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When working with continuous functions in calculus, the Intermediate Value Theorem (IVT) is a powerful tool
that guarantees the existence of a certain value within an interval. This theorem is particularly useful for
solving equations graphically and analytically, especially when determining whether a function attains a
specific value within a given interval. In this article, we will explore how to verify that the Intermediate Value
Theorem applies to an indicated interval and how to find the corresponding value of \( c \). Understanding this
process is essential for students and professionals working with continuous functions and seeking to solve
equations or analyze function behavior.

Understanding the Intermediate Value Theorem

What Is the Intermediate Value Theorem?
The Intermediate Value Theorem states that if a function \( f \) is continuous on a closed interval \([a, b]\),
then for any value \( N \) between \( f(a) \) and \( f(b) \), there exists at least one \( c \) in \([a, b]\) such
that:
\[
f(c) = N
\]
This theorem essentially guarantees that continuous functions have no "jumps" or "holes"—they smoothly
connect values across the interval.

Conditions for the IVT to Hold
For the IVT to be applicable, two main conditions must be satisfied:

The function \( f \) must be continuous on the closed interval \([a, b]\).

The value \( N \) must lie between \( f(a) \) and \( f(b) \); that is, either \( f(a) < N < f(b) \) or \( f(b) <
N < f(a) \).

If these conditions are met, the theorem guarantees the existence of at least one \( c \) such that \( f(c) = N \).

Steps to Verify the Application of the IVT

Applying the IVT involves a systematic process to confirm that the theorem is valid for the specific function
and interval, then finding the value of \( c \). Here are the key steps:

1. Confirm Continuity of the Function
The first step is to verify that the function \( f \) is continuous on the interval \([a, b]\). Check for common
discontinuities:

Points of discontinuity, such as jumps, removable discontinuities, or asymptotes.



Piecewise functions, ensuring each piece is continuous and the function is continuous at the join points.

If \( f \) is a polynomial, rational function (where the denominator is non-zero on \([a, b]\)), exponential,
logarithmic (with appropriate domain restrictions), or trigonometric function (restricted to intervals where
it's continuous), then continuity is typically guaranteed.

2. Determine the Values of \( f(a) \) and \( f(b) \)
Calculate \( f(a) \) and \( f(b) \). These values are critical because:

You need to identify whether the target value \( N \) falls between \( f(a) \) and \( f(b) \).

Ensure that \( N \) is actually between these two values; otherwise, the IVT does not apply for that
\( N \).

For example, if \( f(a) = 2 \) and \( f(b) = 5 \), then any \( N \) such that \( 2 < N < 5 \) can be considered.

3. Verify that \( N \) Lies Between \( f(a) \) and \( f(b) \)
Check the relation:
\[
\text{either } f(a) < N < f(b) \quad \text{or} \quad f(b) < N < f(a)
\]
If this condition holds, then, by the IVT, there exists at least one \( c \in [a, b] \) such that \( f(c) = N \).

Finding the Value of \( c \) for \( f(c) = N \)

Once the IVT conditions are verified, the next step is to find the specific \( c \) such that \( f(c) = N \). This
process involves solving the equation \( f(c) = N \) within the interval.

1. Set Up the Equation
Write the equation:
\[
f(c) = N
\]
and identify the interval \([a, b]\) where the solution is expected.

2. Use Analytical or Numerical Methods
Depending on the form of \( f \), different methods are appropriate:

Algebraic methods: For simple functions like polynomials, solve directly for \( c \).

Graphical methods: Plot \( y = f(x) \) and identify where it crosses \( y = N \).

Numerical methods: Use techniques like the bisection method, Newton-Raphson, or secant method to
approximate \( c \) when an explicit solution isn't feasible.



3. Confirm \( c \) Is in the Interval
Ensure that the solution(s) for \( c \) lie within \([a, b]\). If multiple solutions exist, the IVT guarantees at
least one, but further analysis may be necessary to identify all solutions.

