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Understanding geometric shapes and their properties is fundamental in mathematics, especially when

working with grids and coordinate systems. When shapes are drawn on a centimetre grid, they are

represented using points with specific coordinates, which makes it easier to compare their areas,

perimeters, and other attributes. This article explores the intriguing question: Show that the triangle

and the square have the same area when both are drawn on a centimetre grid. We will examine their

properties, use coordinate geometry techniques, and provide step-by-step calculations to demonstrate

how two different shapes can have equivalent areas despite their different appearances.

---

The Importance of Coordinate Geometry in Shape Analysis

Before delving into specific shapes, it’s essential to understand the role of coordinate geometry in

analyzing shapes on a grid:

- Coordinate Plane: A two-dimensional surface where each point is defined by an ordered pair (x, y).

- Grid Representation: Shapes are drawn with vertices at specific integer coordinates, making

calculations straightforward.

- Area Calculation: Using formulas such as the Shoelace Theorem, areas of polygons can be efficiently

computed.



This approach allows precise comparison of different shapes, especially when their vertices are known.

---

Visualizing the Shapes: The Square and the Triangle

The Square

A square on a centimetre grid is a quadrilateral with all sides equal and all angles right angles. For

simplicity, consider a square with vertices at:

- A (0, 0)

- B (0, 4)

- C (4, 4)

- D (4, 0)

This square has sides of length 4 centimetres, and its area can be calculated directly:

\[

\text{Area}_{\text{square}} = \text{side}^2 = 4^2 = 16 \text{ cm}^2

\]

The Triangle

Now, consider a triangle with vertices at:

- P (0, 0)

- Q (4, 0)

- R (2, 4)

This triangle is constructed so that its base is along the x-axis from (0, 0) to (4, 0), and its apex is at



(2, 4).

---

Calculating the Area of the Square

Given the vertices of the square:

- A (0, 0)

- B (0, 4)

- C (4, 4)

- D (4, 0)

Since the sides are aligned with the axes, the area calculation is straightforward:

\[

\text{Area}_{\text{square}} = \text{length} \times \text{width} = 4 \times 4 = 16 \text{ cm}^2

\]

Alternatively, using the coordinate geometry formula for polygons (Shoelace Theorem):

\[

\text{Area} = \frac{1}{2} \left| x_1 y_2 + x_2 y_3 + x_3 y_4 + x_4 y_1 - (y_1 x_2 + y_2 x_3 + y_3 x_4 +

y_4 x_1) \right|

\]

Plugging in:

\[

\begin{aligned}

x_1 &= 0, & y_1 &= 0 \\



x_2 &= 0, & y_2 &= 4 \\

x_3 &= 4, & y_3 &= 4 \\

x_4 &= 4, & y_4 &= 0

\end{aligned}

\]

Calculating:

\[

\begin{aligned}

\text{Sum}_1 &= (0 \times 4) + (0 \times 4) + (4 \times 0) + (4 \times 0) = 0 + 0 + 0 + 0 = 0 \\

\text{Sum}_2 &= (0 \times 0) + (4 \times 4) + (4 \times 4) + (0 \times 0) = 0 + 16 + 16 + 0 = 32

\end{aligned}

\]

Thus,

\[

\text{Area} = \frac{1}{2} |0 - 32| = 16 \text{ cm}^2

\]

This confirms that the square’s area is 16 cm².

---

Calculating the Area of the Triangle

Using the vertices:

- P (0, 0)

- Q (4, 0)



- R (2, 4)

Applying the coordinate geometry formula:

\[

\text{Area} = \frac{1}{2} | x_1 (y_2 - y_3) + x_2 (y_3 - y_1) + x_3 (y_1 - y_2) |

\]

Plugging in:

\[

\begin{aligned}

x_1 &= 0, & y_1 &= 0 \\

x_2 &= 4, & y_2 &= 0 \\

x_3 &= 2, & y_3 &= 4

\end{aligned}

\]

Calculating:

\[

\begin{aligned}

\text{Area} &= \frac{1}{2} | 0 (0 - 4) + 4 (4 - 0) + 2 (0 - 0) | \\

&= \frac{1}{2} | 0 + 4 \times 4 + 0 | \\

&= \frac{1}{2} | 0 + 16 + 0 | \\

&= \frac{1}{2} \times 16 = 8 \text{ cm}^2

\end{aligned}

\]

This result indicates that the triangle has an area of 8 cm², which is exactly half the area of the

square.



---

Establishing the Relationship: The Area of the Triangle and Square

From the calculations above:

- Square Area: 16 cm²

- Triangle Area: 8 cm²

The triangle’s area is exactly half of the square’s area.

Visual Explanation

If you consider the square divided along its diagonal from (0, 0) to (4, 4), it splits into two congruent

right-angled triangles, each with an area of 8 cm². The triangle with vertices at (0, 0), (4, 0), and (2, 4)

is one such half, indicating that the triangle is exactly half the size of the square.

---

Why Do The Triangle And The Square Have The Same Area?

The core reason for the relationship lies in their geometric construction:

- The triangle is formed within the square, sharing the same base along the x-axis.

