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(UNDERSTANDING THE SIX TRIGONOMETRIC FUNCTIONS—SINE, COSINE, TANGENT, COSECANT, SECANT, AND COTANGENT—IS
FUNDAMENTAL IN TRIGONOMETRY. THESE FUNCTIONS PROVIDE ESSENTIAL INSIGHTS INTO THE RELATIONSHIPS BETWEEN ANGLES
AND SIDE LENGTHS IN RIGHT TRIANGLES, AS WELL AS THEIR EXTENSIONS TO THE COORDINATE PLANE. \/HEN DEALING WITH
ANGLES IN STANDARD POSITION, PARTICULARLY THOSE WITH POINTS ON THEIR TERMINAL SIDES, IT BECOMES CRUCIAL TO
DETERMINE THE EXACT VALUES OF THESE FUNCTIONS BASED ON THE COORDINATES OF THE POINT.

THIS COMPREHENSIVE GUIDE AIMS TO CLARIFY HOW TO FIND THE EXACT VALUES OF ALL SIX TRIGONOMETRIC FUNCTIONS WHEN A
POINT RESIDES ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION. WE WILL EXPLORE THE CONCEPTS STEP-BY-STEP,
INCLUDING THE ROLE OF THE COORDINATE PLANE, THE SIGNIFICANCE OF THE POINT'S POSITION, AND THE FORMULAS NEEDED TO
COMPUTE THESE VALUES ACCURATELY.

UNDERSTANDING ANGLES IN STANDARD POSITION

BEFORE DIVING INTO THE CALCULATIONS, IT IS ESSENTIAL TO UNDERSTAND WHAT IT MEANS FOR AN ANGLE TO BE IN STANDARD
POSITION AND HOW POINTS RELATE TO THAT ANGLE.

DEFINITION OF STANDARD PoSITION

- AN ANGLE IS SAID TO BE IN STANDARD POSITION IF:

- ITs VERTEX IS AT THE ORIGIN (0,0) OF THE COORDINATE PLANE.

- |TS INITIAL SIDE LIES ALONG THE POSITIVE X-AXIS.

- |TS TERMINAL SIDE IS SOME RAY EMANATING FROM THE ORIGIN, FORMING AN ANGLE WITH THE POSITIVE X-AXIS.

PoINT oN THE TERMINAL SIDE

- WHeN A POINT \((X, Y)\) LIES ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION:
- THe coorDINATES \((X, Y)\) UNIQUELY DETERMINE THE SIZE OF THE ANGLE (EXCEPT FOR COTERMINAL ANGLES).
- THE POINT’S POSITION RELATIVE TO THE ORIGIN INDICATES THE DIRECTION OF THE TERMINAL SIDE.

Key CoNCEPTS FOR CALCULATING T RIGONOMETRIC FUNCTIONS

THE SIX TRIGONOMETRIC FUNCTIONS ARE BASED ON A RIGHT TRIANGLE OR, MORE GENERALLY, ON THE COORDINATES OF THE
POINT ON THE TERMINAL SIDE.

RADII AND DISTANCE FROM THE ORIGIN

- THE RADIUS (OR HYPOTENUSE IN THE RIGHT TRIANGLE CONTEXT) IS THE DISTANCE FROM THE ORIGIN TO THE POINT:

\[
R = \sQrT{x"2 + v"23}



\]

- THIS VALUE IS CRUCIAL FOR CALCULATING SINE, COSINE, AND THE OTHER FUNCTIONS.

SIGNIFICANCE OF QUADRANTS

- THe siGNs ofF \(x\) anp \(Y\) DEPEND ON THE QUADRANT WHERE THE POINT LIES:
- QUADRANT I: \(x > 0, v > 0\)

- QUADRANT II: \(x < 0, ¥ > 0\)

- QuabrANT Ill: \(x < 0, v < 0\)

- QuaDbrANT IV: \(x > 0, vy < 0\)

KNOWING THE QUADRANT HELPS DETERMINE THE SIGNS OF THE TRIGONOMETRIC FUNCTIONS.

