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Transforming vectors from Cartesian to spherical coordinates is a fundamental process in
vector calculus, physics, and engineering. Whether analyzing electromagnetic fields,
gravitational forces, or fluid dynamics, converting vector representations allows for easier
interpretation and calculation in systems involving radial symmetry. In this article, we will
explore how to convert a specific vector, 10ax, at a given point P(x = 3, y = ...), into its
spherical coordinate form. This comprehensive guide will cover the basics of spherical
coordinates, the step-by-step process of transformation, and practical examples to cement
your understanding.

Understanding Spherical Coordinates

Before diving into vector transformations, it is essential to understand the basics of
spherical coordinate systems and how they differ from Cartesian coordinates.

What Are Spherical Coordinates?

Spherical coordinates are a three-dimensional coordinate system used to specify the
position of a point in space relative to a fixed origin. A point P in spherical coordinates is
represented by three parameters:

r: The radial distance from the origin to the point P

θ: The polar angle (measured from the positive z-axis)

φ: The azimuthal angle (measured from the positive x-axis in the xy-plane)

In notation, a point P is expressed as (r, θ, φ).

Conversion from Cartesian to Spherical Coordinates

Given a point P(x, y, z), the conversion formulas are:



r = √(x² + y² + z²)

θ = arccos(z / r), for r ≠ 0

φ = arctangent(y / x), with considerations for the quadrant

These formulas allow us to convert the position vector of a point from Cartesian to spherical
coordinates.

Transforming Vectors from Cartesian to Spherical
Coordinates

Transforming a vector involves expressing its components in the basis vectors associated
with the spherical coordinate system: e_r, e_θ, and e_φ.

Basis Vectors in Spherical Coordinates

The unit vectors in spherical coordinates are related to Cartesian axes as follows:

e_r: Radial direction, pointing outward from the origin

e_θ: Polar direction, pointing downward along the θ angle

e_φ: Azimuthal direction, perpendicular to both e_r and e_θ

Their Cartesian components are:

- e_r = sinθ cosφ i + sinθ sinφ j + cosθ k
- e_θ = cosθ cosφ i + cosθ sinφ j - sinθ k
- e_φ = -sinφ i + cosφ j

Transforming a Vector Given in Cartesian Coordinates

Suppose we have a vector V expressed in Cartesian components as:

V = Vx i + Vy j + Vz k

To convert V into spherical coordinates, follow these steps:

1. Determine the spherical coordinates (r, θ, φ) for the point of interest.



2. Compute the basis vectors e_r, e_θ, and e_φ at that point.
3. Express V in the basis of these vectors:

V = V_r e_r + V_θ e_θ + V_φ e_φ

4. Find the components V_r, V_θ, and V_φ by projecting V onto each basis vector:

V_r = V • e_r

V_θ = V • e_θ

V_φ = V • e_φ

---

Practical Example: Transforming the Vector 10ax
at Point P(x=3, y=...)

Let's now consider a real-world example to illustrate the transformation process.

Given Data and Assumptions

- The vector V = 10 a_x, which means Vx = 10, Vy = 0, Vz = 0.
- The point P has Cartesian coordinates: x = 3, y = y_value (to be specified), and z =
z_value (assuming z=0 unless specified).
- For simplicity, assume the point P(x=3, y=0, z=0).

Step 1: Find Spherical Coordinates of P

Using the formulas:

- r = √(x² + y² + z²) = √(3² + 0 + 0) = 3
- θ = arccos(z / r) = arccos(0 / 3) = π/2 radians (90 degrees)
- φ = arctangent(y / x) = arctangent(0 / 3) = 0

Step 2: Determine Basis Vectors at P

At (x=3, y=0, z=0):