Example: Applying the IVT Step-by-Step

Let's consider an example to illustrate these steps clearly.

Suppose \( f(x) = x^3 - 4x + 1 \), and you want to verify if the IVT applies on the interval \([1, 3]\), and find
\( c \) such that \( f(c) = 0 \).

Step 1: Verify Continuity
Since \( f(x) = x^3 - 4x + 1 \) is a polynomial, it is continuous everywhere, including \([1, 3]\).

Step 2: Calculate \( f(1) \) and \( f(3) \)
\[
f(1) = 1^3 - 4(1) + 1 = 1 - 4 + 1 = -2
\]
\[
f(3) = 3^3 - 4(3) + 1 = 27 - 12 + 1 = 16
\]
Since \( f(1) = -2 \) and \( f(3) = 16 \), and \( 0 \) is between \(-2\) and \(16\), the IVT applies for \( N=0 \).

Step 3: Verify \( 0 \) lies between \( f(1) \) and \( f(3) \)
Yes, because:
\[
-2 < 0 < 16
\]
Thus, there exists some \( c \in [1, 3] \) such that \( f(c) = 0 \).

Step 4: Find \( c \) such that \( f(c) = 0 \)
Solve:
\[
c^3 - 4c + 1 = 0
\]
This cubic doesn't factor easily, so we can use numerical methods:

- Using the bisection method:
- Check \( f(2) \):
\[
8 - 8 + 1 = 1
\]
- Since \( f(1) = -2 \) and \( f(2) = 1 \), and \( 0 \) is between \(-2\) and \(1\), the root is between 1 and 2.

- Next, check \( f(1.5) \):
\[
(1.5)^3 - 4(1.5) + 1 = 3.375 - 6 + 1 = -1.625
\]



- Now, between \( 1.5 \) and \( 2 \), \( f(1.5) = -1.625 \) and \( f(2) = 1 \). The root is between 1.5 and 2.

- Check \( f(1.75) \):
\[
(1.75)^3 - 4(1.75) + 1 = 5.359 - 7 + 1 = -0.641
\]
- Check \( f(1.875) \):
\[
6.591 - 7.5 + 1 = 0.091
\]
- Since \( f(1.75) = -0.641 \) and \( f(1.875) = 0.091 \), the root is between 1.75 and 1.875.

Continuing similarly, the root \( c \) is approximately 1.85, with more precise calculations refining the value.

Summary: The IVT confirms at least one \( c \) exists

Frequently Asked Questions

How do I verify if the Intermediate Value Theorem applies to a given function
on a specific interval?

To verify applicability, ensure the function is continuous on the interval [a, b]. Then check that the function
values at the endpoints, f(a) and f(b), are different. If both conditions hold, the theorem applies.

What are the steps to find the value of c guaranteed by the Intermediate
Value Theorem?

First, confirm the function's continuity on [a, b]. Next, identify the target value k between f(a) and f(b). Then,
solve the equation f(c) = k within the interval to find the specific c.

Can the Intermediate Value Theorem be applied if the function is not
continuous on the interval?

No, the Intermediate Value Theorem requires the function to be continuous on the entire interval.
Discontinuities violate the conditions needed for the theorem to hold.

How do I determine the value of c when applying the Intermediate Value
Theorem to a polynomial function?

Since polynomial functions are continuous everywhere, verify the interval, identify the value k between f(a) and
f(b), and then solve the polynomial equation f(c) = k within the interval to find c.

What if the function crosses the target value multiple times on the
interval? How does that affect the value of c?

The Intermediate Value Theorem guarantees at least one c where f(c) = k, but there can be multiple such points.
To find all, solve the equation on the interval, considering all solutions.

How can I verify that a specific point c satisfies the conditions of the



Intermediate Value Theorem?

Check that c is within the interval [a, b], verify that f(c) = k, and ensure the function is continuous on [a, b].
Then, confirm that f(a) and f(b) encompass the value k.