- Its vertex at (2, 4) is exactly the midpoint of the top side of the square, creating a symmetric division.

- The calculated areas confirm that the triangle occupies half the area of the square.

This proportional relationship illustrates a fundamental concept in geometry: dividing a shape along a

line connecting midpoints or symmetric points can create smaller shapes of equal or proportional

areas.



---

Generalizing the Concept

When Do Shapes Have the Same Area?

Shapes drawn on a grid can have the same area under various circumstances:

1. Similar Shapes with Different Sizes: Scaling a shape preserves the ratio of areas.

2. Decomposed Shapes: Dividing a shape into parts that are congruent or similar.

3. Constructed Shapes with Equal Area: Creating shapes with vertices chosen to ensure area equality.

Practical Applications

Understanding these concepts is crucial in:

- Design and architecture, where space optimization is key.

- Computer graphics, for shape manipulation.

- Educational settings, to teach geometric relationships.

- Engineering, particularly in material science and structural design.

---

Summary and Key Takeaways

- Both the square and the triangle were drawn on a centimetre grid, with known vertices.

- The square has an area of 16 cm², calculated directly and via the Shoelace Theorem.

- The triangle has an area of 8 cm², exactly half of the square's area.

- The relationship showcases that the triangle is formed by dividing the square along a diagonal.

- Recognizing these patterns helps in understanding the proportional relationships between different

geometric shapes.



---

Final Thoughts

The exploration of how the triangle and the square relate in terms of area highlights the power of

coordinate geometry in solving geometric problems. By analyzing vertices and applying formulas, we

can uncover relationships that might not be immediately obvious through visual inspection alone. This

understanding is foundational for advanced studies in mathematics, engineering, and design, where

precise calculations of area and shape relationships are essential.

Remember: Always verify your calculations, understand the geometric principles involved, and consider

how shapes can be subdivided or combined to explore their properties further.

---

Frequently Asked Questions

How can we prove that the triangle and the square have the same

area on a centimetre grid?

By calculating the area of each shape using the grid counts or the formulae for their areas, and

showing both results are equal.

What is the significance of drawing shapes on a centimetre grid when

comparing their areas?

It allows for precise measurement and comparison of shapes by counting the number of square

centimetres each shape covers.



If the triangle and the square are inscribed within the same grid, how

can their areas be directly compared?

By counting the number of full squares each shape covers, and verifying that both shapes cover the

same number of squares, indicating equal areas.

Can the shape's position on the grid affect the area calculation? Why

or why not?

No, because the area depends on the shape's dimensions, not its position on the grid, as long as the

shape is within the grid and measurements are accurate.

What are some common methods to show that two shapes on a grid

have equal areas?

Methods include counting the number of squares covered, decomposing shapes into smaller known

shapes, or using geometric formulas to calculate and compare their areas.

Additional Resources

The Shapes Below Are Drawn On A Centimetre Grid. Show That The Triangle And The Square Have The

Same

---

Introduction

In the realm of geometry, understanding the properties and relationships between different shapes is

fundamental. When shapes are drawn on a centimeter grid, it becomes easier to analyze their

dimensions, areas, and other geometric properties with precision. This article delves into a compelling



problem: demonstrating that a triangle and a square, drawn on such a grid, have the same area. At

first glance, these shapes appear distinct—one being a three-sided figure and the other a four-sided

one. However, through careful analysis of their dimensions and the application of geometric principles,

one can reveal an equivalence in their areas. This exploration not only enhances geometric

comprehension but also exemplifies the power of visualization and systematic calculation in

mathematical reasoning.

---

Understanding the Setup: Shapes on a Centimeter Grid

The Centimeter Grid as a Reference Framework

A centimeter grid, often used in educational settings, provides a coordinate system where each square

represents a 1 cm by 1 cm area. Such a grid simplifies measurement and calculation, enabling precise

plotting of points and the application of formulas.

The Shapes in Question

- The Triangle: Typically, in such problems, the triangle is a right-angled triangle or an equilateral

triangle, depending on the diagram provided.

- The Square: Usually a square with sides aligned to the grid lines, making its side length directly

measurable via the grid.

For the purposes of this analysis, assume the triangle is right-angled with vertices at grid points, and

the square is aligned with the grid lines, both drawn within the same coordinate system.

---

Geometric Foundations: Key Principles and Formulas



Before proceeding to the comparative analysis, it’s essential to review the primary formulas and

concepts used to calculate areas of basic shapes.

Area of a Square

The area \(A_{square}\) of a square with side length \(s\) is straightforward:

\[

A_{square} = s^2

\]

Since the square is drawn on a centimeter grid, the side length can often be directly read from the grid

markings.

Area of a Triangle

The area \(A_{triangle}\) of a triangle can be calculated using various methods, but for right-angled

triangles aligned with the grid, the simplest is:

\[

A_{triangle} = \frac{1}{2} \times \text{base} \times \text{height}

\]

Where the base and height are measured along the grid lines, making their lengths directly accessible.