- e_r = sinθ cosφ i + sinθ sinφ j + cosθ k

Plugging in:



sinθ = sin(π/2) = 1

cosφ = cos(0) = 1

sinφ = sin(0) = 0

cosθ = cos(π/2) = 0

So,

e_r = 1 1 i + 1 0 j + 0 k = i

- e_θ = cosθ cosφ i + cosθ sinφ j - sinθ k

cosθ = 0, so:

e_θ = 0 1 i + 0 0 j - 1 k = -k

- e_φ = -sinφ i + cosφ j = -0 i + 1 j = j

Step 3: Project the Vector onto Spherical Basis

Given V = 10 i + 0 j + 0 k:

- V_r = V • e_r = (10 i) • (i) = 10 1 + 0 + 0 = 10
- V_θ = V • e_θ = (10 i) • (–k) = 0 (since i • k = 0)
- V_φ = V • e_φ = (10 i) • j = 0 (since i • j = 0)

Result: Vector Components in Spherical Coordinates

At point P:

- V in spherical components is:

V = V_r e_r + V_θ e_θ + V_φ e_φ = 10 i + 0 j + 0 k

which, in spherical components, is:

- Radial component (V_r): 10
- Polar component (V_θ): 0
- Azimuthal component (V_φ): 0

This indicates the vector points purely in the radial direction at this point.

---



Conclusion

Transforming vectors from Cartesian to spherical coordinates is a crucial skill in many
scientific and engineering disciplines. The process involves understanding the coordinate
basis vectors, calculating the point’s spherical coordinates, and projecting the original
Cartesian vector onto the spherical basis vectors. By following the step-by-step instructions
and applying the formulas accurately, you can convert any vector at any point in space into
its spherical coordinate components.

This method offers a clearer understanding of vector behavior in systems with spherical
symmetry, such as gravitational fields, electromagnetic waves, or fluid flow around
spherical objects. Practice with different vectors and points will enhance your proficiency,
making complex three-dimensional problems more manageable and insightful.

Whether you are a student, researcher, or professional, mastering vector transformations to
spherical coordinates opens doors to more advanced analysis and problem-solving in the
physical sciences and engineering fields.

Frequently Asked Questions

What is the general process to convert a vector from
Cartesian to spherical coordinates at a given point?
To convert a vector from Cartesian to spherical coordinates at a point, you find the
spherical basis vectors and project the Cartesian vector onto these basis vectors, typically
involving calculating the radial distance r, polar angle θ, and azimuthal angle φ, then
expressing the vector components accordingly.

How do you find the spherical coordinates (r, θ, φ) for
the point P(3, y)?
Since only x=3 and y are provided, you need the y-coordinate to compute r = √(x² + y² +
z²), θ = arccos(z/r), and φ = arctan(y/x). Without z, assumptions or additional info are
necessary.

Given the vector 10ax at point P(3, y, z), how do you
express this vector in spherical coordinates?
Express the Cartesian unit vectors (ax, ay, az) in terms of spherical unit vectors (er, eθ, eφ)
at point P, then project the vector onto these directions to obtain its spherical components.

What is the significance of the basis vectors in
converting vectors to spherical coordinates?
Basis vectors in spherical coordinates (er, eθ, eφ) define the directions of the coordinate



axes at each point, allowing the Cartesian vector components to be expressed in terms of
these directions for easier analysis.

How does the given vector 10ax transform into
spherical coordinates at point P?
Transform the Cartesian unit vector ax into spherical components by expressing it as a
combination of er, eθ, and eφ basis vectors at the point, then multiply by the scalar
magnitude 10.

What additional information is needed to fully convert
the vector at P(3, y) to spherical coordinates?
The y and z coordinates are needed to determine the position vector and angles; without z,
the conversion cannot be completed accurately.

How do the angles θ and φ relate to the position vector
in spherical coordinates?
θ (polar angle) measures the inclination from the positive z-axis, while φ (azimuthal angle)
measures the rotation around the z-axis from the x-axis; together, they define the direction
of the position vector.

