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Understanding the fundamental concepts of quantum mechanics often begins with the study of the
Hamiltonian operator. In many quantum systems, particularly those involving discrete energy levels,
the Hamiltonian \(H\) possesses eigenstates that are crucial for describing the system's physical
properties. When the Hamiltonian has two normalized eigenstates, denoted as \(|1\rangle\) and
\(|2\rangle\), each associated with distinct eigenvalues, it provides a straightforward yet profound
insight into the system's energy structure. This article explores the significance of such eigenstates,
their properties, and their role in quantum theory.

---

Introduction to the Hamiltonian Operator

The Hamiltonian operator \(H\) is central to quantum mechanics because it encapsulates the total
energy of a quantum system. It governs the time evolution of quantum states according to the
Schrödinger equation:

\[
i \hbar \frac{\partial}{\partial t} |\psi(t)\rangle = H |\psi(t)\rangle
\]

where:

- \(\hbar\) is the reduced Planck's constant,
- \(|\psi(t)\rangle\) is the state vector of the system at time \(t\),
- \(H\) is the Hamiltonian operator.

The eigenstates and eigenvalues of \(H\) are solutions to the eigenvalue equation:

\[
H |\psi\rangle = E |\psi\rangle
\]

where \(E\) is the eigenvalue corresponding to the eigenstate \(|\psi\rangle\).

---



Eigenstates and Eigenvalues of the Hamiltonian

When the Hamiltonian has a discrete spectrum, its eigenstates form a basis for the state space,
allowing any state to be expressed as a superposition of these eigenstates. Two key characteristics
of eigenstates are:

- Orthogonality: Eigenstates corresponding to different eigenvalues are orthogonal.
- Normalization: Eigenstates are often normalized so that \(\langle i | i \rangle = 1\).

If \(H\) has two normalized eigenstates, \(|1\rangle\) and \(|2\rangle\), with eigenvalues \(E_1\) and
\(E_2\), respectively, then:

\[
H |1\rangle = E_1 |1\rangle
\]
\[
H |2\rangle = E_2 |2\rangle
\]

and

\[
\langle 1 | 1 \rangle = 1, \quad \langle 2 | 2 \rangle = 1
\]

Furthermore, if these eigenstates correspond to different eigenvalues, \(E_1 \neq E_2\), they are
orthogonal:

\[
\langle 1 | 2 \rangle = 0
\]

This orthogonality plays a vital role in quantum measurements and state decomposition.

---

Significance of Two Distinct Eigenstates

Having two normalized eigenstates with different eigenvalues indicates that the system can be in
one of two distinct energy states. This situation is common in simple quantum systems such as:

- Two-level atoms,
- Spin-\( \frac{1}{2} \) particles,
- Quantum dots with two energy levels.

The implications are:

- Discrete Energy Spectrum: The system's energy is quantized, with the eigenvalues \(E_1\) and



\(E_2\) representing the possible measured energies.
- Superposition Principle: Any state can be written as a superposition of \(|1\rangle\) and
\(|2\rangle\):

\[
|\psi\rangle = c_1 |1\rangle + c_2 |2\rangle
\]

where \(c_1\) and \(c_2\) are complex coefficients satisfying \(|c_1|^2 + |c_2|^2 = 1\).

- Measurement Outcomes: Measurement of energy yields either \(E_1\) or \(E_2\) with probabilities
\(|c_1|^2\) and \(|c_2|^2\), respectively.

---

Mathematical Representation of the Eigenstates

The eigenstates \(|1\rangle\) and \(|2\rangle\) can be expressed in a chosen basis, often the position
basis \(|x\rangle\) or momentum basis \(|p\rangle\). For example:

\[
|i\rangle = \int \phi_i(x) |x\rangle \, dx
\]

where \(\phi_i(x) = \langle x | i \rangle\) is the wavefunction corresponding to \(|i\rangle\).

In matrix form, considering a basis of two states, the Hamiltonian can be represented as:

\[
H = \begin{bmatrix}
E_1 & 0 \\
0 & E_2
\end{bmatrix}
\]

with eigenstates represented as column vectors:

\[
|1\rangle = \begin{bmatrix} 1 \\ 0 \end{bmatrix}, \quad |2\rangle = \begin{bmatrix} 0 \\ 1
\end{bmatrix}
\]

The eigenvalues \(E_1\) and \(E_2\) are the diagonal entries of the matrix.

