, AND STEP-BY-STEP CALCULATIONS TO IDENTIFY THE

MINIMUM VALUE OF THE FUNCTION. ADDITIONALLY, WE WILL DISCUSS THE SIGNIFICANCE OF THESE RESULTS IN MATHEMATICAL
AND APPLIED CONTEXTS.

\UNDERSTANDING THE FUNCTION AND CONSTRAINTS
Tre FuncTion \( F(x, v) \)

THE FUNCTION IS GIVEN BY:

\[
F(x,Y)=x"2v+5xvy+5y

\]

NOTE THAT THE ORIGINAL EXPRESSION APPEARS TO HAVE SOME INCONSISTENT NOTATION, BUT FOR CLARITY, WE INTERPRET IT
AS:

F(x,Y)=x"2y+5xy+5v
THIS IS A MULTIVARIABLE FUNCTION INVOLVING QUADRATIC AND LINEAR TERMS.

THe ConsTRAINT \( X + ¥y =25))

THE PROBLEM SPECIFIES THAT \( X + ¥ = 25 \). THIS IS A LINEAR CONSTRAINT THAT RESTRICTS THE DOMAIN OF THE FUNCTION
To A LINE IN THE \( xy \)-PLANE.

GoaL

- FIND THE ABSOLUTE MINIMUM VALUE oF \( F(X, Y) \) SUBJECT TO THE CONSTRAINT.
- DETERMINE THE POINT(S) WHERE THIS MINIMUM OCCURS.

APPROACHES TO CONSTRAINED OPTIMIZATION
ToO FIND THE EXTREMA OF A FUNCTION UNDER A CONSTRAINT, TWO PRIMARY METHODS ARE COMMONLY USED:

1. SUBSTITUTION METHOD



- SOLVE THE CONSTRAINT FOR ONE VARIABLE.
- SUBSTITUTE INTO THE FUNCTION TO REDUCE IT TO A SINGLE VARIABLE.
- FIND THE MINIMUM OR MAXIMUM OF THE RESULTING SINGLE-V ARIABLE FUNCTION.

2. LAGRANGE MULTIPLIERS

- SET UP THE LAGRANGIAN FUNCTION INCORPORATING THE CONSTRAINT.
- FIND THE CRITICAL POINTS BY SOLVING THE RESULTING SYSTEM OF EQUATIONS,

GIVEN THE NATURE OF THE PROBLEM, THE SUBSTITUTION METHOD PROVIDES A STRAIGHTFORWARD APPROACH, BUT L AGRANGE
MULTIPLIERS OFFER A MORE GENERAL FRAME\W ORK.

STEP-BY-STEP SOLUTION
1. Express \( ¥ \) N Terms of \( x \)

FROM THE CONSTRAINT:

\[
X+ v =25\IMPpLIES Y = 25 - X

\]
2. SuesTiTuTe INTo \( F(x, ¥) \)

Express \( F \) as A FuncTion ofF \( x \):

\[
F(x)=x"2(25-x)+5x(25-x)+5(25-%)
\]

SIMPLIFY EACH TERM:

-\(x*2(25-x)=256x"2-x"3\)
-\(5x(25-%)=125%x-5x"2\)
-\(5(25-%x)=125-5x\)

Now, COMBINE:

\l
F(x) = (25x"2 - x"3) + (125x - 5x"2) + (125 - 5x)
\]

SIMPLIFY FURTHER:

\[
F(x)=25x"2 - x"3 4+ 125x - 5x"2 + 125 - 5x
\]

COMBINE LIKE TERMS:

\[

F(x) =(25x"2 - 5x"2) + (-x"3) + (125x - 5x) + 125
\]

\[

F(x) =20x"2 - x"3+ 120x + 125

\]



3. FIND CRITICAL POINTS BY DIFFERENTIATION

COMPUTE THE DERIVATIVE WITH RESPECT To \( x \):

\[
F'(x) = \rrac{o}ox} (20x"2 - x*3 + 120x + 125) = 40x - 3x"2 + 120
\]

SeT \(F'(x)=0\):

\[
40x - 3x*2+120=0
\]

REWRITE:

\l
-3x"2 + 40x + 120 =0
\]

DIVIDE THROUGH BY - 1:

\[
3x"2-40x-120=0
\]

4. SOLVE THE QUADRATIC EQUATION

USING THE QUADRATIC FORMULA:

\[
x = \FrrAC{40 \PM \sQrT{(-40)"2 - 4 \1iMes 3 \Times (-120)33}{2 \Times 3}
\]