Can you convert a vector at a specific point without
knowing the point's z-coordinate?
No, because the z-coordinate is necessary to compute the radial distance and the angles,
which are essential for converting vectors to spherical coordinates.

What is the role of the magnitude 10 in the vector 10ax
when transforming to spherical coordinates?
The magnitude 10 scales the unit vector ax, so after expressing ax in spherical basis
vectors, this scalar multiplies those components to give the vector's spherical
representation.

Is it necessary to know the complete Cartesian
coordinates for the point P to perform the
transformation?
Yes, knowing all three coordinates (x, y, z) is essential to accurately compute the spherical
coordinates and transform the vector appropriately.



Additional Resources
Transform The Following Vectors To Spherical Coordinates At The Points Given: (a) 10a_x at
P(x = 3, y = __)

Understanding how to transform vectors from Cartesian to spherical coordinates is a
fundamental skill in vector calculus, physics, and engineering. Whether you're analyzing
electromagnetic fields, navigating in 3D space, or solving partial differential equations,
mastering this transformation allows for a more intuitive grasp of spatial relationships and
simplifies many complex calculations. In this guide, we'll break down the process step-by-
step, focusing specifically on transforming the vector 10a_x at a given point P(x=3, y=...) to
spherical coordinates.

---

Introduction to Coordinate Systems

Before delving into the transformation process, let's briefly review the two coordinate
systems involved:

Cartesian Coordinates (x, y, z)

- The most familiar system, where each point in space is defined by its distances along
mutually perpendicular axes:
- x-axis
- y-axis
- z-axis

Spherical Coordinates (r, θ, φ)

- A coordinate system that describes a point in space by:
- r: the distance from the origin to the point
- θ (theta): the angle between the positive z-axis and the line connecting the origin to the
point (polar angle)
- φ (phi): the angle between the positive x-axis and the projection of the point onto the xy-
plane (azimuthal angle)

---

Why Convert Vectors to Spherical Coordinates?

Transforming vectors to spherical coordinates has several advantages:

- Simplifies the analysis of radially symmetric fields
- Facilitates calculations involving angular dependencies
- Provides a more natural framework for physical phenomena like wave propagation,
gravitational fields, and electromagnetic radiation

---

Step 1: Understanding the Vector in Cartesian Coordinates



Our given vector is:

V = 10a_x

- It's a constant vector with magnitude 10 pointing along the x-axis
- At point P(x=3, y=...), the vector's position is specified, but the vector itself is uniform and
points along the x-direction

---

Step 2: Find the Coordinates of Point P

Suppose the problem states P(x=3, y=Y, z=Z). Since the y-coordinate isn't specified in the
prompt, let's assume the point P is at:

- x = 3
- y = y₀ (some known value)
- z = z₀ (some known value)

For illustration, let’s assume:

- P(3, y=2, z=4)

Note: You should replace these with actual values given in your specific problem.

---

Step 3: Convert Point P from Cartesian to Spherical Coordinates

The formulas for the transformation are:

\[
r = \sqrt{x^2 + y^2 + z^2}
\]
\[
\theta = \arccos\left( \frac{z}{r} \right)
\]
\[
\phi = \arctan2(y, x)
\]

Calculating r

Given x=3, y=2, z=4,

\[
r = \sqrt{3^2 + 2^2 + 4^2} = \sqrt{9 + 4 + 16} = \sqrt{29} \approx 5.385
\]

Calculating θ (polar angle)



\[
\theta = \arccos\left( \frac{z}{r} \right) = \arccos\left( \frac{4}{5.385} \right) \approx
\arccos(0.743) \approx 42.1^\circ \text{ or } 0.735 \text{ radians}
\]

Calculating φ (azimuthal angle)

\[
\phi = \arctan2(y, x) = \arctan2(2, 3) \approx 33.7^\circ \text{ or } 0.589 \text{ radians}
\]