CALCULATING THE SiX TRIGONOMETRIC FUNCTIONS

GIVen A POINT \((x, ¥)\) ON THE TERMINAL SIDE OF THE ANGLE, THE FUNCTIONS ARE DEFINED AS FOLLOWS:

Sine (\(\sin \THETA\))

-\O\sin \THETA = \FRAC{Y}{R}\)

Cosine (\(\cos \THeTA\))
-\(\cos \trHeTA = \FRAC{X}{rR3\)

TANGENT (\(\TAN \THETA\))
- \(\tan \THeETA = \FRAC{Y}x}\), PrROVIDED \(X \NEQ O\)

CosecanT (\(\csc \THeTA\))
- \(\csc \tHeTA = \rrAc{r}{¥}\), ProVIDED \(¥ \NEQ O))

SecanT (\(\sec \THeETA\))

- \(\sec \tHeTA = \FRAC{R}{x}\), PrROVIDED \(x \NEQ O\)

CoTANGENT (\(\coT \THeTA\))
- \(\coT \THeTA = \FRAC{X}{¥}\), PrOVIDED \(¥ \NEQ O\)



STEP-BY-STEP PROCEDURE TO FIND EXACT V ALUES

TO FIND THE EXACT VALUES OF THE SIX FUNCTIONS WHEN A POINT IS GIVEN:

STEP 1: IDENTIFY THE COORDINATES

- DeTerMINE THE VALUES of \(x\) AnD \(\) Frrom THE GIven PoINT \((x, Y)\).

Step 2: CaLcuLaTe THE Rabius \(R\)

- USE THE DISTANCE FORMULA!

\[
R = \sQrT{x"2 + v"2}
\]

- Ensure THAT \(R \NEQ O\). IF \(R=0\), THE POINT IS AT THE ORIGIN, AND THE FUNCTIONS ARE UNDEFINED.

STeP 3: CoMPUTE EACH FUNCTION

- USE THE FORMULAS PROVIDED ABOVE TO FIND THE SIX FUNCTIONS:
-\(\sin \THETA =Y / R))

-\(\cos \THETA = X [/ R\)

-\O\Tan \THETA = v / X\)

-\Q\csc \THETA =R / Y\)

-\(\sec \THETA =R / X\)

-\Q\coT \THETA =% / Y\)

STeP 4: DETERMINE THE SIGNS

- BASED ON THE QUADRANT:

- ASSIGN THE CORRECT SIGNS TO EACH FUNCTION.

- REMEMBER THAT:

- SINE AND COSECANT ARE POSITIVE IN QUADRANTS | AND 1.

- COSINE AND SECANT ARE POSITIVE IN QUADRANTS | AND V.

- TANGENT AND COTANGENT ARE POSITIVE IN QUADRANTS | AnD [I1.

ExXAMPLES OF FINDING EXACT TRIGONOMETRIC V ALUES

To CLARIFY THE PROCESS, LET'S EXPLORE A COUPLE OF EXAMPLES.

ExAMPLE 1: POINT IN QUADRANT |
- Given \((x, v) = (3, 4)\):

1. CaLcuLaTe \(R\):

\[
R =\sQrT{3"2 + 472} = \srT{9 + 16} = \sqrT{25} =5



\]

2. COMPUTE FUNCTIONS:

-\(\sin\THETA =4/ 5 =0.8))

-\(\cos \THETA =3/ 5 =0.6\)

-\(\TAaN \THETA = 4 / 3 \APPROX 1.333\)
-\(\csc \THETA =5/ 4 =1.25))

- \(\sec \THETA = 5 / 3 \APPrOX 1.666\)
-\(\coT \THETA =3/ 4=0.75))

3. SINCE THE POINT IS IN QUADRANT |, ALL FUNCTIONS ARE POSITIVE.

ExAMPLE 2: POINT IN QUADRANT |l
- Given \((x, v) = (-5, -12)\):

1. CaLcuLaTe \(R\):

\[
R =\s@rT{(-5)"2 + (-12)"23} = \s@rT{25 + 144} = \sqrT{169} =13
\]

