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When analyzing vector fields and their interactions with surfaces, the Divergence Theorem serves as
an essential tool in simplifying complex flux calculations. In this comprehensive guide, we will
explore how to apply the Divergence Theorem to compute the net outward flux of the vector field F
= (3x, 2y, z) across a specified surface. This approach transforms a surface integral into a more
manageable volume integral, streamlining the calculation process and deepening understanding of
the field's behavior within a region.

---

Understanding the Divergence Theorem

The Divergence Theorem, also known as Gauss's Theorem, establishes a fundamental relationship
between the flux of a vector field through a closed surface and the divergence of the field within the
volume enclosed by that surface.

Statement of the Divergence Theorem
The theorem states that:

\[
\iint_{S} \mathbf{F} \cdot \mathbf{n}\, dS = \iiint_{V} (\nabla \cdot \mathbf{F})\, dV
\]

where:
- \( S \) is the closed surface bounding the volume \( V \),
- \( \mathbf{F} \) is the vector field,
- \( \mathbf{n} \) is the outward unit normal to \( S \),
- \( dS \) is the surface element,
- \( \nabla \cdot \mathbf{F} \) is the divergence of \( \mathbf{F} \),
- \( dV \) is the volume element.

This theorem simplifies the process of calculating fluxes by converting a potentially complicated
surface integral into a volume integral, which can often be easier to evaluate.



Significance in Vector Calculus
Understanding the divergence theorem is crucial for:
- Analyzing fluid flow,
- Electromagnetic flux calculations,
- Heat transfer problems,
- Any physical scenario involving flux across surfaces.

---

Defining the Vector Field and Surface

In our problem, we are given the vector field:

\[
\mathbf{F} = (3x, 2y, z)
\]

and we are asked to compute the net outward flux across a particular surface.

Choosing the Surface
While the problem statement mentions "across the surface," it is typical to consider a closed surface
for the divergence theorem. Common choices include:
- Sphere,
- Cube,
- Cylinder,
- Any closed, piecewise-smooth surface.

For illustrative purposes, let's assume the surface is the boundary of the cube \( 0 \leq x \leq a \), \( 0
\leq y \leq b \), \( 0 \leq z \leq c \). This choice simplifies calculations and demonstrates the
application of the theorem effectively.

---

Step-by-Step Solution Using the Divergence Theorem

Applying the divergence theorem involves two main steps:
1. Computing the divergence of the vector field,
2. Integrating this divergence over the volume enclosed by the surface.

Step 1: Calculate the Divergence \( \nabla \cdot \mathbf{F} \)

Recall that:



\[
\nabla \cdot \mathbf{F} = \frac{\partial}{\partial x}(3x) + \frac{\partial}{\partial y}(2y) +
\frac{\partial}{\partial z}(z)
\]

Calculating each derivative:
- \( \frac{\partial}{\partial x}(3x) = 3 \),
- \( \frac{\partial}{\partial y}(2y) = 2 \),
- \( \frac{\partial}{\partial z}(z) = 1 \).

Thus,
\[
\nabla \cdot \mathbf{F} = 3 + 2 + 1 = 6
\]

The divergence is a constant within the volume, which simplifies the volume integral.

Step 2: Set Up and Evaluate the Volume Integral

Because the divergence is constant (\(6\)), the flux becomes:

\[
\text{Flux} = \iiint_{V} 6\, dV
\]

For the assumed cubic region, the volume integral is straightforward:

\[
\text{Flux} = 6 \times \text{Volume of the cube}
\]

If the cube is bounded by \( 0 \leq x \leq a \), \( 0 \leq y \leq b \), \( 0 \leq z \leq c \), then:

\[
\text{Volume} = a \times b \times c
\]

Hence,

\[
\boxed{
\text{Net Outward Flux} = 6abc
}
\]

This is the total flux of the field \( \mathbf{F} \) outward through the surface of the cube.

