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Understanding how to find the Laplace transform of a given function based on
its graph requires a thorough grasp of the fundamental definition of the
Laplace transform, as well as the ability to interpret the graphical
representation of the function accurately. In this article, we will explore
the step-by-step process of deriving the Laplace transform from a wvisual
graph, focusing on the core principles, common techniques, and practical
strategies to handle various types of functions. Although the specific graph
is not provided here, the methodology discussed will enable you to analyze
any similar function with confidence and precision.

Fundamentals of the Laplace Transform

Definition of the Laplace Transform

The Laplace transform of a time-domain function \(f(t)\), denoted as \ (
\mathcal{L}I\{f(t)\} \) or \( F(s) \), is defined by the integral:

F(s) = \int {0}~{\infty} e~{-st} f(t) dt
where:

e \( t \geqg 0 \) is the time variable.
e \( s \) is a complex frequency parameter, \( s = \sigma + i \omega \).
This integral transforms a time-domain function into a complex frequency

domain, providing valuable insights into system behavior, especially in
signals and systems analysis, differential equations, and control theory.

Key Properties of the Laplace Transform

e Linearity: \( \mathcal{L}\{a f(t) + b g(t)\} = a F(s) + b G(s) \)
e Differentiation in \(t\): \( \mathcal{L}\{f'(t)\} = s F(s) - £(0) \)

e Integration in \(t\): \( \mathcal{L}\left\{\int_{0}~{t} f(\tau)



d\taul\right\} = \frac{F(s) }{s} \)

e Shifting: For functions involving delays or exponentials, shifting
properties are useful.

Interpreting the Graph of the Function \ (F(t))\)

Analyzing the Graph for Key Features

To find the Laplace transform from a graph, identify the following
characteristics:

1. Domain and Interval of Definition: Determine the interval over which the
function is defined and non-zero.

2. Shape and Piecewise Behavior: Recognize whether the function is
constant, increasing, decreasing, or piecewise-defined.

3. Discontinuities: Note any jumps or discontinuities, which often suggest
impulse functions or piecewise segments.

4. Asymptotic Behavior: Understand how the function behaves as \( t \to
\infty \) or \( t \to 0"+ \).

Common Types of Graphical Components

e Constant segments: Correspond to functions like \(f(t) = c\), whose
Laplace transform is \( \frac{c}{s} \).

e Linear segments: Correspond to functions like \(f(t) = a t + b\), with
transforms involving derivatives of \(1/s72\) or similar.

e Exponentials: Functions like \(f(t) = e~{at}\) correspond to shifts in
the \ (s\)-domain.

e Step functions: Indicate piecewise definitions, often involving
Heaviside step functions \(u(t - a)\).

e Impulses: Sharp jumps at specific points suggest Dirac delta functions
\ (\delta(t - a)\).

Step-by-Step Approach to Find the Laplace
Transform from the Graph



Step 1: Identify the Piecewise Segments

Break down the graph into segments where the function behaves simply
(constant, linear, exponential). For each segment:

e Note the interval of \(t\) over which it applies.

e Determine the functional form (constant, linear, exponential, etc.).

Step 2: Express Each Segment Using Piecewise
Functions

Represent the overall function as a sum of simpler functions multiplied by
step functions if necessary:

F(t) = \sum {i} f i(t) \cdot u(t - a i)

where \(f_1i(t)\) is the function on the \(i\)-th interval, and \(a_1i\) is the
starting point of that interval.

Step 3: Recall Known Laplace Transforms
Use standard Laplace transform pairs for common functions:
e \ (1 \rightarrow \frac{l}{s}\)
e \ (t \rightarrow \frac{1}{s*{2}}\)
e \ (e”{at} \rightarrow \frac{l}{s - a}\)

e \(u(t — a) \rightarrow \frac{e”{-a s}}{s}\)

Step 4: Apply Linearity and Shifting Theorems

Calculate the Laplace transform of each segment and apply the shifting
property to account for delays or jumps:

\mathcal{L}I\{f(t - a) u(t - a)\} = e™{-a s} F(s)

Step 5: Sum the Transforms of All Segments

Combine all individual transforms, respecting the linearity property, to
obtain the overall Laplace transform of the entire function.



Practical Example (Hypothetical Scenario)

Suppose the Graph Shows:

e F(t) = 0 for \ (0 \leqg t < 1\)
e F(t) = 3 for \ (1 \leqg t < 3\)
e F(t) = 5e~{2t} for \(t \geq 3\)

Step-by-Step Solution:

1. Segment 1: Zero for \ (0 \leg t < 1\). Represented as \(0\). No
contribution to the Laplace transform.

2. Segment 2: Constant \(3\) from \(t = 1\) to \(t = 3\):

F 2(t) = 3 \cdot u(t - 1) - 3 \cdot u(t - 3)

Applying Laplace transform:

\mathcal{L}\{3 [u(t - 1) - u(t - 3)I\} = 3 \left(\frac{e™{-s}}{s} -
\frac{e”{-3s}}{s}\right)