2. COMPUTE FUNCTIONS:

-\(\sin \THETA =-12 / 13 \aPPrOX -0.923\)

-\(\cos \THETA = -5/ 13 \APPrOX -0.385\)

-\(\TAaN\THETA =-12 /-5 = 12/5 = 2.4\) (PosITIVE IN QUADRANT III)
-\(\csc \THETA = 13 / -12 \APPROX - 1.083\)

- \(\sec \THETA = 13 / -5 \aPPrOX -2.6\)

-\Q\coT \THETA=-5/-12=5/ 12 \apProx 0.417\)

3. SIGNS ARE CONSISTENT WITH QUADRANT III: SINE, COSINE, COSECANT, AND SECANT ARE NEGATIVE; TANGENT AND
COTANGENT ARE POSITIVE.

SpeciAL CASES AND SIMPLIFICATIONS

W/HILE THE ABOVE METHODS \WORK UNIVERSALLY, SOME POINTS LEAD TO SPECIAL CASES!

POINTS ON THE AXES

- WHen \(x=0\) or \(Y=0\), SOME FUNCTIONS BECOME UNDEFINED:
- IF \(x=0\), \(\cos \tHeTA = 0\), \(\sec \THETA\) UNDEFINED.
- 1IF \(v=0\), \(\sin \THeETA = 0\), \(\csc \THETA\) UNDEFINED.

ANGLES CORRESPONDING TO STANDARD POSITIONS

- AnaLes Like \(\THeTA = 0™\ cire, 90™\cire, 180™\cIre, 270™\CIRC\) HAVE POINTS ON AXES AND LEAD TO UNDEFINED
FUNCTIONS IN SOME CASES.

SIMPLIFICATION FOR SPECIAL POINTS

- For PoINTS WHERE \(x\) AND \(Y\) ARE INTEGERS, THE FUNCTIONS OFTEN SIMPLIFY TO RATIONAL NUMBERS.



PRACTICE PROBLEMS AND SOLUTIONS

To MASTER THESE CONCEPTS, PRACTICE IS ESSENTIAL. HERE ARE SOME PROBLEMS:

ProBLEM 1:

- GIven THe PoINT \((x

FREQUENTLY AskeD QUESTIONS

\W/HAT IS THE SIGNIFICANCE OF THE POINT BEING ON THE TERMINAL SIDE OF AN ANGLE IN
STANDARD POSITION?

THE POINT ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION HELPS DETERMINE THE SINE, COSINE, TANGENT, AND OTHER
TRIGONOMETRIC FUNCTION VALUES EXACTLY, OFTEN USING COORDINATES OF THAT POINT.

How CAN | FIND THE EXACT VALUES OF THE SIX TRIGONOMETRIC FUNCTIONS GIVEN A
POINT ON THE TERMINAL SIDE OF AN ANGLE?

IDENTIFY THE COORDINATES (X, Y) OF THE POINT, COMPUTE THE HYPOTENUSE R = [f] (X2 + Y2), THEN USE THE DEFINITIONS: SINE
= v/R, COSINE = X/R, TANGENT = Y/X, COSECANT = R/Y, SECANT = R/X, AND COTANGENT = X/Y.

WHAT ARE THE SIX TRIGONOMETRIC FUNCTIONS FOR A POINT ON THE TERMINAL SIDE OF
AN ANGLE IN STANDARD POSITION?

THE SIX FUNCTIONS ARE SINE (SIN ©), COSINE (COS ©), TANGENT (TAN ©), COSECANT (CsC @), SECANT (SEC ©), AND
COTANGENT (COT ©), WHICH CAN ALL BE CALCULATED FROM THE COORDINATES OF THE POINT.

IF THE POINT ON THE TERMINAL SIDE IS (3 , 4) ;, WHAT ARE THE EXACT VALUES OF THE
SIX TRIGONOMETRIC FUNCTIONS?

FIRsT, FINDR = [F] (32+42)=05. TrHen:sine = 4/5, cose = 3/5, Tane =4/3,csce=5/4,sece =5/3,coT e =
3/4.

