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Introduction

Games involving strategic removal of stones have long fascinated
mathematicians, game theorists, and casual players alike. These games are not
just entertaining but serve as excellent tools to understand mathematical
concepts such as combinatorics, recursion, and the theory of impartial games.
A classic variation involves two friends taking turns removing stones from a
pile with specific restrictions on the number of stones they can take each
turn.

One particularly intriguing version is where each player can remove any
number of stones except 4 or a specified number, say 3. The question then
becomes: what is the optimal strategy for each player, and which player has
the winning advantage given the initial number of stones? This article delves
into this game, exploring its rules, analyzing its strategies, and providing
insights into how to determine winning and losing positions.
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Understanding the Game Mechanics

Basic Rules

- The game starts with a pile of stones, with the initial number denoted as
N.
- Two players alternate turns.
- On each turn, a player can remove any number of stones, with the exception
of removing exactly 4 stones or a specified number, such as 3.
- The game continues until no stones remain.
- The player who makes the last move, removing the last stone(s), wins.



Example Scenario

Suppose the starting pile contains 20 stones. Players alternate turns,
removing any number of stones except 4 or 3. On each turn, a player chooses
how many stones to take, avoiding these prohibited quantities. The game
continues until the stones are exhausted, and the winner is the one who takes
the last stone(s).

---

Analyzing the Game: Strategy and Mathematical
Approach

Why Analyze Such Games?

Studying these variations helps understand fundamental principles of game
theory, including:

- Identifying winning and losing positions.
- Developing algorithms for optimal play.
- Understanding the impact of restrictions on game outcomes.

Defining Winning and Losing Positions

- Winning Position: A position where the player to move can force a win with
perfect play.
- Losing Position: A position where the player to move cannot avoid losing if
the opponent also plays optimally.

In our game, the goal is to classify each pile size N as either winning or
losing.

Approach to Analysis

The typical method involves:

- Working backward from the base case (0 stones).
- Using recursion to determine the nature of each position.
- Considering all possible moves from each position.

---



Step-by-Step Analysis of the Game with
Exclusion of 4 and 3

Base Cases

- When N = 0, the game is over; the last player to make a move wins. Since no
moves are possible, the position is a losing position for the player to move.

Small Values of N

Let’s analyze positions for small N:

- N=1: The only move is to take 1 stone (allowed). After that, the opponent
faces 0 stones (losing). So, N=1 is a winning position.
- N=2: Moves include taking 1 or 2 stones (since removing 3 or 4 is
forbidden). Removing 1 leaves N=1 (winning), removing 2 leaves N=0 (losing).
Since the player can remove 2 stones and leave the opponent with 0 (a losing
position), N=2 is a winning position.
- N=3: Cannot remove 3 stones (forbidden). Possible move: remove 1 or 2
stones.
- Remove 1: leaves N=2 (winning for opponent).
- Remove 2: leaves N=1 (winning for opponent).

Since all options leave the opponent in a winning position, N=3 is a losing
position.
- N=4: Forbidden to remove 4 stones. Allowed moves: 1, 2, or 3 stones.
- Remove 1: leaves N=3 (losing for opponent). So, N=4 is a winning position.
- N=5:
- Remove 1: leaves N=4 (winning for opponent).
- Remove 2: leaves N=3 (losing for opponent).
- Remove 3: leaves N=2 (winning for opponent).

Since the player can reduce N=5 to 3 (a losing position for opponent), N=5 is
winning.

By continuing this process, we can classify larger N:

| N | Position Type | Reasoning |
|---|----------------|------------|
| 0 | Losing | No moves possible |
| 1 | Winning | Remove 1 to reach 0 (losing) |
| 2 | Winning | Remove 2 to reach 0 |
| 3 | Losing | All moves lead to winning positions for opponent |
| 4 | Winning | Remove 1 to reach 3 (losing) |
| 5 | Winning | Remove 2 to reach 3 (losing) |
| 6 | Winning | Remove 1 or 2 to reach 5 or 4 (both winning, so check



further) |
| 7 | ? | Continue similar analysis |

This systematic approach enables us to identify the pattern of winning and
losing positions.
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Pattern Recognition and General Strategy

Identifying Patterns in Winning and Losing Positions

From the previous analysis, a pattern emerges:

- Positions where N is a multiple of 5 tend to be losing positions.
- Positions where N mod 5 ≠ 0 are winning positions because you can always
move to a multiple of 5 (a losing position for the opponent).

