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Understanding how the changing position of the sun affects the length of shadows is an intriguing
aspect of trigonometry and astronomy. When the angle of elevation of the sun decreases, the length
of the shadows cast by objects increases, and this relationship can be quantified using calculus
principles. In this article, we delve into the mathematical analysis of how fast a shadow lengthens
when the sun’s angle of elevation diminishes at a given rate. We will explore the underlying
concepts, derive relevant formulas, and examine practical applications, ensuring a comprehensive
understanding of the topic.

---

Introduction to the Problem

Imagine observing an object, such as a pole or a building, during sunset or sunrise. As the sun’s
position shifts, the angle of elevation – the angle between the sun’s rays and the horizontal ground –
changes over time. Specifically, suppose the angle of elevation, denoted by θ (theta), is decreasing at
a constant rate of 0.25 radians per hour. The question arises: how rapidly is the shadow cast by the
object increasing in length?

This problem is a classic example of related rates in calculus, where the rate at which one quantity
changes (the shadow length) is related to the rate of change of another quantity (the sun’s elevation
angle). To solve it, we need to understand the geometric relationship between the sun’s position, the
object, and its shadow.

---

Basic Geometric Setup

Consider the following scenario:

- An object of height \( h \) (assumed constant).
- The sun’s elevation angle \( \theta(t) \), which varies over time \( t \).
- The shadow length \( s(t) \), which is the horizontal distance from the base of the object to the tip of
its shadow.

Assumptions:



- The ground is flat.
- The object is vertical and fixed.
- The sun’s rays are straight lines coming from the sun at the angle \( \theta(t) \).

Diagram Description:

Imagine a right-angled triangle formed by:

- The vertical object of height \( h \).
- The shadow on the ground of length \( s \).
- The line of the sun’s rays forming the hypotenuse, making an angle \( \theta \) with the ground.

Using this setup, the relationship between the shadow length \( s \), the object height \( h \), and the
angle \( \theta \) can be established.

---

Mathematical Relationship Between Shadow Length
and Sun’s Elevation

In the right triangle:

\[
\tan \theta = \frac{h}{s}
\]

Rearranged to solve for \( s \):

\[
s = \frac{h}{\tan \theta}
\]

This fundamental formula links the shadow length \( s \) to the angle \( \theta \) and the height \( h \).
As \( \theta \) decreases, \( \tan \theta \) decreases, leading to an increase in \( s \).

---

Differentiating to Find the Rate of Change of Shadow
Length

Our goal is to determine \( \frac{ds}{dt} \), the rate at which the shadow length increases over time,
given:

- \( \frac{d\theta}{dt} = -0.25 \text{ rad/h} \) (negative because \( \theta \) is decreasing).
- The object’s height \( h \) is constant.



Starting from:

\[
s = \frac{h}{\tan \theta}
\]

Differentiate both sides with respect to \( t \):

\[
\frac{ds}{dt} = \frac{d}{dt} \left( \frac{h}{\tan \theta} \right)
\]

Since \( h \) is constant:

\[
\frac{ds}{dt} = h \cdot \frac{d}{dt} \left( \frac{1}{\tan \theta} \right)
\]

Recall that:

\[
\frac{d}{d\theta} \left( \frac{1}{\tan \theta} \right) = - \frac{1}{\sin^2 \theta}
\]

Applying chain rule:

\[
\frac{ds}{dt} = h \cdot \left( - \frac{1}{\sin^2 \theta} \right) \cdot \frac{d\theta}{dt}
\]

Thus,

\[
\boxed{
\frac{ds}{dt} = - h \cdot \frac{1}{\sin^2 \theta} \cdot \frac{d\theta}{dt}
}
\]

Since \( \frac{d\theta}{dt} \) is negative (decreasing angle), and \( h > 0 \), the sign of \(
\frac{ds}{dt} \) depends on the magnitude of the other terms.