When solving for c, what methods are useful to find the exact value
guaranteed by the theorem?

Depending on the function, algebraic methods, factoring, or numerical techniques like the bisection method or
Newton-Raphson iteration can be used to approximate or find exact solutions for c.

Why is it important to verify the continuity of the function before applying
the Intermediate Value Theorem?

Because the theorem only holds for continuous functions. Discontinuities can cause the function to 'jump' over
the target value, invalidating the guarantee that such a c exists within the interval.

Additional Resources
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---

Introduction

Mathematics often provides elegant solutions to problems involving continuous functions, and the
Intermediate Value Theorem (IVT) stands out as one of the most fundamental and widely applicable tools in
analysis. Its utility lies in establishing the existence of solutions within specific intervals for functions that
are continuous over those intervals. When faced with an equation or a function with unknown roots, the IVT
can serve as a powerful method to guarantee the presence of at least one solution and to estimate or pinpoint
its exact value.

This article delves into the detailed process of verifying that the IVT applies to a given function over a
specified interval and demonstrates how to find the actual value of \( c \) where the function attains a
particular value within that interval. We will explore the theoretical underpinnings of the theorem, the steps
necessary for verification, and practical methods for finding the specific value of \( c \), all within a
comprehensive and analytical framework.

---

Understanding the Intermediate Value Theorem

Definition and Significance

The Intermediate Value Theorem states that if a function \( f \) is continuous on a closed interval \([a, b]\)
and \( N \) is any number between \( f(a) \) and \( f(b) \), then there exists at least one \( c \) in \([a, b]\) such
that:

\[
f(c) = N
\]

This theorem guarantees the existence of solutions but does not specify how many solutions exist or their
exact locations, unless further properties of the function are known.

Conditions for Application



To successfully apply the IVT, two critical conditions must be satisfied:

1. Continuity: The function \( f \) must be continuous on the entire interval \([a, b]\).
2. Intermediate Value: The desired value \( N \) must lie between \( f(a) \) and \( f(b) \), i.e., either \( f(a) < N <
f(b) \) or \( f(b) < N < f(a) \).

Meeting these conditions ensures the theorem's applicability and the existence of at least one \( c \) such that
\( f(c) = N \).

---

Step 1: Verifying the Conditions for the IVT

Establishing Continuity

The first and most crucial step is to verify whether \( f \) is continuous on \([a, b]\). Continuity depends on the
nature of the function:

- Polynomial functions are continuous everywhere.
- Rational functions are continuous on intervals where the denominator is non-zero.
- Root functions like \( \sqrt{x} \) are continuous on their domains.
- Composite functions inherit continuity from their constituent functions if each component is continuous.

Practical approach:

- Analyze the function expression.
- Identify points where discontinuities could occur (e.g., division by zero, square roots of negative numbers).
- Confirm the interval \([a, b]\) does not include any points of discontinuity.

Checking the Function Values at Endpoints

Determine \( f(a) \) and \( f(b) \). These values are crucial to verify whether the target value \( N \) is between
them.

Example Scenario:

Suppose the function is \( f(x) = x^3 - 2x + 1 \), and the interval is \([0, 2]\).

- Is \( f \) continuous on \([0, 2]\)? Yes, it is a polynomial.
- Compute \( f(0) = 0 - 0 + 1 = 1 \).
- Compute \( f(2) = 8 - 4 + 1 = 5 \).
- Suppose we want to find \( c \) such that \( f(c) = 3 \). Is \( 3 \) between \( f(0) \) and \( f(2) \)? Yes, since
\( 1 < 3 < 5 \).

Thus, the conditions for the IVT are satisfied, and we can proceed.

---

Step 2: Confirming the Application of IVT

Verifying the Conditions

- Continuity: As \( f(x) = x^3 - 2x + 1 \) is polynomial, it is continuous everywhere, including \([0, 2]\).
- Target value \( N \): For \( N = 3 \), it lies between \( f(0) = 1 \) and \( f(2) = 5 \).