---



Physical Examples of Systems with Two Eigenstates

Several quantum systems are characterized by two eigenstates with different eigenvalues. Some
notable examples include:

1. Spin-\( \frac{1}{2} \) Particles

- The spin states \(|\uparrow\rangle\) and \(|\downarrow\rangle\) are eigenstates of the spin operator
\(S_z\).
- These states correspond to eigenvalues \(\hbar/2\) and \(-\hbar/2\).
- The Hamiltonian often includes a magnetic field term that splits these energy levels (Zeeman
splitting).

2. Two-Level Atomic Systems

- Atoms with two energy levels, such as the ground state and an excited state.
- Used extensively in quantum optics and lasers.
- The Hamiltonian describes the energy difference and interactions with electromagnetic fields.

3. Quantum Dots and Nanostructures

- Quantum dots can be engineered to have two dominant energy levels.
- These levels are crucial in designing quantum devices and qubits for quantum computing.

---

Eigenstates and Spectral Decomposition

The spectral theorem states that if \(H\) is a Hermitian operator (which it must be in quantum
mechanics), then it can be decomposed as:

\[
H = E_1 |1\rangle \langle 1| + E_2 |2\rangle \langle 2| + \sum_{n} E_n |\phi_n\rangle \langle \phi_n|
\]

where the sum extends over all eigenstates \(|\phi_n\rangle\).

In the case of two eigenstates, this simplifies to:

\[
H = E_1 |1\rangle \langle 1| + E_2 |2\rangle \langle 2|
\]



This decomposition is fundamental for understanding the evolution and measurement outcomes of
quantum states.

---

Implications for Quantum Dynamics and Measurement

Knowing that the Hamiltonian has two eigenstates with different eigenvalues has several
consequences:

- Time Evolution: The superposition state evolves as:

\[
|\psi(t)\rangle = c_1 e^{-i E_1 t / \hbar} |1\rangle + c_2 e^{-i E_2 t / \hbar} |2\rangle
\]

leading to observable phenomena like quantum beats.

- Measurement Statistics: The probability of measuring a particular energy value depends on the
initial state's coefficients \(c_1\) and \(c_2\).

- Transition Dynamics: External perturbations can induce transitions between these states,
especially if the system is driven resonantly.

---

Conclusion

The presence of two normalized eigenstates \(|1\rangle\) and \(|2\rangle\) with distinct eigenvalues
\(E_1 \neq E_2\) is a fundamental aspect of quantum systems with discrete spectra. These
eigenstates form the building blocks for understanding quantum behavior, including superposition,
measurement, and dynamics. Recognizing the significance of such eigenstates enables physicists
and engineers to analyze systems ranging from atomic physics to quantum computing. The
mathematical formalism associated with these states provides powerful tools for predicting and
controlling quantum phenomena, making them a cornerstone of quantum theory.

---
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Frequently Asked Questions

What does it mean for the Hamiltonian H to have two
normalized eigenstates |1⟩ and |2⟩?
It means that the Hamiltonian H has two distinct states |1⟩ and |2⟩ that are solutions to its
eigenvalue equation, each with a magnitude of 1 (normalized), representing possible energy states
of the system.

Why do the eigenstates |1⟩ and |2⟩ correspond to different
eigenvalues?
Because they are associated with different eigenvalues, indicating that these states have different
energy levels, which is a key feature in quantum systems describing distinct physical states.

How are the eigenvalues related to the Hamiltonian and its
eigenstates?
Eigenvalues are scalar values λ such that H|ψ⟩ = λ|ψ⟩; for each eigenstate |ψ⟩ (like |1⟩ and |2⟩),
applying H yields a scaled version of that state with its corresponding eigenvalue, often representing
energy levels.

What is the significance of the eigenstates being normalized?
Normalized eigenstates have a magnitude of 1, ensuring probability interpretations are consistent
and simplifying calculations involving inner products and expectation values.