---



Generalizing the Calculation for Different Surfaces

While the previous section assumes a cube for simplicity, the divergence theorem applies to any
closed surface. Let's discuss how to adapt the process for other geometries.

1. Spherical Surface
- Enclosed volume: sphere with radius \( r \),
- Volume: \( \frac{4}{3} \pi r^3 \),
- Flux: \( 6 \times \frac{4}{3} \pi r^3 = 8 \pi r^3 \).

2. Cylindrical Surface
- Enclosed volume: depends on radius and height,
- Volume: \( \pi r^2 h \),
- Flux: \( 6 \times \pi r^2 h \).

3. Arbitrary Closed Surfaces
- Use the divergence theorem directly,
- Compute \( \nabla \cdot \mathbf{F} \),
- Integrate over the volume enclosed by the surface.

---

Applications and Physical Significance

Understanding how to compute flux using the divergence theorem has numerous practical
applications across various fields.

Fluid Dynamics
- Calculating the flow of fluids through a boundary,
- Analyzing mass conservation in a control volume.

Electromagnetism
- Computing electric flux through a surface,
- Understanding Gauss's law in electrostatics.



Heat Transfer
- Determining the heat flux across surfaces in a medium,
- Analyzing thermal energy distribution.

Engineering and Physics
- Designing systems involving fluid or heat flow,
- Computing fluxes in complex geometries.

---

Summary of the Procedure to Use The Divergence
Theorem

To efficiently compute the net outward flux of a vector field across a closed surface:

1. Identify the vector field \( \mathbf{F} \).
2. Determine the volume \( V \) enclosed by the surface \( S \).
3. Calculate the divergence \( \nabla \cdot \mathbf{F} \).
4. Set up the volume integral \( \iiint_V (\nabla \cdot \mathbf{F})\, dV \).
5. Evaluate the integral, often simplified if the divergence is constant.
6. Interpret the result as the net flux through the surface.

---

Conclusion

Applying the divergence theorem significantly simplifies the process of calculating fluxes for vector
fields, transforming a potentially difficult surface integral into an easier volume integral. In the case
of the field \( \mathbf{F} = (3x, 2y, z) \), the divergence is constant, which allows for
straightforward evaluation over the volume. Whether dealing with simple shapes like cubes and
spheres or complex geometries, mastering this theorem enhances analytical capabilities in physics,
engineering, and mathematics. Remember to carefully define your surface, compute the divergence,
and set up the volume integral to obtain accurate and insightful results.

---
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Frequently Asked Questions

What is the Divergence Theorem and how is it used to
compute flux across a surface?
The Divergence Theorem states that the flux of a vector field F across a closed surface is equal to
the triple integral of the divergence of F over the volume enclosed by the surface. It simplifies
surface flux calculations by converting them into volume integrals.

Given the vector field F = (3x, 2y, z), how do you find its
divergence?
The divergence of F is calculated as div F = ∂/∂x (3x) + ∂/∂y (2y) + ∂/∂z (z) = 3 + 2 + 1 = 6.

How do you set up the volume integral to compute the net
outward flux using the Divergence Theorem?
Since div F = 6, the net outward flux is the triple integral of 6 over the volume V enclosed by the
surface, i.e., Φ = ∭_V 6 dV.

What is the shape of the surface across which the flux is
computed, and how does it affect the integral?
The question specifies a surface, but without additional details, it is typically a closed surface like a
sphere, cube, or other 3D shape. The shape determines the volume V for integration. For example, if
it's a sphere of radius R, the volume is (4/3)π R³.

How do you perform the volume integral of a constant over a
given region?
The integral of a constant c over a volume V is c times the volume, i.e., ∭_V c dV = c × volume of V.

Using the divergence and the volume, what is the formula for
the net outward flux of F = (3x, 2y, z)?
The net outward flux is 6 times the volume: Φ = 6 × volume of the region enclosed by the surface.

If the surface is a sphere of radius R, how do you compute the
flux?
The volume of the sphere is (4/3)π R³. Therefore, flux Φ = 6 × (4/3)π R³ = 8π R³.