\NWHY IS IT IMPORTANT TO FIND THE EXACT VALUES OF THE SIX TRIGONOMETRIC
FUNCTIONS WHEN THE POINT IS ON THE TERMINAL SIDE OF AN ANGLE?

FINDING EXACT VALUES ALLOWS FOR PRECISE CALCULATIONS IN SOLVING TRIGONOMETRIC EQUATIONS AND UNDERSTANDING THE
RELATIONSHIPS BETWEEN ANGLES AND THEIR FUNCTIONS WITHOUT APPROXIMATIONS.

ADDITIONAL RESOURCES

THE PoINT Is ON THe TerMINAL SIDE OF AN ANGLE IN STANDARD PosiTioN: FIND THE EXACT VALUES OF THE SIX
TRIGONOMETRIC FUNCTIONS



INTRODUCTION

IN THE REALM OF TRIGONOMETRY, UNDERSTANDING THE RELATIONSHIPS BETWEEN ANGLES AND POINTS ON THE COORDINATE PLANE
IS FUNDAMENTAL. A KEY CONCEPT IS THE POSITION OF POINTS RELATIVE TO AN ANGLE IN STANDARD POSITION, ESPECIALLY
WHEN CONSIDERING THE SIX PRIMARY TRIGONOMETRIC FUNCTIONS: SINE, COSINE, TANGENT, COSECANT, SECANT, AND COTANGENT.
THE QUESTION OF WHETHER A POINT LIES ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION IS NOT MERE THEORETICAL
CURIOSITY—IT FORMS THE BACKBONE OF MANY APPLICATIONS ACROSS MATHEMATICS, PHYSICS, ENGINEERING, AND COMPUTER
SCIENCE.

THIS ARTICLE EXPLORES THE INTRICACIES OF POINTS LYING ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION, WITH A
FOCUS ON DERIVING THE EXACT VALUES OF THE SIX TRIGONOMETRIC FUNCTIONS. THROUGH DETAILED ANALYSIS, ILLUSTRATIVE
EXAMPLES, AND RIGOROUS MATHEMATICAL REASONING, WE AIM TO PROVIDE A COMPREHENSIVE UNDERSTANDING SUITABLE FOR
STUDENTS, EDUCATORS, AND PROFESSIONALS SEEKING CLARITY IN THIS FOUNDATIONAL TOPIC.

(UNDERSTANDING STANDARD POSITION AND THE TERMINAL SIDE

DEFINITION OF STANDARD POSITION

AN ANGLE IN STANDARD POSITION IS ONE WHOSE VERTEX IS AT THE ORIGIN (O,0) OF THE COORDINATE PLANE, WITH ITS INITIAL
SIDE ALONG THE POSITIVE X-AXIS. THE TERMINAL SIDE OF THE ANGLE IS OBTAINED BY ROTATING THE INITIAL SIDE
COUNTERCLOCKW/ISE (FOR POSITIVE ANGLES) OR CLOCKW/ISE (FOR NEGATIVE ANGLES) BY A CERTAIN MEASURE.

THE SIGNIFICANCE OF THE TERMINAL SIDE

THE TERMINAL SIDE DETERMINES THE ANGLE'S POSITION AND THE POINT ON THE COORDINATE PLANE ASSOCIATED WITH THAT
ANGLE. WHEN A POINT (X, Y) LIES ON THE TERMINAL SIDE OF AN ANGLE ©, IT ESSENTIALLY REPRESENTS THE ENDPOINT OF THE

RADIUS VECTOR FORMING THAT ANGLE, WITH THE LENGTH OF THE VECTOR BEING THE DISTANCE FROM THE ORIGIN TO THAT
POINT.

