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2x + Sinx Has No specific property, such as no zeros, no local maxima, or no points of certain
behaviors, is a common problem in calculus that tests understanding of fundamental theorems like
Rolle's and the Mean Value Theorem (MVT). These theorems are powerful tools in analysis for
understanding the behavior of differentiable functions, especially in relation to their roots, extrema,
and slopes. In particular, for the function \( F(x) = 2x + \sin x\), applying these theorems can reveal
important insights about its monotonicity, critical points, and zeros. This article explores how to use
Rolle's Theorem and the MVT to analyze \( F(x) \) and demonstrate a specific property—most notably,
showing that \( F(x) \) has no zeros or no certain types of extrema—by leveraging the properties of
the function's derivatives and the theorems' conditions.

Understanding Rolle's Theorem and the Mean Value
Theorem

What Is Rolle's Theorem?

Rolle's Theorem states that if a function \( f\) is continuous on a closed interval \([a, b]\),
differentiable on the open interval \((a, b)\), and satisfies \( f(a) = f(b) \), then there exists at least one
point \( c\in (a, b) \) such that

\[

f'(c) = 0.

\]

This theorem guarantees a horizontal tangent at some point within the interval when the function's
values at the endpoints are equal.

What Is the Mean Value Theorem?

The Mean Value Theorem extends Rolle's Theorem. If \( f\) is continuous on \([a, b]\) and
differentiable on \((a, b)\), then there exists at least one \( ¢ \in (a, b) \) such that

\[

f'(c) = \frac{f(b) - f(a)}{b - a}.

\]

This means the instantaneous rate of change (the derivative) at some point equals the average rate
of change over the interval.



Applications of These Theorems

These theorems are instrumental in:

- Proving the existence of critical points (maxima, minima).

- Showing whether a function is monotonic.

- Demonstrating the absence of zeros or extrema under certain conditions.
- Establishing properties of functions based on their derivatives.

Analyzing the Function \( F(x) = 2x + \sin x\)

Properties of \( F(x) \)

Let's examine the function:

\[

F(x) = 2x + \sin x.

\]

- Continuity and differentiability: Since \( F(x) \) is a sum of polynomial and sine functions, it is
continuous and differentiable everywhere on \( \mathbb{R} \).

- Derivative: The first derivative is

\[

F'(x) = 2 + \cos x.

\]

- Second derivative: To analyze the concavity and critical points,
\[

F"(x) = -\sin x.

\]

Behavior of \( F'(x) \) and \( F"'(x) \)

- The derivative \( F'(x) = 2 + \cos x \) oscillates between:
\[

2-1=1\quad\text{and}\quad 2 + 1 = 3,

\]

since \( \cos x \in [-1, 1]\).

- Because \( F'(x) \geq 1) for all real \( x\), the derivative is always positive, indicating that \( F(x) \) is
strictly increasing on \( \mathbb{R} \).

- The second derivative \( F"'(x) = -\sin x\) oscillates between \( -1 \) and \( 1\), which affects the
concavity but not the monotonicity—since \( F'(x) \) never becomes zero or negative, the function
does not change from increasing to decreasing.



Applying the Mean Value Theorem to \( F(x) \)

Establishing Monotonicity

Because \( F'(x) \geq 1 > 0) for all \( x\), the function \( F\) is strictly increasing across the entire
real line. By the Mean Value Theorem, for any \( a, b \in \mathbb{R} \), with\(a < b)),

\[

F(b) - F(a) = F'(c)(b - a),

\]

for some \( c\in (a, b) \). Since \( F'(c) \geq 1), it follows that

\[

F(b) - F(a) \geq (b -a) > 0,

\]

meaning \( F(x) \) increases strictly as \( x \) increases. This is a crucial insight: the function has no
local maxima or minima, and the derivative's positivity prevents the function from decreasing.

Implication for Zeros of \( F(x) \)

Suppose, for the sake of contradiction, that \( F(x) \) has a zero at some point \( x_0\):

\[

F(x_0) = 0 \Rightarrow 2x_0 + \sin x_0 = 0.

\]

Given \( F\) is strictly increasing, it can cross zero only once. To check whether such \( x 0 ) exists,
consider the behavior at \( x \to -\infty \) and \( x \to +\infty \):

- As \( x \to -\infty \), \( 2x + \sin x \to -\infty \).

- As \( x \to +\infty \), \( 2x + \sin x \to +\infty \).

