Use The Ratio Test To Determine
Whether The Series Is Convergent Or
Divergent. [infinity] N =1 (1)n

Use The Ratio Test To Determine Whether The Series Is Convergent Or
Divergent. [infinity] N =1 (1)n

Introduction

In the study of infinite series within calculus and mathematical analysis,
one of the fundamental questions is whether a given series converges or
diverges. Determining the convergence of a series is crucial because it
informs us about the behavior of partial sums and whether the series
approaches a finite value or not. Among various tools and tests developed for
this purpose, the Ratio Test (also known as the D'Alembert's Ratio Test)
stands out for its simplicity and effectiveness, especially when dealing with
series involving factorials, exponentials, or sequences with factorial-like
growth.

This article aims to provide an in-depth understanding of how to apply the
Ratio Test to determine the convergence or divergence of the series:

\ [
\sum {n=1}"\infty \frac{1}{n}
\1

which is known as the harmonic series. By analyzing this specific series, we
will demonstrate the practical application of the Ratio Test, interpret its
results, and discuss its limitations.

Understanding the Series: The Harmonic Series

Before applying the Ratio Test, it is essential to understand the nature of
the series in question:

\ [
\sum_ {n=1}"\infty \frac{1}{n}
\1

This series is famously known as the harmonic series. Despite the terms
\(\frac{1}{n}\) tending to zero as \(n \to \infty\), the harmonic series
diverges, meaning its partial sums grow without bound. This is a classic
example that illustrates that just because the terms tend to zero does not
guarantee convergence.



However, to clarify and confirm this divergence using the Ratio Test, we
proceed with the method's formal steps.

The Ratio Test: An Overview

The Ratio Test provides a straightforward way to analyze the convergence of
an infinite series. For a series:

\ [
\sum_{n=1}"\infty a n
\]

the Ratio Test involves examining the limit:

\ [
L = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right|
\1]

The test states:

- If \(L < 1\), the series converges absolutely.
- If \(L > 1\), the series diverges.
- If \(L = 1\), the test is inconclusive.

This test is particularly effective for series with factorials, exponential
functions, or power functions where the ratio simplifies neatly.

Applying the Ratio Test to the Harmonic Series
Let's now apply the Ratio Test to the harmonic series:

\ [
a n = \frac{1}{n}
\1

Step 1: Compute \(\frac{a {n+1}}{a n}\)

\ [
\frac{a {n+1}}{a n} = \frac{\frac{1}{n+1}}{\frac{1}{n}} = \frac{n}{n+1}
\1]

Step 2: Find the limit as \(n \to \infty\)

\ [

L = \lim {n \to \infty} \frac{n}{n+1} = \lim {n \to \infty} \frac{n}{n(1l +
\frac{1}{n})} = \lim {n \to \infty} \frac{1}{1 + \frac{1}{n}} =1

\1]



Step 3: Interpret the result

Since \(L = 1\), the Ratio Test is inconclusive for the harmonic series. This
indicates that the Ratio Test cannot definitively determine whether the
harmonic series converges or diverges.

Limitations of the Ratio Test

The inconclusive result for the harmonic series highlights a key limitation
of the Ratio Test: it does not provide a definitive answer when the limit
equals 1. In such cases, other tests must be employed to analyze convergence,
such as:

- The Comparison Test

- The Integral Test

- The p-Series Test

- The Cauchy Condensation Test

For the harmonic series, the Integral Test confirms divergence, but since the
focus here is on the Ratio Test, we will explore its application to series
where it is most effective.

Applying the Ratio Test to Series with Factorials or Exponentials

The Ratio Test is particularly powerful for series involving factorials or
exponential terms. For example, consider the series:

\ [
\sum {n=1}"\infty \frac{n!}{2"n}
\1]

Let's analyze the convergence of this series using the Ratio Test.

Step 1: Set \(a_n = \frac{n!}{2"n}\)

Step 2: Compute \(\frac{a {n+1}}{a n}\)

\ [

\frac{a {n+1}}{a n} = \frac{\frac{(n+1)!'}{2”{n+1}}}{\frac{n!}{2"n}} =
\frac{(n+1) '}{27{n+1}} \times \frac{2”n}{n!'} = \frac{(n+1)!'}{n!} \times
\frac{1}{2} = (n+1l) \times \frac{1}{2}

\1]

Step 3: Find the limit as \(n \to \infty\)

\ [
L = \lim {n \to \infty} \frac{a {n+1}}{a n} = \lim {n \to \infty}



\frac{n+1}{2} = \infty
\1

Since \(L = \infty > 1\), the series diverges by the Ratio Test.

This example demonstrates how the Ratio Test effectively indicates divergence
when the ratio grows without bound.

Practical Steps for Applying the Ratio Test
To summarize, here are the steps to apply the Ratio Test effectively:

1. Identify the general term \(a _n\): Write the series in a form suitable for
the test.

2. Compute the ratio \(\frac{a {n+1}}{a n}\): Simplify as much as possible.
3. Calculate the limit \(L\): Find \(\lim {n \to \infty} \left]

\frac{a {n+1}}{a n} \right]|\).