COMPUTE DISCRIMINANT:

\[
D=1600-4\1iMes 3 \1iMes (-120) = 1600 + 1440 = 3040

\]

CALCULATE:

\[
x = \FrrAc{40 \pM \sqQrT{304033}{63
\]

SimpLIFy \( \sQrT{3040} \):
-\(3040 =16 \TiMes 190 \), so:

\[
\sqrT{3040} = 4 \s@rT{190}
\]

THus:

\[
x = \FrrAC{40 \PM 4 \sqQrT{190}33{6} = \rrac{4(10 \pm \sQrT{ 1901} 63} = \rrac{2(10 \pm \s@rT{190}1)}{3}
\]



5. Fino corresPonDING \( ¥ \) VALUES

RECALL:

\[
vy =25-x%
\]

So:

\[
vy =25 - \rrac{2(10 \pm \sqrT{190})3}{3}
\]

DETERMINING THE ABSOLUTE MINIMUM
1. EvaLuaTe \( F(x) \) AT CRITICAL POINTS
CaLcuLate \( F(x) \) aT:

\[
x_1=\rrAc{2(10 + \s@rT{190})}{3}
\]
\[
x_2 =\rrac{2(10 - \s@rT{190})}{3}
\]

CorresponpiINg \( ¥ \):

\[
vy 1=25-x_1
\]
\[
vy 2=25-%x_2
\]

2. CaLcuLATE \( F(x, Y) \) AT THESE POINTS

ALTERNATIVELY, SINCE WE'VE ExPRESSED \( F \) IN TErms oF \( x \), we can pirecTLY coMpuTE \( F(x) \) AT THESE
crITICAL \( X \)-VALUES TO COMPARE.

NUMERICAL APPROXIMATION

Given THAT \( \sQrT{ 1903} \approx 13.784 \), comMpuTE:

\[

x_ 1 \approx \rRAC{2(10 + 13.784)}{3} = \rrac{2 \TimMes 23.784}{3} \aprrox \FrRac{47.568}{3} \approXx
15.856

sa

x_2 \approx \rRAC{2(10 - 13.784)}{ 3} = \rrac{2 \TiMes (-3.784)3}{3} \approx \Frac{-7.5683}{3} \apPrOX
-2.523

\]

Corresponping \( ¥ \):



\[

y_1=25-15.856 \aprrox 9.144

\]

\[

Yy 2=25-(-2.523) \aprrox 27.523
\]

Now, EvALUATE \( F \) AT THESE POINTS:
- For \( x \ApPrOX 15.856 \):

\[
F(x) = 20x"2 - x"3 + 120x + 125
\]

CALCULATE:

\[

x*2 \approx (15.856)"2 \aprrox 251.9

\]

\[

x"3 \apProx 15.856 \TiMes 251.9 \approx 3994.9

\]

\[

F \approx 20 \TiMEs 251.9 - 3994.9 + 120 \1iMes 15.856 + 125
\]

\[

=5038-3994.9+ 1902.72 + 125

\]

\[

\approx 5038 - 3994.9 + 2027.72

\]

\[

= (5038 -3994.9)+ 2027.72 \apProx 1043.1 + 2027.72 \approx 3070.82
\]

- For \( x \APPrROX -2.523 \):

\[

x*2 \ApPrOX 6.365

\]

\[

x*3 \APPrOX -2.523 \TIMES 6.365 \aPPROX -16.065

\]

\[

F \approx 20 \TiMes 6.365 - (-16.065) + 120 \1iMes (-2.523) + 125
\]

\[

=127.3+16.065-302.76+ 125

\]

\[

=(127.3+ 16.065) + (125 - 302.76) \apProx 143.365 - 177.76 \approx -34.395
\]

3. CONCLUSION ON



FREQUENTLY AskeD QUESTIONS

\WHAT IS THE FUNCTION F(X, Y) GIVEN IN THE PROBLEM?

THe FUNCTION IS F(X, Y) = x*X Y + Y*5X + 5Y, WITH THE CONDITION THAT X + ¥ = 25.

How DO YOU INTERPRET THE CONSTRAINT X + Y = 25 IN THIS PROBLEM?

THE CONSTRAINT X + Y = 25 RESTRICTS THE DOMAIN OF THE FUNCTION TO POINTS WHERE THE SUM OF X AND Y EQUALS 25/
ENABLING US TO FIND THE MINIMUM OF F(X/ Y) ALONG THIS LINE.

\WHAT METHOD CAN BE USED TO FIND THE ABSOLUTE MINIMUM OF F(x, Y) UNDER THE
GIVEN CONSTRAINT?