Verification:

- N=5: Losing position.
- N=10: Similar analysis shows it's a losing position.
- N=15, 20, etc., follow the same pattern.

Conclusion:

- Losing positions are those where N is divisible by 5.
- Winning positions are those where N mod 5 ≠ 0.

This pattern holds under the restriction of not being able to remove 3 or 4
stones, given the initial analysis.

Implications for Players

- If the initial number of stones N is divisible by 5, the first player is at
a disadvantage if the second player plays optimally.
- Conversely, if N mod 5 ≠ 0, the first player can force a win by playing
optimally and moving to a multiple of 5.

---



Optimal Strategies for Both Players

When the First Player Has a Winning Position

- The first player should remove a number of stones that leaves the pile at a
multiple of 5.
- For example, if N=12, then removing 2 stones leaves 10, which is a multiple
of 5.
- After that, the first player can always respond to the second player's move
by adjusting their removal to restore the pile to a multiple of 5.

When the First Player Has a Losing Position

- If N is divisible by 5 at the start, the first player is at a disadvantage.
- The second player can then apply the same strategy: always remove stones to
leave the first player with a multiple of 5.
- Ultimately, the second player will win with perfect play.

Sample Move Strategy

- If N mod 5 ≠ 0: Remove N mod 5 stones.
- If N mod 5 = 0: No winning move; the opponent can force a win if they play
optimally.
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Real-World Applications and Variations

Educational Value

This game exemplifies key concepts in mathematical game theory, including:

- Modular arithmetic
- Recursive strategy
- Pattern recognition in combinatorial games

It can be used as a teaching tool to help students understand these concepts
in an engaging way.



Variations of the Game

You can modify the game in various ways to increase its complexity:

- Changing the forbidden number(s): e.g., exclude 2 and 5 instead of 3 and 4.
- Varying initial pile sizes.
- Introducing multiple forbidden moves simultaneously.
- Allowing players to remove up to a maximum number of stones per turn, with
certain restrictions.

These variations can serve as advanced exercises in strategic thinking and
algorithm design.

---

Conclusion

The game of two friends taking turns removing stones with restrictions such
as excluding 4 or 3 reveals deep insights into combinatorial game theory. By
analyzing the positions using recursion and pattern recognition, players can
determine optimal strategies and predict outcomes based on the initial number
of stones. Recognizing that positions where N is divisible by 5 are losing
positions enables players to make strategic moves to secure victory.

Understanding such games enhances problem-solving skills and provides a
foundation for more complex strategic games and algorithms. Whether used as
an educational tool or as a recreational challenge, this game illustrates the
beauty of mathematical reasoning in seemingly simple competitive

Frequently Asked Questions

What is the main objective of the game where two
friends take turns removing stones, with
restrictions on the number they can remove?
The main objective is to be the player who removes the last stone from the
pile, adhering to the rules about how many stones can be taken each turn.

What are the typical rules regarding the number of
stones that can be taken in each turn?
In this game, players can take any number of stones except 4, meaning they
can remove 1, 2, 3, 5, 6, etc., but not 4 in a single turn.



How does the restriction of not being able to take 4
stones influence the strategy of the game?
This restriction creates specific losing and winning positions, as players
need to avoid leaving their opponent a position where only multiples of
certain numbers remain, especially considering the inability to remove 4,
which affects optimal move calculations.

Is there a known pattern or mathematical strategy to
determine the winning moves in this game?
Yes, by analyzing the game using backward induction and identifying 'safe'
positions, players can develop strategies based on the concept of winning and
losing positions, often involving modular arithmetic or pattern recognition
related to the number of stones.

How can players identify if they are in a winning or
losing position during the game?
Players evaluate the current number of stones and determine if they can make
a move that leaves the opponent in a losing position; positions from which no
safe move exists are considered losing positions, while those with at least
one safe move are winning positions.