What are the key steps to apply the Divergence Theorem in
this problem?
First, find the divergence of F, then determine the volume enclosed by the surface, compute the
volume or set up the volume integral, and finally multiply the divergence by this volume to find the
net outward flux.

Additional Resources
Use The Divergence Theorem To Compute The Net Outward Flux Of The Field F=3x, 2y, z Across
The Surface

---

Introduction to the Divergence Theorem and Flux Computation

In vector calculus, understanding how a vector field behaves across a surface is fundamental to
numerous applications in physics, engineering, and mathematics. One of the most powerful tools for
this purpose is the Divergence Theorem, which relates the flux of a vector field across a closed
surface to the divergence of the field within the volume enclosed by that surface.

This review will explore how to utilize the Divergence Theorem to compute the net outward flux of
the vector field:

\[
\mathbf{F}(x, y, z) = \langle 3x, 2y, z \rangle
\]

across a given surface.

---

Step 1: Understanding the Divergence Theorem

The Statement of the Divergence Theorem

The Divergence Theorem states:

\[
\iint_{S} \mathbf{F} \cdot \mathbf{n}\, dS = \iiint_{V} (\nabla \cdot \mathbf{F})\, dV
\]

where:
- \(S\) is a closed surface bounding the volume \(V\),
- \(\mathbf{n}\) is the outward unit normal vector to the surface,
- \(\nabla \cdot \mathbf{F}\) is the divergence of \(\mathbf{F}\),
- \(dS\) is the surface element,
- \(dV\) is the volume element.



This theorem simplifies the calculation of flux across complex surfaces by converting a surface
integral into a volume integral, which is often easier to evaluate.

Significance of the Divergence

The divergence \(\nabla \cdot \mathbf{F}\) measures the "source strength" or "sink strength" at a
point within the field. A positive divergence indicates a net source, while a negative divergence
indicates a sink.

---

Step 2: Calculating the Divergence of \(\mathbf{F}\)

Given the vector field:

\[
\mathbf{F}(x, y, z) = \langle 3x, 2y, z \rangle
\]

the divergence is computed as:

\[
\nabla \cdot \mathbf{F} = \frac{\partial}{\partial x}(3x) + \frac{\partial}{\partial y}(2y) +
\frac{\partial}{\partial z}(z)
\]

Calculating each term:

- \(\frac{\partial}{\partial x}(3x) = 3\)
- \(\frac{\partial}{\partial y}(2y) = 2\)
- \(\frac{\partial}{\partial z}(z) = 1\)

Therefore,

\[
\nabla \cdot \mathbf{F} = 3 + 2 + 1 = 6
\]

This constant divergence simplifies the subsequent volume integral significantly.

---

Step 3: Identifying the Surface and Volume

To apply the Divergence Theorem, we need a closed surface \(S\) enclosing a volume \(V\). The
problem statement mentions "across the surface" but does not specify which surface. For a
comprehensive analysis, consider the common scenario where the surface is a sphere, cube, or
rectangular prism.

Suppose, for illustration, the surface is a unit cube with vertices at \((0,0,0)\) and \((1,1,1)\). This is a
typical choice because the calculations are straightforward, and the unit cube is a standard domain



in multivariable calculus.

The volume \(V\) is then:

\[
V = \left\{ (x, y, z) \mid 0 \leq x \leq 1,\, 0 \leq y \leq 1,\, 0 \leq z \leq 1 \right\}
\]

---

Step 4: Computing the Volume Integral

Since \(\nabla \cdot \mathbf{F} = 6\) everywhere within the volume, the volume integral simplifies
to:

\[
\iiint_{V} 6\, dV
\]

The volume of the cube:

\[
V = 1 \times 1 \times 1 = 1
\]

Therefore,

\[
\iiint_{V} 6\, dV = 6 \times \text{Volume} = 6 \times 1 = 6
\]

This is the net outward flux of \(\mathbf{F}\) across the surface of the cube.