3. Segment 3: Exponential \ (5 e”{2t}\) for \(t \geqg 3\):

F 3(t) =5 e~{2t} \cdot u(t - 3)

Transform:

\mathcal{L}\{5 e™{2t} u(t - 3)\} =5 e~{2 \cdot 3} \cdot
\frac{e™{-3s}}{s - 2} = 5 e~{6} \frac{e™{-3s}}{s - 2}

\boxed{

F(s) = 3 \left(\frac{e”{-s}}{s} - \frac{e”{-3s}}{s}\right) + 5 e~{6}
\frac{e”{-3s}}{s - 2}

}



Handling Special Cases and Complex Graphs

Discontinuous Functions and Impulses

If the graph contains jumps or impulses, include Dirac delta functions or
step functions in your analysis:

e Jump at \(t = a\):\quad \( \Delta F = \text{jump size} \Rightarrow
\text{add } \text{ (jump size)} \cdot \delta(t - a) \)

e Step

Frequently Asked Questions

What is the first step in finding the Laplace
transform of a function given its graph?

The first step is to identify the function's behavior, key features,

piecewise segments directly from the graph to write down the function's

algebraic form or piecewise definition.

How do you use the definition of the Laplace
transform to find it from a graph?

Using the definition, you set up the integral L{F(t)} = [,"® e”(-st)
F(t) dt, and evaluate it based on the piecewise expressions of F (t)
obtained from the graph.

What challenges might arise when computing the
Laplace transform from a graph?

Challenges include accurately determining the function's exact algebraic

form, handling discontinuities or jumps, and computing integrals for
complex or piecewise functions.

How can the shape of the graph help determine the

form of the Laplace transform?

The graph's shape indicates the function's behavior, such as exponential

growth or decay, step Jjumps, or constant segments, which correspond to
known Laplace transform pairs or can be used to derive the transform.



What are common Laplace transform pairs that are
useful when analyzing graph segments?

Common pairs include the transform of constants (1/s), exponential
functions (1/(s - a)), step functions (U(t - a)/s e”(-as)), and ramp
functions (1/s72).

How does the definition of the Laplace transform
relate to initial conditions shown in the graph?

The initial wvalue theorem states that F(0+) = 1lim_{t-0+} F(t), which can
be verified from the graph and assists in confirming the form of the
Laplace transform.

In what scenarios is it preferable to use the
definition over tables of transforms?

Using the definition is preferable when the function is complex,
piecewise, or not matching standard forms, making direct application of
the integral more straightforward than relying on tables.

What is the significance of the graph when
verifying the correctness of the computed Laplace
transform?

The graph helps validate the transform by comparing the inverse
transform or analyzing the behavior of the original function, ensuring
the derived Laplace transform accurately represents the function's
features.

Additional Resources

Using The Definition, Find The Laplace Transform Of The Function F (t)
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Introduction

The Laplace transform is a powerful mathematical tool extensively used
in engineering, physics, and applied mathematics to analyze linear
systems, differential equations, and control processes. Its ability to
convert complex time-domain functions into simpler algebraic expressions
in the complex frequency domain makes it invaluable for solving initial
value problems and understanding system behavior.



In this comprehensive review, we focus on the process of deriving the
Laplace transform of a piecewise-defined function \( F(t) \) directly
from its definition, especially when the graph of \( F(t) \) is
provided. This approach emphasizes understanding the fundamental
principles of the Laplace transform, particularly its integral
definition, and how graphical insights can facilitate the computation.

Understanding the Laplace Transform
Definition of the Laplace Transform

The Laplace transform \( \mathcal{L}\{f(t)\} \) of a function \( f(t)
\), defined for \( t \geq 0 \), is given by:

\ [

\boxed{

\mathcal{L}I\{f(t)\} = F(s) = \int_0~{\infty} e~{-st} f(t) \, dt
}

\]

where:

- \( s \) is a complex variable \( s = \sigma + i \omega \),

- \( £(t) \) is the original function in the time domain,

- The integral converges when \( f(t) \) is of exponential order.

Significance of the Definition

— It directly relates the time domain function to its frequency domain
counterpart.

- It allows the transformation of differential equations into algebraic
equations.

- It provides insights into system stability and transient responses.

Graphical Representation and Its Role in Computing the Laplace Transform

When the graph of \( F(t) \) 1s provided, especially if it is piecewise-
defined, the process of finding the Laplace transform becomes more
intuitive and manageable through the following steps:

1. Identification of Regions:
Break down the graph into segments where the function has a specific
form or constant value.

2. Mathematical Expression of Each Segment:
Write down the algebraic expression for \( F(t) \) over each interval.

3. Utilize the Piecewise Definition:

Express the entire \( F(t) \) as a sum involving step functions (unit
step functions) or indicator functions to encapsulate the piecewise
nature.

4. Apply the Definition:

Integrate each piece separately, considering the limits of each segment,
or use the properties of the Laplace transform for functions multiplied
by step functions.



This graphical approach simplifies the integral calculations and
clarifies how the shape of the graph influences the transform.