Are there variations of this game with different
restrictions, and how do they compare?
Yes, variations include different forbidden moves or restrictions on the
number of stones that can be taken, which significantly change the strategy
and complexity; analyzing these helps understand the impact of move
limitations on game outcomes.

What practical tips can players use to improve their
chances of winning in this game?
Players should memorize key positions, plan their moves ahead considering the
restrictions, and aim to leave their opponent in a losing position by
controlling the remaining number of stones, especially avoiding leaving a
multiple of certain numbers that favor the opponent.

Additional Resources
Game Strategy Analysis: Two Friends Are Playing A Game – At Every Turn, Each
Player Can Take Any Number Of Stones Except 4

---



In the realm of combinatorial games, few puzzles evoke as much strategic
intrigue as variants involving simple rules yet complex decision trees. One
such captivating game is where two friends alternately remove stones from a
pile, with the constraint that they cannot remove exactly four stones on
their turn. This seemingly straightforward rule introduces a rich layer of
strategic depth, prompting players to think several moves ahead to guarantee
victory.

In this detailed analysis, we explore the mechanics, mathematical
underpinnings, optimal strategies, and potential variations of this game.
Whether you're a game enthusiast, a mathematics lover, or someone interested
in strategic thinking, this article aims to provide comprehensive insights
into this fascinating game.

---

Understanding the Core Mechanics

Basic Rules and Setup

The game begins with a single pile of stones—say, N stones. Two players
(often referred to as Player 1 and Player 2) take turns removing stones from
the pile. The key rule is:

- On each turn, a player may remove any number of stones, except exactly
four.

This simple restriction significantly influences the strategic landscape. For
example, removing 1, 2, 3, 5, 6, 7, etc., are all permissible, but removing
exactly 4 stones is forbidden.

The game proceeds until the pile is empty. The player who takes the last
stone(s) wins, assuming standard normal play rules.

Implications of the "No 4" Rule

The restriction against removing exactly four stones introduces a unique
twist. It prevents players from consistently reducing the pile by a fixed
amount of four, thus eliminating a straightforward "subtract 4" strategy
common in some variants. This rule essentially creates "forbidden moves" that
players must avoid, impacting the formation of winning and losing positions.

Understanding how this restriction affects the game's structure is crucial.
It necessitates analyzing the positions from the end (i.e., when few stones
remain) backwards to determine which positions are winning or losing for the



player about to move.

---

Mathematical Foundations and Strategy
Development

Defining Winning and Losing Positions

In combinatorial game theory, positions are classified as:

- Winning positions: Positions where the player about to move can force a win
with optimal play.
- Losing positions: Positions where the player about to move cannot force a
win if the opponent plays optimally.

To analyze the game, we employ backward reasoning—starting from the end
states and moving towards the initial position.

Analyzing Small Cases

Let's examine the game starting from small values of N to identify patterns.

- N=0: No stones left. The player to move cannot make any move, hence this is
a losing position.

- N=1: The player can remove 1 stone (allowed), leaving 0 for the opponent.
So, this position is winning.

- N=2: Remove 2 stones; leaves 0; winning.

- N=3: Remove 3 stones; leaves 0; winning.

- N=4: Removing 4 stones is forbidden. No other options; so the current
player cannot move. Position is losing.

- N=5: Can remove 1, 2, 3, 5 (since removing 5 is possible only if N ≥ 5).
Removing 1 leaves 4 (which is forbidden), removing 2 leaves 3, removing 3
leaves 2, removing 5 leaves 0.

- Removing 1: leaves 4, which is forbidden for the opponent's turn. So, the
opponent faces a position where they cannot move; thus, current move is good.

- Removing 2: leaves 3, which is winning for the opponent (as we've seen), so



it's bad.

- Removing 3: leaves 2, which is winning for the opponent; bad.

- Removing 5: leaves 0, which is winning for the current player.

Since there are moves leading the opponent into losing positions (like
removing 1 leaves 4, which is forbidden for the opponent), the current
position (N=5) is winning.

By systematically analyzing these small values, we can classify positions and
identify a pattern.