---

Interpreting the Rate of Shadow Lengthening

Given that:

- \( \frac{d\theta}{dt} = -0.25 \text{ rad/h} \)
- \( h \) is known (say, for example, \( h = 10\, \text{m} \))



- \( \theta \) at the specific moment (for example, \( \theta = 30^\circ \) or \( \pi/6 \) rad)

we can compute \( \frac{ds}{dt} \).

---

Example Calculation

Suppose:

- Object height \( h = 10\, \text{m} \)
- Current angle \( \theta = 30^\circ = \pi/6 \text{ rad} \)
- \( \frac{d\theta}{dt} = -0.25 \text{ rad/h} \)

Calculate \( \sin \theta \):

\[
\sin \left(\frac{\pi}{6}\right) = \frac{1}{2}
\]

Plug into the rate formula:

\[
\frac{ds}{dt} = - 10 \times \frac{1}{(1/2)^2} \times (-0.25)
\]

Calculate denominator:

\[
(1/2)^2 = 1/4
\]

So:

\[
\frac{ds}{dt} = - 10 \times \frac{1}{1/4} \times (-0.25) = - 10 \times 4 \times (-0.25)
\]

Simplify:

\[
- 10 \times 4 \times -0.25 = -40 \times -0.25 = 10\, \text{m/h}
\]

Result: The shadow length increases at a rate of 10 meters per hour when the sun’s elevation angle
decreases at 0.25 rad/h at \( \theta = 30^\circ \).

---



Effect of Different Angles on Shadow Lengthening Rate

The rate of shadow lengthening depends significantly on the current angle \( \theta \). As \( \theta \)
approaches 0 (the sun near the horizon), \( \sin \theta \) becomes very small, leading to a very large
\( \frac{ds}{dt} \). Conversely, for larger angles (more overhead sun), the rate is less dramatic.

Summary:

- When the sun is high (large \( \theta \)), shadows are shorter and lengthen more slowly.
- When the sun is low (small \( \theta \)), shadows are longer and increase rapidly.

---

Practical Applications of Shadow Rate Calculations

Understanding how fast shadows grow has multiple real-world applications:

- Architecture and Urban Planning: Designing buildings considering the shadow cast during different
times of the day.
- Agriculture: Determining the length of shadows to optimize sunlight exposure for crops.
- Astronomy and Navigation: Estimating the sun’s position and the duration of shadows for solar
panel alignment.
- Photography: Planning shots based on shadow lengths and times of day.

---

Additional Considerations in Shadow Calculations

While the basic model provides valuable insights, some factors can influence the accuracy:

- Object Topography: Terrain irregularities can alter shadow lengths.
- Atmospheric Refraction: The bending of light near the horizon affects perceived angles.
- Object Orientation: Non-vertical objects or inclined surfaces change the geometric relationships.
- Time of Day and Latitude: The sun’s path varies with geographic location and season, affecting \(
\theta \).

---

Conclusion

In summary, when the angle of elevation of the sun decreases at a rate of 0.25 rad/h, the shadow
cast by a vertical object lengthens at a rate directly related to the object’s height, the current angle,
and the rate of change of the sun’s position. Using calculus and trigonometric relationships, we



derived the formula:

\[
\frac{ds}{dt} = - h \cdot \frac{1}{\sin^2 \theta} \cdot \frac{d\theta}{dt}
\]

Applying this formula with specific values allows precise calculation of shadow growth speed,
enabling various practical applications from architecture to environmental science. Recognizing the
dynamic relationship between the sun’s position and shadow length enhances our understanding of
natural phenomena and improves planning across multiple disciplines.

Frequently Asked Questions

What is the relationship between the angle of elevation of the
sun and the length of the shadow cast by an object?
The length of the shadow cast by an object is inversely related to the tangent of the angle of
elevation; as the angle decreases, the shadow length increases, following the formula shadow length
= height / tan(angle).