L AGRANGE MULTIPLIERS OR SUBSTITUTION METHODS CAN BE USED TO REDUCE THE PROBLEM TO A SINGLE VARIABLE AND FIND THE
MINIMUM OF F(X, Y) SUBJECT TO X + Y = 25.

How po You sIMPLIFY F(X, Y) USING THE CONSTRAINT X + Y = 25?

EXPRESS Y AS Y = 25 - X AND SUBSTITUTE INTO F(X, Y) TO GET A FUNCTION OF A SINGLE VARIABLE X, THEN ANALYZE TO
FIND THE MINIMUM.

\WHAT IS THE FIRST STEP TO FIND THE ABSOLUTE MINIMUM OF F(X, Y)?

SUBSTITUTE Y = 25 - X INTO F(X, Y) TO OBTAIN A SINGLE-VARIABLE FUNCTION F(X) AND THEN DIFFERENTIATE WITH RESPECT
TO X.

\WHAT IS THE DERIVATIVE OF THE SIMPLIFIED FUNCTION F(X) WITH RESPECT TO X?

THE DERIVATIVE IS OBTAINED BY DIFFERENTIATING THE EXPRESSION FOR F(X) AFTER SUBSTITUTION, SETTING IT TO ZERO TO FIND
CRITICAL POINTS.

How DO YOU DETERMINE THE MINIMUM VALUE OF F(x, Y) AFTER FINDING CRITICAL
POINTS?

EVALUATE F(X) AT THE CRITICAL POINTS AND COMPARE THESE VALUES, ENSURING THEY SATISFY THE ORIGINAL CONSTRAINT
TO IDENTIFY THE ABSOLUTE MINIMUM.

\WHAT IS THE SIGNIFICANCE OF THE ABSOLUTE MINIMUM VALUE oF F(X, Y)?

THE ABSOLUTE MINIMUM REPRESENTS THE LOWEST POSSIBLE VALUE OF THE FUNCTION F(X, Y) ALONG THELINEX + Y = 25,
WHICH IS IMPORTANT IN OPTIMIZATION PROBLEMS.

BASED ON THE PROBLEM STATEMENT, WHAT ARE THE KNOWN VALUES RELATED TO THE
MINIMUM OF F(x, Y)?

THE PROBLEM INDICATES THAT THE ABSOLUTE MINIMUM OF F(X, Y) IS 2, AND IT IS THE SMALLEST VALUE ATTAINABLE UNDER
THE GIVEN CONSTRAINT.



How CAN THE ABSOLUTE MINIMUM VALUE OF 2 BE VERIFIED FOR THE FUNCTION F(X, Y)p

BY SOLVING FOR X AND Y THAT SATISFY THE CRITICAL POINT CONDITIONS AND THE CONSTRAINT, THEN SUBSTITUTING BACK
INTO F(X, Y) TO CONFIRM THE MINIMUM VALUE IS 2.

ADDITIONAL RESOURCES

Suppost THAT F(x, Y) = X Xy + Y 5x + 5y WiTH X + Y 25. 1. AgsoLuTe MinmuM OF F(x, Y) Is 2. ABSOLUTE

IN THE WORLD OF CALCULUS AND OPTIMIZATION, UNDERSTANDING THE BEHAVIOR OF FUNCTIONS—PARTICULARLY THEIR MINIMA
AND MAXIMA—IS FUNDAMENTAL. TODAY, WE DELVE INTO A SPECIFIC PROBLEM INVOLVING A BI-VARIABLE FUNCTION, EXPLORING
ITS PROPERTIES, CONSTRAINTS, AND THE PROCESS TO FIND ITS ABSOLUTE MINIMUM VALUE. THIS PROBLEM NOT ONLY HIGHLIGHTS

CORE CONCEPTS SUCH AS PARTIAL DERIVATIVES AND CONSTRAINED OPTIMIZATION BUT ALSO DEMONSTRATES HOW
MATHEMATICAL REASONING CAN BE APPLIED SYSTEMATICALLY TO SOLVE COMPLEX-LOOKING PROBLEMS.

INTRODUCTION TO THE FUNCTION AND THE PROBLEM STATEMENT

THE FUNCTION IN QUESTION IS DEFINED AS:

\[ F(x, v) = X \TiMes Xy + Y \TiMes 5x + 5v \]

WITH THE CONSTRAINT:

\[X+Y=25\]

THE GOAL IS TO DETERMINE THE ABSOLUTE MINIMUM VALUE oF \(F(X, Y)\), WHICH, ACCORDING TO THE PROBLEM STATEMENT,

IS 2. THIS TASK INVOLVES UNDERSTANDING THE FUNCTION'S STRUCTURE, APPLYING CALCULUS TECHNIQUES, AND CONSIDERING
THE CONSTRAINT TO IDENTIFY THE CRITICAL POINTS WHERE THE MINIMUM OCCURS.