4. Interpret the limit:

If \(L < 1\), conclude the series converges absolutely.

If \(L > 1\), conclude the series diverges.

If \(L = 1\), the test is inconclusive, and other methods are necessary.

When To Use The Ratio Test

The Ratio Test is most effective for series where the general term involves
factorials, exponential functions, or terms where the ratio simplifies to a
manageable form. It is less effective for series where the terms are
polynomial or logarithmic, such as power series or the harmonic series, where
the test often yields inconclusive results.

Summary and Final Remarks

The Ratio Test is a vital tool in the mathematician's toolkit for analyzing
the convergence of infinite series. While it provides clear criteria for
convergence or divergence when the limit \(L\) is less than or greater than
1, it can be inconclusive when \(L = 1\).

In the context of the harmonic series:

\ [
\sum_ {n=1}"\infty \frac{1}{n}
\1

the Ratio Test yields an inconclusive result because the limit of the ratio
is exactly 1. However, other tests, such as the Integral Test, confirm that



the harmonic series diverges.

For series involving factorials or exponential terms, the Ratio Test shines
by offering quick and definitive conclusions. When applying the Ratio Test,
always consider the nature of the series and whether the test's conditions
are appropriate.

Understanding and correctly applying the Ratio Test enhances your ability to
analyze a broad class of infinite series, enabling you to determine their
convergence behavior efficiently and accurately.

Additional Resources

- Textbooks:

- "Calculus" by James Stewart

- "Advanced Calculus" by Lynn H. Loomis and Shlomo Sternberg

- Online Tutorials:

- Khan Academy's Series and Convergence Modules

- Paul's Online Math Notes on Series Tests

- Practice Problems:

- Series convergence exercises involving factorials and exponentials

- Applying multiple convergence tests to series with similar structures

Conclusion

The Ratio Test remains a cornerstone of convergence testing for infinite
series, especially those with factorial and exponential terms. Though it may
sometimes be inconclusive, understanding its application and limitations is
essential for any student or mathematician working with series. By mastering
the Ratio Test and knowing when to complement it with other methods, you can
confidently analyze the convergence properties of a wide array of series,
including the classic harmonic series and more complex expressions involving
factorials and exponentials.

Frequently Asked Questions

What is the ratio test and how is it used to
determine the convergence of a series?

The ratio test involves computing the limit of the absolute value of the
ratio of consecutive terms in a series. If this limit is less than 1, the
series converges; if greater than 1, it diverges; and if equal to 1, the test
is inconclusive.



How do you apply the ratio test to the series sum
from n=1 to infinity of (1/n)?

For the series sum of (1/n), the ratio test involves examining the limit of
|a {n+1}/a n|, which in this case is (1/(n+l)) / (1/n) = n/(n+l). As n
approaches infinity, this 1limit approaches 1, so the ratio test is
inconclusive for this series.

Why does the ratio test give an inconclusive result
for the harmonic series sum of 1/n?

Because the limit of the ratio of consecutive terms is 1, which is exactly
the boundary condition where the ratio test does not determine convergence or
divergence, requiring other tests such as the comparison test.

Can the ratio test determine the convergence of the
series sum of (1/n)?

No, the ratio test is inconclusive for the harmonic series sum of 1/n because
the limit of the ratio of consecutive terms is 1. Other tests like the
integral test show that it diverges.

What is the importance of the limit being less than
1 in the ratio test?

If the limit of |a_{n+1}/a n| is less than 1, it guarantees that the series
converges absolutely by the ratio test.

How does the ratio test help identify divergence in
series where the limit exceeds 17?

If the limit of |a {n+l1}/a n| exceeds 1, the series diverges because the
terms do not tend to zero sufficiently fast, violating a necessary condition
for convergence.

What alternative methods can be used if the ratio
test is inconclusive, especially for the series sum
of 1/n?

In cases where the ratio test is inconclusive, other methods such as the
integral test, comparison test, or p-series test can be employed to analyze
convergence or divergence.

Is the series sum from n=1 to infinity of (1/n)



convergent or divergent, and how can the ratio test
confirm this?

The harmonic series diverges. The ratio test is inconclusive because the
limit is 1, but other tests like the integral test confirm divergence.

Additional Resources
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Introduction

In the realm of mathematical analysis, infinite series serve as fundamental
building blocks for understanding limits, functions, and various phenomena in
pure and applied mathematics. Among the myriad tools available for analyzing
the convergence or divergence of these series, the Ratio Test stands out as a
particularly powerful and elegant method, especially useful for series with
factorials, exponentials, or terms involving powers of \( n \).

This article delves into the application of the Ratio Test to the specific
series:

\ [
\sum {n=1}"\infty \frac{(1l)”n}{n}
\1]

which simplifies to

\ [
\sum {n=1}"\infty \frac{1}{n}
\1

The harmonic series—famous for its divergence—serves as an ideal candidate to
demonstrate the process and implications of the Ratio Test. This case study
explores the theoretical underpinnings, step-by-step methodology, and broader
significance of the test in the context of this series.