---

Step 5: Generalization to Other Surfaces

While the cube offers a straightforward calculation, the divergence theorem can be applied to any
closed surface, provided the volume enclosed is well-defined.

- For spherical surfaces, such as a sphere of radius \(r\), the volume integral remains the same since
divergence is constant, but the volume changes to:

\[
V = \frac{4}{3} \pi r^3
\]

and the flux becomes:

\[
\boxed{



\text{Flux} = 6 \times \frac{4}{3} \pi r^3 = 8 \pi r^3
}
\]

- For more complex surfaces, the process involves identifying the volume, computing the divergence,
and integrating accordingly.

---

Step 6: Physical Interpretation of the Flux

The computed flux signifies the net "flow" of the vector field \(\mathbf{F}\) outward through the
surface:

- Since \(\nabla \cdot \mathbf{F} = 6\) is positive, the field behaves as a source within the volume,
emitting "flow" outward.
- The constant divergence indicates uniform source strength throughout the volume.

This understanding is essential in fields such as fluid dynamics, electromagnetism, and heat transfer,
where flux calculations underpin the analysis of physical phenomena.

---

Step 7: Practical Applications and Implications

Fluid Dynamics

In fluid flow, the flux across a surface indicates the net rate of fluid passing through the boundary:

- A positive flux suggests net outflow.
- The divergence relates to the source strength or mass generation within the volume.

Electromagnetism

In electromagnetism, divergence relates to charge density via Gauss's Law:

\[
\nabla \cdot \mathbf{E} = \frac{\rho}{\varepsilon_0}
\]

where \(\mathbf{E}\) is the electric field and \(\rho\) is the charge density. Calculating flux using the
divergence theorem relates to the total charge enclosed.

Heat Transfer

In heat conduction, divergence relates to heat sources within a volume, and flux calculations help
determine heat flow across boundaries.

---

Step 8: Limitations and Considerations



While the divergence theorem is powerful, it relies on certain assumptions:

- The vector field \(\mathbf{F}\) must be continuously differentiable within the volume.
- The surface \(S\) must be closed and smooth or piecewise smooth.
- When dealing with non-regular surfaces, parameterizations become necessary.

In the case of non-closed surfaces, surface integrals must be evaluated directly or via alternative
methods such as Stokes' theorem.

---

Step 9: Summary of the Calculation

To summarize:

1. Identify the vector field \(\mathbf{F}\).
2. Find the divergence: \(\nabla \cdot \mathbf{F} = 6\).
3. Determine the volume \(V\) enclosed by the surface.
4. Compute the volume integral: \(\iiint_{V} (\nabla \cdot \mathbf{F})\, dV\).
5. Interpret the result as the net outward flux.

For a unit cube:

\[
\boxed{
\text{Net outward flux} = 6
}
\]

---

Final Remarks

The application of the Divergence Theorem to compute the flux of \(\mathbf{F} = \langle 3x, 2y, z
\rangle\) exemplifies how divergence simplifies flux calculations for complex geometries. By
converting a potentially complicated surface integral into a straightforward volume integral, the
theorem streamlines analysis in various scientific and engineering disciplines.

Understanding the underlying principles, assumptions, and applications of the Divergence Theorem
enriches one's ability to analyze vector fields and their interactions with surfaces, reinforcing core
concepts in vector calculus.

---

Additional Exercises for Practice

1. Compute the net outward flux of \(\mathbf{F} = \langle 3x, 2y, z \rangle\) across a sphere of
radius 2 centered at the origin.
2. For the same vector field, find the flux across the surface of the cube with vertices at \((-1, -1, -1)\)
and \((1, 1, 1)\).
3. Explore how the flux changes if the divergence varies with position, e.g., \(\nabla \cdot



\mathbf{F} = 6x\).

These exercises deepen understanding and application skills, reinforcing the versatility of the
Divergence Theorem.

---

In conclusion, the Divergence Theorem offers a robust framework for calculating fluxes, and its
application to the specific field \(\mathbf{F} = \langle 3x,
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