Since \( F\) is continuous and strictly increasing, by the Intermediate Value Theorem, it must cross
zero exactly once, i.e., \( F\) has exactly one root.

Using Rolle's Theorem to Confirm No Multiple Zeroes or
Extrema

Why \( F(x) \) Has Exactly One Zero

Given the monotonicity established by the positivity of \( F'(x) \), the function cannot have multiple
zeros or local maxima/minima. Rolle's Theorem states that if \( F \) had two zeros \( x_1\) and \( x_2
\), with \( x_1 < x_2), then there exists some \( c \in (x_1, x_2)\) such that

\[
F'(c) = 0.

\]

But \( F'(x) = 2 + \cos x \geq 1), so \( F'(c) \neq 0 ) for any \( c\). This contradiction confirms that \(



F(x) \) can have only one zero.

Conclusion on the Behavior of \( F(x) \)

- The function is strictly increasing everywhere.

- It crosses zero exactly once.

- It has no local maxima or minima, since the derivative never vanishes or becomes negative.

- The function’s zero can be uniquely determined, at least numerically, by solving \( 2x + \sin x = 0\).

Summary: The Power of Rolle's and the Mean Value
Theorems

The analysis of \( F(x) = 2x + \sin x'\) showcases the effectiveness of Rolle's Theorem and the Mean
Value Theorem in understanding the qualitative behavior of functions. The key steps involve:

- Computing the derivative \( F'(x) \).

- Recognizing that \( F'(x) \geq 1), ensuring strict monotonicity.

- Applying the Mean Value Theorem to confirm the function's increasing nature.

- Using Rolle's Theorem to show that multiple zeros would imply the existence of a point where the
derivative vanishes, which contradicts the derivative's positivity.

This approach confirms that the function has exactly one real root and no local extrema,
demonstrating the powerful interplay between derivatives and theorems in real analysis.

Final Remarks

Understanding how to utilize Rolle's Theorem and the Mean Value Theorem allows mathematicians
and students to analyze a wide class of functions with confidence. For \( F(x) = 2x + \sin x ), the key
takeaway is that the function's derivative remains strictly positive, ensuring its monotonicity and the
uniqueness of its zero. Such applications are fundamental in calculus, analysis, and many applied
fields requiring the analysis of function behavior over intervals.

In conclusion, by applying the properties derived from Rolle's Theorem and the Mean Value Theorem,
we've demonstrated that \( F(x) = 2x + \sin x \) has no multiple zeros, no local maxima or minima,
and is strictly increasing across the real line. This exemplifies the power of these theorems in
analyzing and understanding the behavior of functions in calculus.



Frequently Asked Questions

How can Rolle's Theorem be applied to the function F(x) = 2x
+ sinx to determine if it has any points where its derivative is
zero?

Rolle's Theorem requires the function to be continuous on a closed interval and differentiable on the
open interval, with equal values at the endpoints. Since F(x) = 2x + sinx is continuous and
differentiable everywhere, to apply Rolle's Theorem, we check if F(a) = F(b) for some a and b. If such
points exist, then there must be some c in (a, b) where F'(c) = 0. If no such endpoints exist or the
function's values are not equal at potential endpoints, Rolle's Theorem does not apply.

Why does the Mean Value Theorem imply that the derivative
of F(x) = 2x + sinx cannot be zero everywhere?

The Mean Value Theorem states that there exists some c in (a, b) where F'(c) equals the average rate
of change over [a, b]. Since F'(x) = 2 + cosx, which varies between 1 and 3, it cannot be zero at any
point, meaning F'(x) # 0 everywhere. Therefore, the function does not have points where its
derivative is zero everywhere, consistent with the Mean Value Theorem.

Can Rolle's Theorem be used to show that F(x) = 2x + sinx has
no roots?

No, Rolle's Theorem is used to identify points where the derivative is zero, not to determine the roots
of the function. To show that F(x) has no roots, we need to analyze the function directly or use the
Intermediate Value Theorem, considering its continuous and unbounded nature, to see if it crosses
zero.

Is the function F(x) = 2x + sinx constant? How does this relate
to Rolle's Theorem?

No, F(x) = 2x + sinx is not constant; it is a linear function with a sinusoidal component. Since it is not
constant, Rolle's Theorem cannot be used to conclude the function is constant or has zero derivatives
everywhere. Instead, it indicates the derivative varies between 1 and 3.

