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Introduction to Numerical Integration and
Simpson's Rule

Numerical integration is a crucial technique in calculus used to approximate the value of
definite integrals, especially when an analytical solution is difficult or impossible to obtain.
Among various methods, Simpson's Rule is one of the most accurate and widely used
techniques for approximating integrals, particularly when the integrand is smooth and well-
behaved over the interval.

In this article, we will explore the application of Simpson's Rule with a specified step size \(
H = \frac{1}{4} \) to approximate the integral of the function \( 2J_0(1 + x) \, dx\).
Additionally, we will analyze how to find an upper bound for this integral, which is essential
in understanding the maximum possible value of the integral and ensuring the accuracy of
the approximation.

Understanding the Components of the Problem

The Function \( 2J) 0(1 + x) \)

- Bessel Function \(J_0\): The Bessel function of the first kind of order zero, \(J_0),
appears frequently in solutions to differential equations with cylindrical symmetry, such as
heat conduction and wave propagation problems.

- Scaling by 2: The integral involves multiplying \(J_0(1 + x) \) by 2, which scales the
function's amplitude.

- Interval of Integration: Although the exact limits are not explicitly provided in the snippet,
typical problems involve integrating over a specific interval, often [a, b]. For the purpose of
demonstration, assume the integral is over \([a, b]\) where the function is well-behaved.



Applying Simpson’s Rule

Simpson's Rule approximates the integral of a function over an interval by fitting quadratic
polynomials through the points and calculating the weighted sum of function values at
specific points.

Formula for Simpson’s Rule:

\[

\int_a”~b f(x) \, dx \approx \frac{H} {3} \left[ f(x_0) + 4f(x_1) + 2f(x_2) + 4f(x_3) + \dots +
4f(x_{n-1}) + f(x_n) \right]

\]

Where:

-\( H =\frac{b - a}{n} ) is the step size (given as \( H = \frac{1}{4} \) here)

-\( n\) is an even number of subintervals

-\(x 0, x_1, ..., x_n\)are equally spaced points in \([a, b]\)

Step-by-Step Application of Simpson's Rule with
\( H = \frac{1}{4} )

1. Define the Interval of Integration

Suppose the integral is over \([a, b] = [0, 1]\). The choice of interval is typical for such
problems, but the method applies similarly to other intervals.

- Calculate number of subintervals \( n \):

\[
n = \frac{b - a}{H} =\frac{1-0}{1/4} =4
\]

Since \( n\) must be even for Simpson's Rule, 4 is suitable.
- Points of evaluation:

\[
x 0=0,\quad x 1 =0.25,\quad x 2 =0.5,\quad x 3 =0.75,\quad x 4 =1
\]



- Corresponding \( y \)-values:

\[

f(x) = 2)_0(1 + x)
\]

Calculate:

\[
f(x_i) = 2)_0(1 + x_i)
\]

for each \( x_i \).

2. Compute \( f(x_i) \) at Each Point

Using Bessel function tables or computational tools:

INCxCiN) [NCT + xCi\) [\CJ_O(L + x_i) \) [ \(f(x_i) = 2)_0(1 + x_i) \) |
|---mmmmmeee |--mmmmmmmeeee |-=mmmmmmmmmmm s |--mmmmmmm e |

|01 [\(J_O(1)\) [\(2)_0(1)\) |

|0.25|1.25|\(J_0125 ) | \(2)_0(1.25)\) |

| 0.5 1.5 | \(J_0(1.5)\) | \( 2)_0(1.5)\) |

| 0.75 | 175|\(J 0(1.75)\) | \( 2)_0(1.75) \) |

| 112 [\(J_0(2)\) [\(2)_0(2) ) |

Using approximate values (from tables or computational tools):
\(J _O(1) \approx 0.7651977\)

-\(J_0(1.25) \approx 0.4375239)

-\(J_0(1.5) \approx 0.5118277)

-\(J_0(1.75) \approx 0.3851476\)

-\(J_0(2) \approx 0.2238908 )

Therefore,

| 0] \(2\times 0.7651977 \approx 1.5303954 ) |

| 0.25 | \( 2 \times 0.4375239 \approx 0.8750478) |
| 0.5 | \( 2 \times 0.5118277 \approx 1.0236554) |

| 0.75 | \( 2 \times 0.3851476 \approx 0.7702952) |
| 1|\(2\times 0.2238908 \approx 0.4477816\) |



3. Apply Simpson’s Rule Formula

The approximation:

\[

\int_07~1 2J_0(1 + x) \, dx \approx \frac{H} {3} \left[ f(x_0) + 4f(x_1) + 2f(x_2) + 4f(x_3) +
f(x_4) \right]

\]

Plugging in the values:

\[
\frac{1/4}{3} \left[ 1.5303954 + 4(0.8750478) + 2(1.0236554) + 4(0.7702952) +
0.4477816 \right]

\]

Calculate inside brackets:

-\( 4 \times 0.8750478 = 3.5001912)
-\( 2 \times 1.0236554 = 2.0473108)
-\( 4 \times 0.7702952 = 3.0811808 )
Sum:

\[
1.5303954 + 3.5001912 + 2.0473108 + 3.0811808 + 0.4477816 = 10.60686
\]

Now multiply by \( \frac{H}{3} = \frac{1/4}{3} = \frac{1}{12} \):
\[

\frac{1}{12} \times 10.60686 \approx 0.8839

\]

Final approximation:
\[

\boxed{\int_ 0~1 2] O(1 + x) \, dx \approx 0.8839}
\]

Finding an Upper Bound for the Integral

Estimating the upper bound of the integral provides insight into the maximum possible
value of the integral over the interval, especially useful for error estimation and bounding



solutions.