If the angle of elevation of the sun decreases at a rate of 0.25
rad/h, how does this affect the rate at which the shadow length
increases?
The shadow length increases at a rate proportional to the derivative of 1 / tan(angle) with respect to
time, so as the angle decreases, the shadow length increases faster, and this rate can be calculated
using differentiation.

How can we determine the rate at which the shadow length is
changing given the rate of change of the angle of elevation?
By differentiating the formula for shadow length with respect to time, specifically using
d(shadow)/dt = -height csc^2(angle) d(angle)/dt, we can find the rate at which the shadow length
changes.

What assumptions are typically made when calculating the
rate of change of the shadow cast based on the angle of
elevation?
Assumptions include a constant object height, a flat horizontal surface, and that the rate of change
of the sun's elevation angle is uniform; atmospheric refraction effects are generally neglected.



If the height of the object is 10 meters, and the angle of
elevation is decreasing at 0.25 rad/h, how fast is the shadow
length increasing at that moment?
Using the formula: d(shadow)/dt = height csc^2(angle) 0.25 rad/h; substituting height = 10 m and
the current angle (say, for example, 45° or π/4 radians), you can compute the shadow's rate of
increase accordingly.

Additional Resources
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---

Introduction: Understanding the Dynamics of Sunlight and Shadows

As the sun makes its daily journey across the sky, the angle at which sunlight strikes the earth
changes continuously. This variation influences everything from the length of shadows cast by
objects to the intensity of sunlight received at different times of the day. Among these phenomena,
the changing angle of elevation of the sun is particularly significant because it directly impacts the
length of shadows cast by objects on the ground.

In this article, we delve into a specific scenario: when the angle of elevation of the sun is decreasing
at a rate of 0.25 radians per hour. The key question we aim to answer is: How fast is the shadow cast
by an object changing length? To address this, we'll explore the underlying mathematical principles,
apply calculus techniques, and interpret the real-world implications of these changes.

---

Understanding the Angle of Elevation and Shadow Length

Before diving into calculations, it's essential to clarify what the angle of elevation signifies and how
it relates to shadow length.

- Angle of Elevation (θ): The angle between the line of sight from the observer (or the top of an
object) to the sun and the horizontal ground.
- Shadow Length (s): The length of the shadow cast by an object on the ground, which depends on
the height of the object and the sun's elevation angle.

Relationship between Shadow Length and Angle of Elevation

Suppose we have an object of height \( h \). The shadow length \( s \) is related to the angle of
elevation \( \theta \) via trigonometry:

\[
s = h \cot \theta
\]



or equivalently,

\[
s = h \times \frac{\cos \theta}{\sin \theta}
\]

This relationship indicates that as the angle of elevation changes, so does the length of the shadow.
When the sun is high in the sky (large \( \theta \)), shadows are short; when the sun is low (small \(
\theta \)), shadows are long.

---

Mathematical Formulation of the Problem

Given:

- The rate of change of the sun's elevation angle:

\[
\frac{d\theta}{dt} = -0.25 \text{ rad/hour}
\]

(Note: Negative sign indicates the angle is decreasing over time.)

- The height of the object \( h \), which remains constant.

The goal:

- Find the rate of change of the shadow length \( \frac{ds}{dt} \) at a specific moment, or in general,
as \( \theta \) decreases.

---

Step-by-Step Solution: Calculus Approach

1. Express \( s \) in terms of \( \theta \):

\[
s = h \cot \theta
\]

2. Differentiate \( s \) with respect to \( t \):

Applying the chain rule, we get:

\[
\frac{ds}{dt} = h \frac{d}{dt} (\cot \theta) = h \times \frac{d}{d\theta} (\cot \theta) \times
\frac{d\theta}{dt}
\]

3. Derivative of \( \cot \theta \):



\[
\frac{d}{d\theta} (\cot \theta) = - \csc^2 \theta
\]

Thus,

\[
\frac{ds}{dt} = h \times (- \csc^2 \theta) \times \frac{d\theta}{dt}
\]

4. Final formula:

\[
\boxed{
\frac{ds}{dt} = - h \csc^2 \theta \times \frac{d\theta}{dt}
}
\]

This equation tells us how quickly the shadow's length changes over time, depending on the current
angle \( \theta \), the object's height \( h \), and the rate at which \( \theta \) changes.