Can the eigenstates |1⟩ and |2⟩ be orthogonal?
Yes, if they correspond to different eigenvalues of a Hermitian Hamiltonian, they are orthogonal,
meaning their inner product is zero, which simplifies analysis and ensures basis orthogonality.

What implications does having multiple eigenstates with
different eigenvalues have for the quantum system?
It indicates that the system has multiple energy levels, allowing for quantum transitions,
superpositions, and the possibility of measuring different energy states upon observation.



How does the spectral decomposition of H relate to these
eigenstates and eigenvalues?
Spectral decomposition expresses H as a sum over its eigenstates weighted by their eigenvalues: H
= λ₁|1⟩⟨1| + λ₂|2⟩⟨2|, which helps analyze the system's behavior and evolution.

What role do the eigenstates |1⟩ and |2⟩ play in understanding
the dynamics of the quantum system?
They form a basis for the system's state space, allowing any state to be expressed as a combination
of these eigenstates, thereby determining how the system evolves over time.

How can the knowledge of these eigenstates and eigenvalues
be used in practical quantum computations?
They are essential for calculating energy spectra, transition probabilities, and designing quantum
algorithms that rely on specific energy states, such as in quantum simulation and spectroscopy.
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Introduction

In the realm of quantum mechanics, understanding the spectral properties of operators—particularly
Hamiltonians—is fundamental to deciphering the behavior of quantum systems. The Hamiltonian \(
H \), representing the total energy of a system, plays a central role because its eigenvalues
correspond to possible measurable energy levels, and its eigenstates encapsulate the quantum states
associated with those energies. When a Hamiltonian possesses two normalized eigenstates—denoted
here as \(|1\rangle\) and \(|2\rangle\)—corresponding to distinct eigenvalues, it not only reveals
critical insights into the structure of the system but also guides experimental and theoretical
explorations.

This article aims to thoroughly investigate the case where the Hamiltonian \( H \) has exactly two
normalized eigenstates, \(|1\rangle\) and \(|2\rangle\), each associated with different eigenvalues
\(E_1\) and \(E_2\). We will explore the mathematical foundations, physical implications, and broader
significance of such a spectral configuration, integrating theoretical formalism with practical
examples.

---

Theoretical Foundations

The Spectral Theorem and Eigenstates



The spectral theorem for self-adjoint operators states that any Hermitian operator \( H \)—which
includes all physically meaningful Hamiltonians—can be decomposed into a spectral measure over
its eigenvalues and eigenstates. Specifically, for a Hamiltonian with discrete spectrum:

\[
H |n\rangle = E_n |n\rangle,
\]

where:

- \( |n\rangle \) are the eigenstates,
- \( E_n \) are the associated real eigenvalues,
- The eigenstates are orthogonal and can be normalized such that \(\langle n | n \rangle = 1\).

In our case, the Hamiltonian \( H \) has exactly two normalized eigenstates:

\[
H |1\rangle = E_1 |1\rangle,\quad H |2\rangle = E_2 |2\rangle,
\]

with

\[
\langle 1 | 2 \rangle = 0,
\]

and

\[
\langle 1 | 1 \rangle = \langle 2 | 2 \rangle = 1.
\]

This minimal spectral structure indicates a system with a two-dimensional subspace of interest,
which can be viewed as a simplified model for more complex systems.

---

Physical Significance of Two Eigenstates

Isolated Energy Levels and Quantum Systems

Having precisely two normalized eigenstates with distinct eigenvalues suggests the system is either:

- An idealized two-level quantum system (e.g., spin-\(\frac{1}{2}\) particles, qubits),
- A subsystem or a particular energy subspace within a larger Hilbert space,
- An approximation valid under specific conditions (e.g., in perturbation theory).

Such systems are foundational in quantum information, atomic physics, and condensed matter
physics, where they serve as building blocks for understanding more intricate phenomena.