Step-by-Step Process for Finding the Laplace Transform Using the Graph
1. Analyzing the Graph

Suppose the graph of \( F(t) \) shows:

from \( £t =0 \) to \( t =a\),

\)
to \(t=b\)/
( B \) from \( £t =b \) to \( t =c¢c \),

- A constant value \( A
- Zero from \( t = a \)
- A different constant \
- Zero afterward.

This piecewise structure indicates that \( F(t) \) is defined as:
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2. Expressing \( F(t) \) Using Step Functions

Using the unit step function \( u(t) \), which is defined as:

t - t_0) = \begin{cases}
, & £t < t_0 \\

, & t \geqg t_0
\end{cases}

\]

\
u
0
1

we can write:

\ [
F(t) = A \cdot [u(t) - u(t - a)] + B \cdot [u(t — b) - u(t - c)]
\]

This expression captures the constant segments of the graph in a compact
algebraic form suitable for Laplace transformation.

3. Applying the Laplace Transform to the Expression

Using linearity:

\ [

\mathcal{L}\{F(t)\} = A \cdot \mathcal{L}\{u(t) - u(t - a)\} + B \cdot
\mathcal{L}\{u(t - b) - u(t - c)\}

\]

Recall the Laplace transform of the step function:

\ [



\mathcal{L}\{u(t — t_0)\} = \frac{e”{-t_0 s}}{s}
\1

and the shifting property:

\ [

\mathcal{L}\{u(t - t_0) \cdot f£(t — t_0)\} = e*{-t_0 s} \cdot
\mathcal{L}\{f(t)\}

\]

In the case of simple step functions (constant segments), the transforms
become straightforward.

Computing the Laplace Transform Step by Step
1. Transform of a Constant Segment

The Laplace transform of a constant \( C \) over an interval starting at
\N(t =+t_0\) is:

\ [
\mathcal{L}\{ C \cdot u(t - t_0) \} = C \cdot \frac{e™{-t_0 s}}{s}
\]

This follows from the property:

\ [

\mathcal{L}\{ u(t - t_0) \} = \frac{e”{-t_0 s}}{s}

\]

because multiplying by a constant \( C \) simply scales the transform.
2. Deriving \( F(s) \) for Our Piecewise Function

Applying this to each piece:

- For the segment \( A \) from \( 0 \) to \( a \):

\ [

A \cdot u(t) - A \cdot u(t - a) \implies \text{Laplace transform} = A
\left ( \frac{1}{s} - \frac{e”{-a s}}{s} \right)

\1

- For the segment \( B \) from \( b \) to \( c \):

\ [

B \cdot u(t — b) - B \cdot u(t - ¢) \implies \text{Laplace transform} =

B \left ( \frac{e”{-b s}}{s} - \frac{e”{-c s}}{s} \right)
\1

Putting it all together:

\ [

F(s) = A \left( \frac{l - e”{-a s}}{s} \right) + B \left( \frac{e”{-b s}
- e™{-c s}}{s} \right)

\1



This final expression provides the Laplace transform directly derived
from the graph and the step function representation.

Alternative Approach: Direct Integration Based on the Graph

If one prefers to compute the Laplace transform directly from the
integral, the steps are:

1. Break down the integral into parts corresponding to the intervals
where \( F(t) \) is non-zero.

2. For each interval \( [t_1i, t_{i+1}] \):

\ [
\int_{t_i}~{t_{i+1}} e~{-st} £(t) \, dt
\]

3. Sum all contributions:

\ [
F(s) = \sum_{1i} \int_{t_i}~{t_{i+1}} e~{-st} f£(t) \, dt
\1

For the example with constant segments:

F(s) = \int_0"a e”~{-st} A \, dt + \int_b”"c e*{-st} B \, dt

Calculating each:

\ [

\int_0"a e”{-st} A \, dt = A \left[ -\frac{l}{s} e”{-st} \right]_0"a = A
\left ( \frac{l - e”{-a s}}{s} \right)

\]

\ [

\int_b"c e”{-st} B \, dt = B \left[ -\frac{l}{s} e{-st} \right]_b"c =
\left ( \frac{e”{-b s} - e*{-c s}}{s} \right)

\1

|
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Again, recovering the same expression for \( F(s) \).

Practical Considerations and Common Pitfalls

When applying the definition to find the Laplace transform from the
graph, consider these aspects:

— Accuracy in Graph Interpretation:
Ensure the intervals and values are correctly identified. Misreading the
graph could lead to incorrect piecewise expressions.

— Step Function Representation:
Properly express the piecewise parts with step functions to facilitate
algebraic manipulation.



— Convergence of the Integral:
Confirm that the integral converges for the chosen \( s \). Usually, for
bounded functions, the Laplace transform exists for \( \text{Re}(s) > O

\) .

- Handling Discontinuities:
Be cautious with discontinuities at the boundary points; the step
functions handle these neatly, but the integral approach requires
careful limit consideration.

- Complexity of the Function:
For more
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