What is the significance of the derivative F'(x) = 2 + cosx in
the context of Rolle's Theorem?

The derivative F'(x) = 2 + cosx varies between 1 and 3 and is never zero. This means that F(x) has no
stationary points where the derivative is zero, so Rolle's Theorem cannot be applied to show the
existence of such points for this function.

How does the behavior of F'(x) = 2 + cosx influence the



conclusion about the function's monotonicity?

Since F'(x) = 2 + cosx is always positive (between 1 and 3), the function F(x) is strictly increasing
everywhere. This rules out the possibility of the function having a local maximum or minimum where
the derivative is zero.

Can the Mean Value Theorem be used to find points where the
slope of F(x) = 2x + sinx equals any specific value?

Yes, the Mean Value Theorem indicates that for any interval, there exists a point where the derivative
equals the average rate of change over that interval. Since F'(x) varies between 1 and 3, the slope
can take on any value in that range, but not zero.

Why does the fact that F'(x) # 0 everywhere imply that F(x)
has no local maxima or minima?

Because the derivative never equals zero, the function does not have critical points where local
maxima or minima could occur. Since F'(x) > 0 everywhere, the function is strictly increasing,
confirming it has no local extrema.

Using the Mean Value Theorem, how can we confirm that F(x)
= 2X + sinx is always increasing?

By confirming that F'(x) = 2 + cosx is always positive (never zero or negative), the Mean Value
Theorem guarantees that over any interval, the function's average rate of change is positive,
confirming that F(x) is strictly increasing everywhere.

Additional Resources
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Introduction

In the realm of calculus, the Mean Value Theorem (MVT) and Rolle's Theorem serve as foundational
pillars that connect the behavior of functions to their derivatives. These theorems provide critical
insights into the existence of points where the function's instantaneous rate of change equals its
average rate of change over an interval. Their utility extends across various applications, including
proofs about function behavior, roots, and extrema.

This article embarks on a detailed investigation into the function:

\[
F(x) = 2x + \sin x
\]



with a particular focus on establishing whether this function exhibits certain properties—specifically,
whether it has points where certain theorems apply or are violated. The core question is: Does \(F(x)\)
have any particular property (e.g., zeros, extrema, or fixed points) that can be analyzed via Rolle's
Theorem or the Mean Value Theorem?

In particular, we will explore whether \(F(x)\) satisfies the conditions necessary for these theorems
and whether their conclusions hold or can be used to demonstrate the absence of particular features.

Setting the Stage: Understanding the Theorems

Before plunging into the specifics of \(F(x)\), it is crucial to revisit the statements and conditions of
Rolle's Theorem and the Mean Value Theorem.

Rolle's Theorem

Statement:
If a function \(f(x)\) satisfies the following conditions on a closed interval \([a, b]\):

1. \(f\) is continuous on \([a, b]\).
2. \(f\) is differentiable on \((a, b)\).
3. \(f(a) = f(b)\).

then there exists at least one \(c \in (a, b)\) such that:

\[

f(c)=0

\]
Implication:

The theorem guarantees the existence of at least one stationary point within the interval when the
function’s endpoints have equal values.

Mean Value Theorem (MVT)

Statement:
If a function \(f(x)\) satisfies:

1. Continuity on \([a, b]\).
2. Differentiability on \((a, b)\).

then there exists \(c \in (a, b)\) such that:
\[

f'(c) = \frac{f(b) - f(a)}{b - a}

\]

Implication:



The MVT guarantees a point where the instantaneous rate of change equals the average rate over
\([a, b]\).

Analyzing \(F(x) = 2x + \sin x\)
Let us now analyze the function:

\[
F(x) = 2x + \sin x
\]

with respect to these theorems, focusing on whether the properties required for their application are
satisfied, and whether their conclusions lead us to particular insights about \(F\).

Continuity and Differentiability of \(F(x)\)

Continuity:

Since \(F(x)\) is composed of a polynomial \(2x\) and a sine function \(\sin x\), both of which are
continuous everywhere, \(F(x)\) is continuous for all real \(x\).

Differentiability:

Similarly, both components are differentiable everywhere, so \(F(x)\) is differentiable over

\(\mathbb{R}\).

This satisfies the basic prerequisites for both Rolle’s Theorem and the MVT.