Pattern Recognition and Generalization

From the initial analysis, the key observations are:

- Positions where the number of stones is 0 or 4 are losing positions.

- Positions with fewer stones than 4, specifically 1, 2, 3, are winning
because the current player can remove all remaining stones.

- The position N=4 is a losing position because no move is allowed.

- For N=5, since removing 1, 2, 3, or 5 stones can lead to a winning position
for the current player, N=5 is winning.

Continuing this process further, a pattern emerges:

- Positions where N mod 5 == 0 are losing positions.

- Positions where N mod 5 != 0 are winning positions.

Why does this pattern hold?

Because:

- From any position N, the allowed moves are removing any number of stones
except 4.

- For positions where N mod 5 == 0, all moves (except removing 4, which is
not allowed) lead to positions where N mod 5 ≠ 0, which are winning positions
for the opponent.

- Conversely, from positions where N mod 5 ≠ 0, the current player can make a
move that leaves the opponent with N mod 5 == 0, thus forcing the opponent
into a losing position.

This pattern aligns with the initial analysis and is consistent with the



rules.

---

Optimal Strategies and Gameplay Tips

Key Takeaways for Players

Based on the pattern established, the optimal strategy hinges on maintaining
control over the N mod 5 value.

For the Player going first:

- If the initial number of stones N is not divisible by 5, aim to make moves
that leave the pile with a multiple of 5 stones for the opponent. This can be
achieved by removing k stones, where k is N mod 5, provided k ≠ 4.

- If N mod 5 == 0 initially, the first player is in a losing position if the
opponent plays optimally, assuming perfect play.

For the Player going second:

- Aim to respond to the first player's move by returning the pile to a
multiple of 5, thus maintaining a winning position.

Step-by-Step Strategy Example

Suppose the initial pile has N=12 stones:

- Since 12 mod 5 = 2, the first player should remove 2 stones, leaving 10
(which is a multiple of 5).

- The opponent will then try to disrupt this pattern, but as long as the
first player continues to respond by removing stones to maintain the multiple
of 5, they can force a win.

- When the pile reduces to 5, the player can take all remaining stones and
win.

Important: The only forbidden move is removing exactly 4 stones, so players
must plan their moves to avoid this.

---



Variations and Their Effects

The game's dynamics can change significantly with slight modifications:

Allowing Removal of 4 Stones

- If players are permitted to remove exactly 4 stones, the pattern shifts,
and the strategy must be re-analyzed.

- The positions where N mod 5 == 0 might no longer be losing; instead, the
game resembles classic subtraction games, and the analysis involves different
modular patterns.

Changing the Forbidden Move

- For example, forbidding removal of 3 stones instead of 4 alters the
structure.

- Each variation requires a fresh analysis, often involving similar backward
reasoning and pattern detection.

Multiple Piles or Different Starting Sizes

- Extending the game to multiple piles introduces complexity akin to Nim
variants.

- The core principles remain similar, but the analysis involves the XOR of
pile sizes and more advanced combinatorial game theory.

---

Educational and Entertainment Value

This game exemplifies how simple rules can generate rich strategic
complexity, making it a valuable educational tool:

- Mathematics Education: Demonstrates concepts of modular arithmetic,
patterns, and backward reasoning.

- Game Design: Serves as a template for designing engaging, rule-based games
with strategic depth.



- Puzzle Solving: Encourages players to think several moves ahead and develop
pattern recognition skills.

In summary, "Two friends are playing a game where at every turn, each can
take any number of stones except four" is an elegant example of a
combinatorial game rooted in modular arithmetic. Recognizing the significance
of positions where N mod 5 == 0 as losing positions enables players to
formulate optimal strategies, transforming the game from chance to skill-
based mastery.

---

Final Thoughts

This game underscores a fundamental principle in strategic gameplay: simple
restrictions can create complex decision trees. By understanding the
mathematical patterns—particularly the importance of modular
arithmetic—players can tip the scales in their favor. Whether you’re a casual
gamer or a mathematical enthusiast, mastering this game offers both
entertainment and a deeper appreciation for the beauty of combinatorial
logic.

For game designers, such a structure
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