---

Applying the Formula: Numerical Example

To illustrate, let's assume:

- The object height \( h = 2 \) meters.
- The current angle of elevation \( \theta = 45^\circ \) (which is \( \pi/4 \) radians).
- The rate of change of the angle:

\[
\frac{d\theta}{dt} = -0.25 \text{ rad/h}
\]

Calculations:

1. Convert \( \theta \) to radians if needed; here, \( 45^\circ = \pi/4 \).

2. Compute \( \csc^2 \theta \):

\[
\csc \theta = \frac{1}{\sin \theta} = \frac{1}{\sin (\pi/4)} = \frac{1}{\frac{\sqrt{2}}{2}} =
\sqrt{2}
\]

Therefore,

\[
\csc^2 \theta = (\sqrt{2})^2 = 2
\]



3. Plug into the derivative formula:

\[
\frac{ds}{dt} = - 2 \times 2 \times (-0.25) = - 4 \times (-0.25) = 1 \text{ m/h}
\]

Interpretation:

- The positive value indicates that the shadow length \( s \) is increasing at a rate of 1 meter per hour
when the sun’s elevation is decreasing at this specific angle.

---

Implications and Real-World Significance

This analysis highlights a crucial aspect of solar geometry: as the sun lowers in the sky, shadows
lengthen, and the rate at which they do so can be precisely quantified using calculus. Several
practical implications arise:

- Agriculture and Gardening: Understanding how shadows grow helps optimize planting schedules
and protect crops from extended shading.
- Architecture and Urban Planning: Shadow length predictions inform building designs to minimize
unwanted shading or optimize sunlight exposure.
- Solar Panel Positioning: Knowing how shadows change can influence the placement and orientation
of solar panels for maximum efficiency.
- Timekeeping and Sundial Design: Accurate shadow length modeling underpins traditional and
modern timekeeping methods.

---

Factors Influencing Shadow Length Changes

While the mathematical model provides a clear framework, real-world scenarios involve additional
complexities:

- Latitude and Time of Day: The sun's path varies with geographic location and time, affecting \(
\theta \) and \( \frac{d\theta}{dt} \).
- Object Height: Taller objects produce longer shadows, but the rate of change depends linearly on \(
h \).
- Atmospheric Conditions: Refraction can slightly alter the apparent position of the sun, affecting
shadow calculations.

---

Extensions and Further Considerations

The basic model assumes a flat surface and a fixed object. In more advanced scenarios,
considerations include:

- Variable Object Heights: For objects of changing height, the model needs adaptation.
- Non-Vertical Shadows: Shadows cast by inclined objects require more complex trigonometric



modeling.
- Seasonal Variations: The sun's declination changes seasonally, influencing \( \theta \) and its rate of
change.

By integrating these factors, scientists and engineers can develop more accurate models for shadow
prediction, vital for fields ranging from astronomy to construction.

---

Conclusion: Harnessing Mathematical Insights for Practical Applications

The decreasing angle of elevation of the sun at a rate of 0.25 radians per hour signifies a gradual
shift in the sun's position relative to the observer. Through calculus, we've established a direct
relationship between this change and the rate of change of the shadow length. Specifically, the
shadow lengthens at a rate proportional to the object's height, the square of the cosecant of the
current elevation angle, and the rate of change of that angle.

This mathematical insight not only deepens our understanding of solar geometry but also empowers
practical applications across various industries. As we continue to refine these models, integrating
environmental and geographic factors, our ability to predict and utilize sunlight’s behavior will only
improve—benefiting agriculture, architecture, renewable energy, and beyond.
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