---

Step 4: Convert the Vector from Cartesian to Spherical Basis

A vector in Cartesian coordinates V = V_x a_x + V_y a_y + V_z a_z can be transformed into
spherical basis vectors (a_r, a_θ, a_φ) using the following relationships:

\[
a_x = \sin \theta \cos \phi \, a_r + \cos \theta \cos \phi \, a_θ - \sin \phi \, a_φ
\]
\[
a_y = \sin \theta \sin \phi \, a_r + \cos \theta \sin \phi \, a_θ + \cos \phi \, a_φ
\]
\[
a_z = \cos \theta \, a_r - \sin \theta \, a_θ
\]

Conversely, the Cartesian basis vectors can be expressed in terms of spherical basis
vectors:

\[
a_r = \sin \theta \cos \phi \, a_x + \sin \theta \sin \phi \, a_y + \cos \theta \, a_z
\]
\[
a_θ = \cos \theta \cos \phi \, a_x + \cos \theta \sin \phi \, a_y - \sin \theta \, a_z
\]
\[
a_φ = - \sin \phi \, a_x + \cos \phi \, a_y
\]

---

Step 5: Express the Vector in Spherical Coordinates

Since V = 10 a_x, the components are:

- \( V_x = 10 \)
- \( V_y = 0 \)
- \( V_z = 0 \)



Express V in the (a_r, a_θ, a_φ) basis:

\[
V = V_r a_r + V_θ a_θ + V_φ a_φ
\]

where:

\[
V_r = V_x \sin \theta \cos \phi + V_y \sin \theta \sin \phi + V_z \cos \theta
\]
\[
V_θ = V_x \cos \theta \cos \phi + V_y \cos \theta \sin \phi - V_z \sin \theta
\]
\[
V_φ = - V_x \sin \phi + V_y \cos \phi
\]

Substituting the known values:

\[
V_x = 10, \quad V_y = 0, \quad V_z = 0
\]

and previously calculated angles:

\[
\sin \theta \approx \sin(42.1^\circ) \approx 0.671
\]
\[
\cos \theta \approx 0.743
\]
\[
\sin \phi \approx \sin(33.7^\circ) \approx 0.555
\]
\[
\cos \phi \approx 0.832
\]

Now, compute each component:

Radial component \(V_r\):

\[
V_r = 10 \times 0.671 \times 0.832 + 0 + 0 = 10 \times 0.558 \approx 5.58
\]

θ component \(V_θ\):

\[
V_θ = 10 \times 0.743 \times 0.832 + 0 - 0 = 10 \times 0.618 \approx 6.18



\]

φ component \(V_φ\):

\[
V_φ = -10 \times 0.555 + 0 = -5.55
\]

---

Final Result:

The vector 10a_x at point P(3, 2, 4) in spherical coordinates is approximately:

\[
\boxed{
V \approx 5.58\, a_r + 6.18\, a_θ - 5.55\, a_φ
}
\]

---

Additional Considerations and Tips

1. Handling Different Points

If the point P varies, simply repeat the process:

- Calculate r, θ, φ for the new point
- Use the same transformation formulas for the vector components

2. Unit Vectors and Basis Transformation

Remember that the basis vectors a_r, a_θ, a_φ are functions of position; they change
direction depending on the point in space. Therefore, when transforming vectors, always
account for the specific location.

3. Vector Magnitude

The magnitude of the vector in spherical form can be found via:

\[
|V| = \sqrt{V_r^2 + V_θ^2 + V_φ^2}
\]

which, in our example, is:

\[
|V| \approx \sqrt{(5.58)^2 + (6.18)^2 + (-5.55)^2} \approx \sqrt{31.14 + 38.10 + 30.80}
\approx \sqrt{100.04} \approx 10.0
\]



This confirms our expectations since the original vector magnitude was 10.

4. Practical Applications

- Electromagnetism: Analyzing electric and magnetic fields
- Fluid Dynamics: Studying flow patterns around spherical objects
- Astronomy: Describing positions and velocities
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