CLARIFYING THE FUNCTION AND V ARIABLES
INTERPRETING THE FUNCTION

AT FIRST GLANCE, THE NOTATION APPEARS SOMEWHAT AMBIGUOUS, LIKELY DUE TO FORMATTING ISSUES. To ANALYZE IT
EFFECTIVELY, WE NEED TO INTERPRET THE FUNCTION CORRECTLY.

- THE FUNCTION IS:
\[F(x, v) = X \TiMes X v + Y \TiMes 5x + 5v \]

- THe vARIABLES ARE \(X\) anD \(Y\), BUT THE NOTATION SUGGESTS THAT \(X\) AnD \(Y\) MIGHT BE FUNCTIONS OF
\(x\) anD \(\), OR PERHAPS SIMPLY VARIABLES THEMSELVES.

GIVEN THE PRESENCE OF THE CONSTRAINT \(X + Y = 25\), IT’s rEasoNABLE To INTERPRET \(X\) anD \(Y\) AS VARIABLES
RATHER THAN FUNCTIONS.

LikeLY CORRECTION AND ASSUMPTION
SUPPOSE THE ORIGINAL FUNCTION WAS MEANT TO BE:
\[F(X, Y) =X \7iMes X \TiMes Y + Y \TiMes 65X + 5Y \]

\WHICH SIMPLIFIES TO:



\[F(X, Y)=X"2Y +5XY+5Y\]

ALTERNATIVELY, PERHAPS THE ORIGINAL EXPRESSION WAS:

\[F(X, Y) =X \TiMes X Y + Y \TiMes 5x + 5v \]

BUT CONSIDERING THE CONTEXT AND THE STANDARD NOTATION, IT’S MOST PLAUSIBLE THAT THE FUNCTION IS:
\[F(X, Y)=X"2Y +5XY +5Y\]

WITH THE CONSTRAINT:

\[X+Y=25\]

FOR CLARITY, WE WILL PROCEED UNDER THIS ASSUMPTION, AS IT ALIGNS WITH TYPICAL FUNCTION FORMS AND MAKES THE
PROBLEM TRACTABLE.

FORMULATING THE OPTIMIZATION PROBLEM
THE PROBLEM REDUCES TO MINIMIZING:
\[F(X, Y)=X"2Y +5XY +5Y\]
SUBJECT TO THE LINEAR CONSTRAINT:
\[X+Y=25\]

THIS IS A CONSTRAINED OPTIMIZATION PROBLEM, WHICH CAN BE APPROACHED USING METHODS SUCH AS SUBSTITUTION,
L AGRANGE MULTIPLIERS, OR DIRECT CALCULUS TECHNIQUES.

STRATEGY OVERVIEW

1. EXPRESS ONE VARIABLE IN TERMS OF THE OTHER USING THE CONSTRAINT.

2. SUBSTITUTE INTO THE FUNCTION TO OBTAIN A SINGLE-VARIABLE FUNCTION.

3. FIND CRITICAL POINTS BY DIFFERENTIATING AND SETTING DERIVATIVES TO ZERO.

4. VERIFY WHETHER THESE POINTS CORRESPOND TO MINIMA, MAXIMA, OR SADDLE POINTS.
5. CONFIRM THE ABSOLUTE MINIMUM VALUE AND ITS LOCATION.

STEP-BY-STEP SOLUTION APPROACH

Step 1: Express \( Y \) N Terms oF \( X \)
FROM THE CONSTRAINT:

\[ X +Y =25 \RigHTARROW Y = 25 - X \]
Step 2: SuesTITUTE INTO \(F(X, Y)\)
SuesTITUTING \(Y = 25 - X\):

\l

\BeGIN{ ALIGNED}
FOX)§=X"2(25-X)+5X(25-X)+5(25-X)\\
§=X"2\TiMes 25 - X3 + 125X - 5X*2 + 125 - 5X
\eno{ALIGNED}



\]

SIMPLIFY TERM BY TERM:

-\(X"2 \TiMEs 25 = 25X"2\)
-\(- X*3\)

-\(125X%\)

-\(- 5X"2\)

-\(125\)

-\(- 5X\)

COMBINE LIKE TERMS:

\l
F(X) =-X"3 + (26X"2 - 5X"2) + (126X - 6X) + 125
\]