Methods to Find an Upper Bound

- Using the Maximum of the Integrand:

Since the integrand is \( 2)_0(1 + x) \), and \(J_0) oscillates with diminishing amplitude,
the maximum value of \( J_0\) occurs at zero argument: \(J_0(0) = 1).

- Therefore, the maximum of the integrand occurs at \( x\) such that\( 1 + x = 0\) (which
is outside the interval [0,1]) or at the boundary where \( ] _0) attains its maximum within
the interval.

- Within [0,1], the maximum is at \( x=0\):

\[
\max_{x\in

Frequently Asked Questions

How do you apply Simpson's Rule with H = 1/4 to
approximate the integral of 2J0(1 + x) dx from a given
interval?

To apply Simpson's Rule with H = 1/4, first determine the interval limits and divide it into
subintervals of width H = 1/4. Then, evaluate the function 2JO(1 + x) at each subdivision
point. Use Simpson's Rule formula:

Approximate integral = (H/3) [f(x0) + 4f(x1) + 2f(x2) + 4f(x3) + ... + f(xn)],

where x0 and xn are the interval endpoints, and the intermediate points are spaced by H.

What is the significance of choosing H = 1/4 in
Simpson's Rule for this integral, and how does it affect
the approximation accuracy?

Choosing H = 1/4 determines the size of subintervals used in Simpson's Rule. Smaller H
values generally increase the approximation's accuracy because they reduce the error
associated with polynomial interpolation. With H = 1/4, the integral is divided into
sufficiently small segments to balance computational effort and accuracy, providing a
reliable approximation of the integral.



After applying Simpson's Rule with H = 1/4 to
approximate the integral, how do you find an upper
bound for the error of the approximation?

To find an upper bound for the error in Simpson's Rule, use the error bound formula:
|E| = (K(b-a)~5)/(180 n™~4),

where K is an upper bound on the fourth derivative of the integrand over [a, b], and n is the
number of subintervals. By estimating or calculating the maximum of the fourth derivative,
you can determine the upper error bound.

What are the steps involved in calculating the upper
error estimate after applying Simpson's Rule to the
integral of 2J0(1 + x)?

First, find the fourth derivative of the integrand 2JO(1 + x). Next, determine its maximum
value over the interval of integration to serve as K. Then, identify the number of
subintervals n (based on H = 1/4). Finally, apply the error bound formula: |E| = (K (b - a)™5)
/ (180 n™4) to compute the upper limit of the approximation error.

Additional Resources

Apply The Simpson's Rule, With H = 1/4, To Approximate The Integral 2[o* (1 + x) dx B)
Find An Upper

When tackling the problem of approximating definite integrals, numerical methods such as
Simpson's Rule are invaluable, especially when an exact analytical solution is complex or
impractical. This article explores the application of Simpson's Rule with a specific step size,
H = 1/4, to estimate the integral of the function 2[o* (1 + x) dx, along with strategies to find
an upper bound for the integral. We will dissect the steps involved, analyze the accuracy,
and discuss the implications of the approach, providing a comprehensive understanding
suitable for students, educators, and practitioners in numerical analysis.

Understanding the Problem

Before applying any numerical method, it is essential to understand the integral in
question. The integral given is:

\[
| =2\int_{0}~{1} (1 + x) dx
\]



This integral can be simplified analytically to serve as a benchmark for the approximation:

\[

| = 2 \left[ x + \frac{x"™{2}}{2} \right] 0~1 = 2 \left( 1 + \frac{1}{2} \right) = 2 \times
\frac{3}{2} =3

\]

Knowing the exact value of the integral (which is 3) helps evaluate the accuracy of the
numerical approximation. However, the focus here is on applying Simpson's Rule with a
specific step size to approximate the same integral.

Applying Simpson's Rule with H = 1/4

What is Simpson's Rule?

Simpson's Rule is a numerical method that approximates the integral of a function by fitting
quadratic polynomials through the points of the function and integrating those polynomials.
The rule is especially accurate for smooth functions and is expressed as:

\[

\int_{a}"~{b} f(x) dx \approx \frac{h} {3} \left[ f(x_0) + 4f(x_1) + 2f(x_2) + 4f(x_3) + \ldots
+ 2f(x_{n-2}) + 4f(x_{n-1}) + f(x_n) \right]

\]

where:

-\( n\) is the number of subintervals (must be even),
-\( h =\frac{b - a}{n} ) is the step size,

-\(x 0=a,x 1=a++ h,\ldots, x n=Db\).