Implications for Measurement and Dynamics



The eigenstates \(|1\rangle\) and \(|2\rangle\) form a basis for the relevant subspace, and any state
\(|\psi\rangle\) within this space can be expressed as:

\[
|\psi\rangle = c_1 |1\rangle + c_2 |2\rangle,
\]

with normalization:

\[
|c_1|^2 + |c_2|^2 = 1.
\]

The measurement of energy in such a system yields either \(E_1\) or \(E_2\) with probabilities
\(|c_1|^2\) and \(|c_2|^2\), respectively. The time evolution of an arbitrary state within this subspace
is governed by the Schrödinger equation:

\[
|\psi(t)\rangle = c_1 e^{-i E_1 t/\hbar} |1\rangle + c_2 e^{-i E_2 t/\hbar} |2\rangle,
\]

which exhibits quantum interference effects if both coefficients are non-zero, leading to phenomena
such as Rabi oscillations or quantum beats.

---

Mathematical Formalism

Representation of the Hamiltonian

Within the subspace spanned by \(|1\rangle\) and \(|2\rangle\), the Hamiltonian can be represented
as a \(2 \times 2\) matrix:

\[
H = \begin{bmatrix}
E_1 & 0 \\
0 & E_2
\end{bmatrix},
\]

assuming the basis vectors are ordered as \(\{|1\rangle, |2\rangle\}\). This diagonal form
immediately confirms the eigenvalues and eigenstates:

- Eigenvalues: \(E_1, E_2\),
- Eigenstates: \(|1\rangle, |2\rangle\).

In more general cases where the basis vectors are not aligned with the eigenstates, the Hamiltonian
may include off-diagonal elements representing interactions or coupling between the states.

Orthogonality and Normalization



The orthogonality condition \(\langle 1 | 2 \rangle = 0\) is essential for the completeness and
simplicity of the spectral decomposition. It ensures that the states form an orthonormal basis within
the subspace, permitting straightforward calculation of expectation values and transition
amplitudes.

---

Broader Context and Applications

Quantum Computing and Qubits

The two eigenstates \(|1\rangle\) and \(|2\rangle\) are often associated with the logical states
\(|0\rangle\) and \(|1\rangle\) of a qubit. The Hamiltonian's eigenvalues correspond to energy levels
that can be manipulated via external fields, enabling quantum gate operations and state control.

Atomic and Molecular Physics

In atomic physics, two-level systems model phenomena such as optical transitions, laser excitation,
and quantum coherence. Understanding the spectral properties of the Hamiltonian in such cases
helps in designing experiments and interpreting spectroscopic data.

Condensed Matter and Spin Systems

In condensed matter physics, spin-\(\frac{1}{2}\) particles in magnetic fields provide classic
examples where the Hamiltonian's eigenstates define the spin orientations, with energy differences
influencing magnetic properties and quantum phase transitions.

---

Case Studies and Examples

Example 1: Spin-\(\frac{1}{2}\) Particle in a Magnetic Field

The Hamiltonian:

\[
H = - \gamma \mathbf{B} \cdot \mathbf{S},
\]

has eigenstates aligned or anti-aligned with the magnetic field \(\mathbf{B}\), with eigenvalues
\(\pm \frac{\hbar \gamma B}{2}\). These two states are orthonormal and normalized, exemplifying a
two-level system with distinct energies.

Example 2: Quantum Dot with Two Energy Levels

A quantum dot engineered to have two discrete levels can be modeled with a Hamiltonian
possessing two eigenstates with differing energies. Control over these levels allows for quantum
information processing and the study of coherent dynamics.

---



Conclusion and Future Directions

The fact that a Hamiltonian \( H \) has exactly two normalized eigenstates \(|1\rangle\) and
\(|2\rangle\), each corresponding to different eigenvalues, encapsulates a fundamental aspect of
quantum systems: the existence of discrete, well-defined energy levels within a particular subspace.
This spectral simplicity facilitates both analytical treatment and physical intuition, serving as a
cornerstone for advanced topics such as quantum control, entanglement, and decoherence.

Future research avenues include:

- Extending this analysis to systems with degenerate eigenvalues,
- Investigating the effects of perturbations that couple these states,
- Exploring the role of such two-level systems in quantum technologies,
- Studying the transition to more complex spectra involving multiple eigenstates.

Understanding and leveraging the properties of these fundamental spectral features remain central
to progressing both theoretical physics and emerging quantum applications.

---
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This comprehensive review underscores the significance of the spectral properties of Hamiltonians
with two normalized eigenstates, providing foundational insights for ongoing research in quantum
physics.
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