THE ROLE OF THE POINT IN TRIGONOMETRY
CooRrDINATES AND THE UNIT CIRCLE
THE UNIT CIRCLE—A CIRCLE CENTERED AT THE ORIGIN WITH RADIUS 1—1IS A CENTRAL TOOL IN TRIGONOMETRY. FOR ANY ANGLE

© IN STANDARD POSITION, THE POINT WHERE ITS TERMINAL SIDE INTERSECTS THE UNIT CIRCLE HAS COORDINATES (COS ©, SIN
@). THESE VALUES DIRECTLY GIVE THE SIX TRIGONOMETRIC FUNCTIONS:

-SIN® =Y
- cos @ =X
-TAN© =Y [/ x (wWHeN x # 0)

-csco=1/v (wHen Y #0)
-seco=1/x (wHen x #0)
-coto=x/vy (wHeN ¥ # Q)

UNDERSTANDING WHETHER A POINT LIES ON THE TERMINAL SIDE OF AN ANGLE IN THE COORDINATE PLANE ALLOWS FOR EXACT
CALCULATION OF THESE FUNCTIONS, ESPECIALLY WHEN THE POINT IS ON THE UNIT CIRCLE.

THe Core QUESTION: WHEN Is A PoINT ON THE TERMINAL SIDE?

SUPPOSE WE ARE GIVEN A POINT (X, Y) IN THE COORDINATE PLANE. HOW CAN WE DETERMINE WHETHER IT LIES ON THE TERMINAL
SIDE OF AN ANGLE IN STANDARD POSITION?



Key CRITERION:

- THE POINT (X, Y) LIES ON THE TERMINAL SIDE OF SOME ANGLE © IN STANDARD POSITION IF AND ONLY IF THE POINT IS COLINEAR
WITH THE ORIGIN (VERTEX) AND THE TERMINAL SIDE, I.E., (X, Y) LIES ALONG A LINE PASSING THROUGH THE ORIGIN.

IMPLICATION:

- THE POINT DEFINES THE DIRECTION OF THE TERMINAL SIDE, AND THE ANGLE © CAN BE FOUND USING THE ARCTANGENT OF Y/X,
PROVIDED X # O.

- THE POINT’S DISTANCE FROM THE ORIGIN (THE LENGTH OF THE RADIUS) INFLUENCES THE MAGNITUDE BUT NOT THE DIRECTION,
WHICH DETERMINES THE ANGLE.

ExACT VALUES OF THE SiX TRIGONOMETRIC FUNCTIONS FOR POINTS ON THE TERMINAL SIDE

To FIND THE EXACT VALUES OF THE SIX FUNCTIONS, THE KEY IS TO UNDERSTAND THE RELATIONSHIP BETWEEN THE POINT'S
COORDINATES AND THE CIRCLE'S RADIUS. \WHEN THE POINT IS ON THE UNIT CIRCLE, CALCULATIONS ARE STRAIGHTFORW ARD. For
POINTS NOT ON THE UNIT CIRCLE, THE PROCESS INVOLVES NORMALIZATION.

STep 1: CoNFIRM THE PoINT LIES ON THE TERMINAL SIDE

- CHeck IF (X, Y) IS PROPORTIONAL TO A POINT ON THE UNIT CIRCLE: (X / R, Y / R), WHERER = [f] (X2 + ¥2).
- |F THIS SCALED POINT IS ON THE UNIT CIRCLE, THEN THE ANGLE © CAN BE DIRECTLY DERIVED FROM THESE RATIOS.

Step 2: CALCULATE THE Rapius (R)
-R= (X2 + Y2>
STeP 3: DERIVE THE SIX TRIGONOMETRIC FUNCTIONS

-sNe =Y /R
-cose=x/Rr
-TaNe =Y [/ x (x#0)
-csco=r/vy(y#0)
-stco=r/x(x#0)
-coteo=x/v(r#0)

ExAMPLES oF ExAcT VALUE CALCULATIONS
ExaMpPLE 1: PoINT oN THE UNIT CIRCLE
Suppose (x, v) = (B 3/2,1/2)

-r=0 [(@ 3/2)2+(1/2)?]=0 [(3/4)+(1/D]=[F 1=1
-siNe=v/r=1/2

-cose=x/r=[ 3/2

-tane=(1/2) /(B 3/2)=1/F 3
-csco=1/01/2)=2

-seco=1/@ 3/2)=2/p 3

-cote=(F 3/2)/(1/2)=p 3

THIS MATCHES THE WELL-KNOWN VALUES FOR © = 30° or N/6 RADIANS.
ExAMPLE 2: PoINT NoT oN THE UNIT CIRCLE

Suppose (x, v) = (3, 4)