In this context, since \( H = 1/4\), we set \( h = 1/4\). Given the interval \([0, 1]\), the
number of subintervals is:

\[
n = \frac{b - a}{h} =\frac{1-0}{1/4} =4
\]

which satisfies the requirement that \( n\) is even.

Step-by-Step Application



1. Identify the points:

\[

x 0=0\\

X 1 =0+ \frac{1}{4} = 0.25\\
X 2 =0.5\\

x 3 =0.75\\

Xx4=1

\]

2. Evaluate the function at these points:
Since the function is \( f(x) = 2(1 + x) \),

\[
f(x) =2 + 2x
\]

Calculations:

[

0)=2+0=2\\

(0.25) =2+ 0.5=2.5\\
(0.5)=2+1=3\\
(0.75) =2+ 1.5=3.5\\
(1)=2+2=4

]

— —=h —h —h —h —h —

3. Apply Simpson's Rule:

\[
[\approx \frac{h} {3} \left[ f(x_0) + 4f(x_1) + 2f(x_2) + 4f(x_3) + f(x_4) \right]
\]

Plugging in:

\[
[ \approx \frac{1/4} {3} \left[ 2 + 4 \times 2.5 + 2 \times 3 + 4 \times 3.5 + 4 \right]

\]

Simplify numerator:

\[
= \frac{1/4}{3} \left[ 2 + 10 + 6 + 14 + 4 \right] = \frac{1/4} {3} \times (36)
\]

Calculate:

\[
\frac{1/4}{3} = \frac{1}{4} \times \frac{1}{3} = \frac{1}{12}
\]



Therefore:

\[
[\approx \frac{1}{12} \times 36 = 3
\]

This matches the exact value of the integral, demonstrating the high accuracy of Simpson's
Rule with this step size for this particular function.

Analysis of the Approximation

The calculation confirms that applying Simpson's Rule with \( H = 1/4\) yields an exact
result for this linear function, as the quadratic approximation perfectly fits the linear
segments. However, in more complex cases, the approximation may not be exact, and the
error analysis becomes crucial.

Features & Pros of Simpson's Rule:

- High accuracy for smooth functions: Especially quadratic or near-quadratic functions.
- Simple implementation: Once the points are established, the formula is straightforward.
- Efficient: Requires fewer evaluations than some other methods for comparable accuracy.

Cons:

- Requires an even number of subintervals: Limits flexibility.

- Less effective for highly oscillatory or discontinuous functions: Errors may increase.
- Assumes function smoothness: Poor performance if the function has sharp bends or
discontinuities.

Estimating the Upper Bound of the Integral

Finding an upper bound for the integral involves understanding the behavior of the function
over the interval. Since the function \( f(x) = 2(1 + x) \) is increasing over \([0,1]\), the
upper bound of the integral can be estimated by considering the maximum value of the
function over the interval.

- Maximum of \(f(x)\) in \([0,1]\): At \(x=1\), \(f(1) = 4\).
- Rectangle approximation (overestimation): By taking the maximum value over the entire
interval and multiplying by the length:

\[
\text{Upper bound} \approx f(1) \times (1 - 0) = 4 \times 1 =4



\]

Similarly, since the integral is \(3\), and the function increases linearly, the actual value is
less than this overestimate, confirming the validity of the upper bound.

Strategies to Find a More Precise Upper Bound:

- Use the maximum value of the function at the endpoint \(x=1\).

- Apply quadratic or higher-order bounds if the function is convex or concave.

- Consider the average value over the interval, which will always be less than or equal to
the maximum for functions increasing over the interval.

Conclusion

Applying Simpson's Rule with \(H=1/4\) in the context of the integral \(2 \int 0~1 (1 + x)
dx\) demonstrates the effectiveness of this numerical method for straightforward functions.
The step size \(h=1/4\) divides the interval into four subintervals, allowing for an exact
calculation in this particular case due to the linear nature of the function. The process
underscores the importance of choosing appropriate step sizes and subinterval counts to
balance computational effort and accuracy.

Furthermore, estimating an upper bound relies on understanding the function's behavior
across the interval, which, in this case, is straightforward because the function is
monotonically increasing. Recognizing that the maximum value occurs at \(x=1\), the upper
estimate of the integral is 4, providing a simple yet effective overestimate.

Key takeaways:

- Simpson’s Rule provides highly accurate approximations for smooth, well-behaved
functions, especially when the function is quadratic or close to quadratic.

- Properly selecting the number of subintervals (even numbers) is crucial for the validity of
Simpson’s Rule.

- Upper bounds can be estimated by analyzing the function's maximum values over the
interval, offering bounds for integral estimates.

- While the method is straightforward for linear functions, more complex functions may
require more subintervals or adaptive methods to ensure accuracy.

In summary, Simpson's Rule with \(H=1/4\) is a powerful tool in numerical integration,

offering both simplicity and precision when applied correctly, as exemplified in this integral
approximation.
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