Coordinate Geometry Approach

When shapes are plotted on a coordinate plane, the shoelace formula (also known as Gauss's area

formula) offers a systematic way to compute their areas:

\[



A = \frac{1}{2} \left| x_1 y_2 + x_2 y_3 + \dots + x_{n-1} y_n + x_n y_1 - ( y_1 x_2 + y_2 x_3 + \dots +

y_{n-1} x_n + y_n x_1 ) \right|

\]

This method is particularly useful when the vertices are known, and shapes are irregular or when

verifying calculations.

---

Step-by-Step Demonstration: Showing the Areas Are Equal

Step 1: Assign Coordinates to the Shapes

Suppose the square has vertices at the following points:

- \(A (0, 0)\)

- \(B (s, 0)\)

- \(C (s, s)\)

- \(D (0, s)\)

Where \(s\) is the side length in centimeters.

The triangle is drawn with vertices at:

- \(P (0, 0)\)

- \(Q (a, 0)\)

- \(R (0, b)\)

where \(a\) and \(b\) are lengths on the grid, possibly equal to \(s\), or chosen such that the areas

match.



Step 2: Calculate the Area of the Square

Using the side length:

\[

A_{square} = s^2

\]

If, for example, the square side length is 4 cm, then:

\[

A_{square} = 4^2 = 16 \text{ cm}^2

\]

Step 3: Calculate the Area of the Triangle

Using the coordinate points:

\[

A_{triangle} = \frac{1}{2} \times a \times b

\]

If the vertices are at \( (0, 0) \), \( (a, 0) \), and \( (0, b) \), then the area is as above.

Suppose \(a = 4\) and \(b = 4\), then:

\[

A_{triangle} = \frac{1}{2} \times 4 \times 4 = 8 \text{ cm}^2

\]

This indicates that, with these dimensions, the triangle's area is half the square's area.



Step 4: Adjust Dimensions to Show Equality

To demonstrate that the triangle and the square have the same area, the dimensions of the triangle

can be modified accordingly.

- Option 1: Make the triangle's area equal to the square's by choosing appropriate \(a\) and \(b\).

\[

\frac{1}{2} \times a \times b = s^2

\]

- Option 2: If the triangle is right-angled and inscribed within the square, then its legs are aligned with

the square's sides, and their lengths relate directly.

Suppose the triangle uses two sides of the square:

\[

a = s, \quad b = s

\]

then

\[

A_{triangle} = \frac{1}{2} s^2

\]

which is exactly half the area of the square. To make their areas equal, the triangle's area must be

\(s^2\), which isn't possible with a right-angled triangle inscribed this way.

Alternatively, consider the triangle's area being half the square's area, which is often the case in such

geometric problems. The key insight is that under certain configurations, shapes of different types can



share the same area, especially when their dimensions are chosen carefully.

Step 5: Geometric Construction to Equalize Areas

Suppose the problem states that the triangle is constructed within the square such that:

- The triangle's vertices lie at:

- \(A (0, 0)\),

- \(B (s, 0)\),

- \(C (0, s)\).

- The square's vertices are at:

- \(A (0, 0)\),

- \(D (s, 0)\),

- \(E (s, s)\),

- \(F (0, s)\).

In this configuration, the triangle \(ABC\) is right-angled with area:

\[

A_{triangle} = \frac{1}{2} s^2

\]

which is exactly half of the square's area.

Step 6: Showing the Shapes Have the Same Area

Given the above, the key is to recognize that:



- If the triangle's area is equal to the square's, then:

\[

A_{triangle} = A_{square}

\]

- This equality occurs when the triangle is constructed such that its area is exactly equal to the

square's. For example, by choosing the triangle to have an area of \(s^2\), which is possible if the

triangle is not confined to right angles, but rather has its vertices appropriately placed.

Alternatively, consider a different construction: If the triangle is an equilateral triangle inscribed within

the square, then its dimensions are related to the square's side, and its area can be computed

accordingly to match the square's area.

---

Analytical Validation: Using Algebraic and Geometric Reasoning

Validating Equal Areas with Explicit Examples

Suppose:

- The square has side length \(s = 4 \text{ cm}\). Its area:

\[

A_{square} = 4^2 = 16 \text{ cm}^2

\]

- The triangle has vertices at:

- \(P (0, 0)\),



- \(Q (4, 0)\),

- \(R (0, 4)\).

Area:

\[

A_{triangle} = \frac{1}{2} \times 4 \times 4 = 8 \text{ cm}^2

\]

which is half the square's area.

To make the triangle's area equal to the square's, one might consider a different triangle, possibly with

vertices:

- \(P (0, 0)\),

- \(Q (8, 0)\),

- \(R (0, 8)\).

Then:

\[

A_{triangle} = \frac{1}{2} \times 8 \times 8 = 32 \text{ cm}^2

\]

which exceeds the square's area, so this isn't suitable unless the square's size is adjusted.

Alternatively, if the triangle is an equilateral triangle with side length \(a\), its area:

\[

A_{equilateral} = \frac{\sqrt{3}}{4} a^2

\]



Setting this equal to the square's area:

\[

\frac{\sqrt{3}}{4} a^2 = s^2

\]

solving for \(a\):

\[

a = \sqrt{\frac
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