Conclusion: Since these conditions are met, the IVT applies, and there exists at least one \( c \in [0, 2] \) such
that \( f(c) = 3 \).

---



Step 3: Finding the Specific Value of \( c \)

While the IVT guarantees existence, finding the exact \( c \) typically involves solving the equation \( f(c) =
N \).

Algebraic or Numerical Solution

1. Algebraic Approach: If possible, algebraically solve \( f(x) = N \). For polynomial functions, this involves
solving polynomial equations.

2. Numerical Methods: When an algebraic solution is complex or not feasible, numerical techniques such as:

- Bisection Method
- Newton-Raphson Method
- Secant Method

can approximate \( c \) with desired accuracy.

Example: Solving \( f(c) = 3 \)

Given \( f(x) = x^3 - 2x + 1 \), set:

\[
x^3 - 2x + 1 = 3
\]
\[
x^3 - 2x - 2 = 0
\]

Attempt to find roots:

- Check \( x=1 \):

\[
1 - 2 - 2 = -3 \neq 0
\]

- Check \( x=2 \):

\[
8 - 4 - 2 = 2 \neq 0
\]

- Check \( x=1.5 \):

\[
(1.5)^3 - 2(1.5) - 2 = 3.375 - 3 - 2 = -1.625
\]

- Check \( x=1.75 \):

\[
(1.75)^3 - 2(1.75) - 2 = 5.359 - 3.5 - 2 = -0.141
\]

- Check \( x=1.8 \):

\[
(1.8)^3 - 2(1.8) - 2 = 5.832 - 3.6 - 2 = 0.232



\]

Since the function crosses zero between \( 1.75 \) and \( 1.8 \), and the sign changes from negative to positive,
the root \( c \) is approximately \( 1.76 \).

Refinement: Using a calculator or root-finding algorithm, we can further narrow down \( c \) to
approximately 1.76.

---

Detailed Exploration of the Theoretical Foundations

Why the IVT Works

The proof of the IVT relies on the completeness property of real numbers and the fact that continuous
functions map compact intervals to compact (closed and bounded) sets. Intuitively, if a function starts at a
value \( f(a) \) and ends at \( f(b) \), and is continuous, it cannot "jump" over any value between these two,
ensuring that it must attain every intermediate value.

Limitations and Caveats

- The IVT only guarantees existence, not uniqueness, of solutions.
- The function must be continuous; discontinuities invalidate the theorem.
- The theorem applies only on closed intervals \([a, b]\).

---

Practical Significance and Applications

Solving Equations

The IVT is fundamental in numerical analysis for root-finding algorithms. It provides a basis for methods like
the bisection method, which iteratively narrows down the interval where the root lies based on the sign change.

Physical and Engineering Problems

In physics, engineering, and economics, the IVT helps confirm the existence of solutions to models involving
continuous functions, such as equilibrium points, zero-crossings, or thresholds.

Ensuring Existence in Theoretical Proofs

Mathematicians often use the IVT to establish the existence of solutions without explicitly calculating them,
which is crucial in proofs and theoretical analysis.

---

Summary and Conclusion

The process of verifying that the Intermediate Value Theorem applies involves a systematic examination of the
function's continuity over the interval and the relative position of the target value \( N \) with respect to
the function's endpoint values. Once these conditions are confirmed, the theorem guarantees at least one
solution \( c \) exists within the interval where \( f(c) = N \).

Finding the exact value of \( c \) may require algebraic solving or numerical approximation techniques. The
importance of the IVT extends beyond pure mathematics, influencing various scientific disciplines and
computational methods. Its elegance lies in transforming the qualitative guarantee of existence into a
foundation for precise approximation and problem-solving.

In summary, applying the IVT effectively bridges theoretical assurance and practical computation, making it an



indispensable tool in the mathematician’s and scientist’s toolkit.
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