\l

F(X) = -X"3 + 20X"2 + 120X + 125
\]

NO\X/, THE PROBLEM REDUCES TO FINDING THE MINIMUM OF:

\l
F(X) =-X"3 + 20X"2 + 120X + 125
\]

wHEre \(X\) 1s consTRAINED sucH THAT \(Y = 25 - X\), suT since \(Y\) musT 8t ReaL, \(X\) MUST sATISFY:

\[ 0 \Leq X \Leq 25 \]

FinDING CRITICAL POINTS
Step 3: Derive \(F'(X)\) AND SET TO ZERO

CALCULATE THE FIRST DERIVATIVE:

\[
F/(X) =-3X"2 + 40X + 120
\]

SET DERIVATIVE TO ZERO TO FIND CRITICAL POINTS:

\l
-3X"2+ 40X +120=0
\]

DIVIDE THROUGH BY - 1:

\[
3X"2-40%X-120=0
\]

STEP 4: SOLVE THE QUADRATIC EQUATION

USING QUADRATIC FORMULA:



\[
X = \rrAc{40 \pM \s@QrT{(-40)"2 - 4 \TiMes 3 \TiMes (-120)}3}{2 \TiMes 3}

\]

CALCULATE DISCRIMINANT:

\[
D= 1600 -4 \1imMes 3 \TiMes (-120) = 1600 + 1440 = 3040

\]

COMPUTE THE ROOTS:

\[

X = \rrac{40 \pm \srT{30403}6}
\]

AprproXIMATE \(\s@rT{30403\):

\[

\sqrT{3040} \aPPrOX 55.14

\]

THus,

\[

X \approx \Frrac{40 \pM 55.143}{6}
\]

CALCULATE BOTH:

- FOR THE POSITIVE ROOT:

\[
X \approx \Frac{40 + 55.14}{6} \aprrox \FrAc{95.143}{6} \arPrOx 15.86

\]

- FOR THE NEGATIVE ROOT:

\[

X \approx \Frac{40 - 55.143}{63 \approx \Frac{-15.14}{6} \apProx -2.52
\]

Since \(X\) mMusT 8 IN THE INTERVAL \([O, 25]\), DISCARD THE NEGATIVE ROOT.
Step 5: EvaLuaTe \(F(X)\) AT CRITICAL POINTS AND ENDPOINTS

CRITICAL POINT:

-\(X \apPProx 15.86\)
- CorrespoNDING \(Y = 25 - 15.86 \approx 9.14\)

ENDPOINTS:

-\(X =0\), THen \(Y = 25))
-\(X =25\), THen \(Y = 0\)

CaLcuLaTe \(F(X)\) AT THESE POINTS:

AT \(X \apProx 15.86\):



\[
F(15.86)=-(15.86)"3 + 20 \TiMes (15.86)"2 + 120 \TiMes 15.86 + 125

\]

APPROXIMATE:

-\((15.86)"3 \apProx 3990.5\)
-\((15.86)"2 \apProx 251.5\)

-\( 20 \7iMes 251.5 \approx 5030 \)
-\( 120 \1iMes 15.86 \approx 1903.2 \)

Now

\[
F(15.86) \apProx -3990.5 + 5030 + 1903.2 + 125 \aprrox 1067.7
\]

AT \(X=0\):

\[
F(0)=-0+0+0+125=125
\]

AT \(X =25\):

\[

F(25)=-(25)"3 + 20 \7imes (25)"2 + 120 \TiMes 25 + 125
\]

CALCULATE:

-\(25"3 = 15625\)
-\(20 \TimMes 625 = 12500\)
-\(120 \1iMes 25 = 3000\)

THus,

\l
F(25)=-15625+ 12500 + 3000 + 125 =-15625+ 15725 =100

\]

ANALYZING RESULTS AND CONFIRMING THE MINIMUM
FROM THE CALCULATIONS:

| PoinT [ \(X\) [ NCY\) [ \(FCX,Y)\) APPROXIMATE V ALUE |
e |

| CriTicAL POINT | 15.86[9.14 ] 1067.7 |

| EnoPoINT O |0 | 25] 125

| ENoPoiNT 25125]01] 100 |

THE SMALLEST VALUE AMONG THESE IS APPROXIMATELY 100 AT \(X=25



Suppose That FXY X Xy Y 5x 5y With X Y 25 1 Absolute
Minimum Of F X Y Is 2 Absolute

Suppose That F XY X Xy Y 5x 5y With XY 25 1 Absolute Minimum Of F X Y Is 2 Absolute
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