Investigating the Zeroes of \(F(x)\)

A fundamental question often posed in analysis is whether a function has roots (zeros). For \(F(x)\),
the zeros are solutions to:

\[
2Xx +\sinx =0
\]

which can be rewritten as:

\[
2X = -\sin X
\]

Given the boundedness of \(\sin x\) (\(-1 \leq \sin x \leq 1\)), the solutions to this equation are limited
to certain regions.

- For large positive \(x\), the term \(2x\) dominates, making the sum positive, so no zeros exist for



sufficiently large \(x\).
- For large negative \(x\), the sum becomes negative, indicating the potential for zeros to exist
somewhere in the negative \(x\)-region.

Numerical analysis suggests:

- At \(x=0\): \(F(0) = 0 + 0 = 0\), so \(x=0\) is a root.

- For \(x > 0\), \(F(x) > 0\).
- For \(x < 0\), \(F(x)\) becomes negative at large negative \(x\), but crosses zero at \(x=0\).
Conclusion:

The only obvious zero of \(F(x)\) in the real line is at \(x=0\).

Applying Rolle's Theorem to \(F(x)\)
To investigate whether Rolle's Theorem applies over certain intervals, consider the interval \([a, b]\).
Case 1:\(a = -L\), \(b= L\) for some \(L > 0\).

-\(F(-L) = -2L + \sin(-L) = -2L - \sin L\).
-\(F(L) = 2L + \sin L\).

For the endpoints to have equal values, the following must hold:

\[
F(-L) = F(L) \Rightarrow -2L - \sin L = 2L + \sin L
\]

which simplifies to:

\[
-2L -\sin L = 2L + \sin L \Rightarrow -2L -\sinL-2L-\sinL =10
\]

\[
-4L - 2 \sin L = 0 \Rightarrow 4L = -2 \sin L
\]

or.

\[
2L =-\sinL
\]

Given that \(\sin L\) is bounded between \(-1\) and 1, the right side \(-\sin L\) is between \(-1\) and 1,
while \(2L\) can be arbitrarily large for large \(L\). For these to be equal, it must be that:

\[
2L\in [-1, 1]



\]
which only occurs at \(L=0\), i.e., trivial case.

Result:
The only interval where \(F(a) = F(b)\) is at the point \(a=b=0\). Otherwise, the endpoints do not
satisfy the equal value condition necessary for Rolle’s Theorem.

Does Rolle’s Theorem Imply Existence of Critical Points?

Since \(F(0) = 0\), and on any interval \([a, b]\) with \(a \neq b\), unless \(F(a) = F(b)\), Rolle’s Theorem
does not guarantee the existence of a point \(c\) where \(F'(c) = 0\).

Derivative of \(F(x)\):
\[

F'(x) = 2 + \cos x

\]

Since \(\cos x\) ranges between \(-1\) and 1:

\[
F'(x)\in [1, 3]
\]

Implication:
The derivative \(F'(x)\) is strictly positive for all \(x\), meaning \(F(x)\) is strictly increasing over
\(\mathbb{R}\).

Conclusion:
Because \(F(x)\) is strictly increasing everywhere:

- It has at most one zero at \(x=0\).

- It does not have any points where \(F'(x)=0\).

- Rolle’s Theorem cannot be applied to intervals where the endpoints are not equal in value, as the
key condition is not met.

Applying the Mean Value Theorem

Given the derivative's positivity, the MVT's conclusion can be examined on various intervals.
For any \(a < b\):

t1[=rac{F(b) -F(a)}{b - a} = \text{average rate of change}

\]

Since \(F\) is strictly increasing and differentiable:



\[
F'(x) \in [1,3]
\]

for all \(x\), implying

\[

F(b) - F(a) > 0

\]

and

\[

\frac{F(b) - F(a)}{b - a}\in [1, 3]
\]

The MVT guarantees a \(c \in (a, b)\) such that:

\[
F'(c) = \frac{F(b) - F(a)}{b - a}
\]

which is consistent with the derivative bounds, reaffirming the function’s monotonicity.

Summary of Key Insights

- Strict Monotonicity: The derivative \(F'(x) = 2 + \cos x\) is always positive, ensuring \(F(x)\) is strictly
increasing across \(\mathbb{R}\).

- Zeros of \(F(x)\): The only root is at \(x=0\), where \(F(0)=0\).

- Rolle's Theorem Application: Since \(F(0)=0\), and the function is strictly increasing, Rolle's The
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