-r=[ (32+4%)=5

-sine=4/5
-coseo=23/5
-TAN© =4/3
-csco=5/4
-sece=5/3
-coto=23/4

THE ANGLE © IN THIS CASE HAS A TANGENT OF 4/3 CORRESPONDING TO A 53.13° or APPROXIMATELY 0.927 RADIANS.
/

SpeciAL CASES AND LIMITATIONS
\WHEN X OR Y IS ZERO

-IFx=0ANDY # 0, THEN © IS EITHER 90° or 270°, WITH THE POINT LYING ON THE Y-AXIS.
-IFy=0 AaND X # 0O, THEN © IS EITHER 0° or 180°, WITH THE POINT ON THE X-AXIS.
- THESE CASES REQUIRE CAREFUL HANDLING, ESPECIALLY WHEN COMPUTING COTANGENT OR COSECANT FUNCTIONS.

\W/HEN BOTH X AND Y ARE ZERO

- THE POINT (O, 0) IS AT THE ORIGIN, WHICH DOES NOT DEFINE AN ANGLE—THUS, TRIGONOMETRIC FUNCTIONS ARE UNDEFINED
AT THIS POINT.

IMPLICATIONS FOR TRIGONOMETRIC FUNCTION V ALUES

(UNDERSTANDING WHETHER A POINT LIES ON THE TERMINAL SIDE OF AN ANGLE ALLOWS FOR THE EXACT DETERMINATION OF ALL
SIX PRIMARY FUNCTIONS, WHICH IS CRUCIAL IN SOLVING COMPLEX TRIGONOMETRIC EQUATIONS, ANALYZING WAVE FUNCTIONS,
AND MODELING PERIODIC PHENOMENA.

APPLICATIONS AND SIGNIFICANCE

- MATHEMATICAL MODELING: PRECISE FUNCTION VALUES ARE ESSENTIAL IN PHYSICS AND ENGINEERING FOR MODELING
OSCILLATIONS, WAVE MOTION, AND SIGNAL PROCESSING.

- ANALYTICAL GEOMETRY: RECOGNIZING POINTS ON TERMINAL SIDES FACILITATES THE SOLUTION OF GEOMETRIC PROBLEMS
INVOLVING ANGLES AND DISTANCES.

- CALCULUS: DERIVATIVES AND INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS RELY ON THESE EXACT VALUES FOR
ACCURACY.

- CoMPUTER GRAPHICS: ROTATION, SHADING, AND TRANSFORMATIONS DEPEND ON PRECISE ANGULAR POSITIONS AND THEIR
FUNCTIONS.

CONCLUSION

THE QUESTION OF WHETHER A POINT LIES ON THE TERMINAL SIDE OF AN ANGLE IN STANDARD POSITION IS MORE THAN A
GEOMETRIC CURIOSITY; IT IS A GATEWAY TO THE PRECISE CALCULATION OF FUNDAMENTAL TRIGONOMETRIC FUNCTIONS. By
UNDERSTANDING THE RELATIONSHIPS BETWEEN COORDINATES, THE RADIUS, AND THE ANGLE, MATHEMATICIANS AND
PRACTITIONERS CAN DERIVE EXACT VALUES THAT UNDERPIN COUNTLESS APPLICATIONS ACROSS SCIENTIFIC DISCIPLINES.

IN SUMMARY, THE KEY STEPS INVOLVE CONFIRMING THE POINT’S POSITION RELATIVE TO THE ORIGIN, CALCULATING THE RADIUS,
AND THEN APPLYING THE RATIOS TO FIND THE SIX TRIGONOMETRIC FUNCTIONS. MASTERY OF THIS PROCESS ENHANCES ONE’S
ABILITY TO ANALYZE ANGLES AND THEIR ASSOCIATED FUNCTIONS WITH CLARITY AND RIGOR, FORMING A CORNERSTONE OF
ADVANCED MATHEMATICAL UNDERSTANDING.
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