Understanding the Series in Question

Before applying the Ratio Test, it is essential to understand the structure
of the series:

\ [
\sum {n=1}"\infty \frac{(1l)”n}{n}
\1]



Since \( (1)”n =1 \) for all \( n \), the series simplifies neatly to:

\ [
\sum {n=1}"\infty \frac{1}{n}
\1

This is the harmonic series, which is well-known in mathematics for its
divergence. Nevertheless, to elucidate the process, we will formalize the
application of the Ratio Test and analyze its outcome.

The Ratio Test: An Overview

The Ratio Test, also known as the D'Alembert's Ratio Test, provides a
criterion for convergence based on the limit of the ratio of consecutive
terms in a series.

Statement of the Ratio Test:
Given a series \( \sum a n \) with positive terms \( a n > 0 \), define
\ [

L = \lim {n \to \infty} \left| \frac{a {n+1}}{a n} \right|
\1]

- IfT\(L<1)\), the series converges absolutely.
- If\N(L>1\)or\(L=\infty \), the series diverges.
- If\(L=1\), the test is inconclusive.

The Ratio Test is especially effective for series involving factorials,
exponentials, or powers, where ratios simplify conveniently.

Applying the Ratio Test to the Series
Let’s examine the series:

\ [
a n = \frac{1}{n}
\1

Step 1: Compute \( a {n+1} \) and \( \frac{a {n+1}}{a n} \)
\ [

a {n+1l} = \frac{1}{n+1}

\1

\ [
\frac{a {n+1}}{a n} = \frac{\frac{1}{n+1}}{\frac{1}{n}} = \frac{n}{n+1}



\]

Step 2: Take the limit as \( n \to \infty \)

\ [

L = \lim {n \to \infty} \frac{n}{n+1} = \lim {n \to \infty} \frac{n}{n(1l +
\frac{1}{n})} = \lim {n \to \infty} \frac{1}{1 + \frac{1}{n}} =1

\1]

Result: \( L =1\)

Interpretation of the Ratio Test Result

Since \( L =1 \), the Ratio Test is inconclusive for the harmonic series.
This is a critical juncture because, while the test does not determine
convergence or divergence in this case, the harmonic series is a classic
example of divergence, which is well-established through other methods such
as the integral test.

Implication: The Ratio Test alone cannot resolve the convergence of this
specific series; additional analysis or different convergence tests are
necessary.

Broader Context and Significance

The above example underscores a vital aspect of the Ratio Test: its
limitations. While it is a powerful tool for many series, especially those
involving factorials or exponential growth, it is not universally conclusive.
The harmonic series exemplifies a scenario where the ratio of consecutive
terms approaches 1, leaving the test inconclusive.

Deeper Analysis: Why Does the Harmonic Series Diverge?

Even though the Ratio Test is inconclusive here, the divergence of the
harmonic series can be demonstrated via alternative methods:

1. The Integral Test
This test compares the series to the integral:

\ [
\int 1™M\infty \frac{1l}{x} \, dx
\1

which diverges (since \( \int 1™\infty 1/x \, dx = \infty \)). By the



integral test, the harmonic series diverges.
2. Comparison Test
Compare the harmonic series with a divergent series:

\ [
\sum_ {n=1}"\infty \frac{1l}{n}
\1]

which is known to diverge, confirming the divergence.

Extending the Ratio Test to Other Series

The limitations of the Ratio Test in the harmonic series prompt consideration
of its application to other series, particularly those involving exponential
or factorial terms.

Example:

\ [
\sum {n=1}"\infty \frac{n!}{k"n}
\1

Applying the Ratio Test here typically yields a clear convergence criterion
because factorial growth dominates exponential decay or vice versa, making
the limit \( L \) either less than or greater than 1.

Practical Implications and Use Cases

- Series with factorials and exponentials: The Ratio Test swiftly determines
convergence or divergence.

- Power series: It helps find the radius of convergence.

- Divergences in series: When the ratio approaches 1, alternative tests are
needed.

Summary and Conclusions
The application of the Ratio Test to the series:

\ [
\sum {n=1}"\infty \frac{1}{n}
\1

demonstrates its limitations, as the limit of the ratio of consecutive terms



equals 1, leaving the test inconclusive. Despite this, the divergence of the
harmonic series is well-understood through other methods such as the integral
test.

Key takeaways:

- The Ratio Test is highly effective for series involving factorials,
exponentials, and powers.

- When the limit \( L \) equals 1, the test does not provide a definitive
answer.

- Additional tests, such as the integral or comparison tests, are necessary
in such cases.

- Understanding the scope and limitations of convergence tests is crucial for
rigorous mathematical analysis.

Final Remarks

While the specific series \( \sum {n=1}"\infty 1/n \) is divergent, its
analysis via the Ratio Test exemplifies the importance of selecting
appropriate convergence criteria based on the series structure. The Ratio
Test remains a cornerstone in the mathematician's toolkit, but it must be
employed judiciously, sometimes in conjunction with other methods, to fully
understand the behavior of infinite series.
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This detailed exploration underscores the nuanced application of the Ratio
Test and emphasizes the importance of a comprehensive approach to series
convergence analysis.
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