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The Maclaurin series, a special case of the Taylor series expanded about zero, is a powerful
tool in mathematical analysis and calculus. It allows us to approximate functions as infinite
sums of polynomial terms derived from derivatives at zero. Utilizing the derived Maclaurin
series to find series representations of various functions simplifies complex calculations,
especially in cases where direct expansion is challenging. This article explores the
methodology for deriving Maclaurin series from known series, illustrates with examples, and
guides you through the process of finding series expansions for given functions.

Understanding the Maclaurin Series

What Is a Maclaurin Series?

The Maclaurin series expansion of a function \(f(x)\) is expressed as:

f(x) = f(0) + f'(0) \frac{x}{1'} + f''(0) \frac{x"2}{2!'} + f'''(0)
\frac{x"3}{3'!} + \cdots

In general, it is written as:

f(x) = \sum {n=0}"{\infty} \frac{f~{(n)}(0)}{n!'} x"n

where \(f~{(n)}(0)\) is the \(n™ {th}\) derivative of \(f(x)\) evaluated at zero.

Why Use Derived Maclaurin Series?

e To approximate functions near zero with polynomial expressions.
e To simplify the analysis of functions that are difficult to handle directly.

e To facilitate integration, differentiation, and solving differential equations.



e To develop numerical methods for computation.

Methodology for Deriving Maclaurin Series for
Given Functions

Step 1: Recognize or Recall Known Series

- Use the Maclaurin series of basic functions like \(\sin x\), \(\cos x\), \(e™x\), etc.
- These well-known series serve as building blocks for more complex functions.

Step 2: Manipulate Known Series to Find New Series

- Use algebraic operations such as addition, subtraction, multiplication, division, and
composition.
- Apply differentiation and integration to existing series to generate new ones.

Step 3: Use Substitutions and Transformations

- For functions involving compositions like \(\sin(g(x))\) or \(e”™ {g(x)}\), substitute the series
expansion of \(g(x)\).

Step 4: Confirm the Series Convergence

- Ensure the series converges within the desired interval of approximation.
- Use convergence tests if necessary.

Examples of Deriving Maclaurin Series for
Specific Functions

Example 1: Deriving the Series for \(\sin x\)

- Known series: \(\sin x = \sum_{n=0}"~{\infty} (-1)"n \frac{x~{2n+1}}{(2n+1)!}\)
- This series is derived from the derivatives of \(\sin x\) evaluated at zero:

- \(f(0) = 0\)

- \(f'(x) = \cos x \Rightarrow f'(0) = 1\)

- \(f"(x) = -\sin x \Rightarrow f"'(0) = 0\)

-\(f"'(x) = -\cos x \Rightarrow f'"'(0) = -1\)

-\(f~{(4)}(x) =\sin x \Rightarrow f~{(4)}(0) = 0\)

- The pattern repeats, leading to the series above.



Example 2: Deriving the Series for \(e”™x\)

- Known series: \(e”™x = \sum_{n=0}"{\infty} \frac{x"n}{n!}\)
- Derivatives: \(f~{(n)}(x) = e™x\), so at \(x=0\), \(f~{(n)}(0) = 1\) for all \(n\).

Example 3: Deriving the Series for \(\arctan x\)

- Recognize that \(\arctan x\) can be obtained by integrating the series of \(\frac{1}{1 +
X" 2H).

- Series of \(\frac{1}{1 + x™2}\):

-\(\Mfrac{1}{1 + x72} =\sum_{n=0}"{\infty} (-1)"n x~{2n}\)

- Integrate term-by-term:

-\(\arctan x = \int\frac{1}{1 + t~2} dt = \sum_{n=0}"{\infty} (-1)"n\int x~{2n} dx\)
- Resulting in:

\(\arctan x = \sum_{n=0}~{\infty} (-1)"n\frac{x"~{2n+1}}{2n+1}\)

Applying the Method to Find Series for Complex
Functions

Function Composition and Chain Rule

- For functions like \(\sin(e”™x)\) or \(e”™{\sin x}\), use the known series of inner functions
and substitute into outer functions.

- Example:

-\(\sin(e”™x) = \sin\left( 1 + x + \frac{x™2}{2!} + \cdots \right)\)

- Expand \(e”x\) first, then substitute into \(\sin\), and expand.

Using Known Series to Generate New Series

- For functions like \(\In(1 + x)\), start with the geometric series:
-\(Mfrac{1}{1 - x} = \sum_{n=0}"{\infty} x~{n}\), for \(|x|<1\)
- Integrate or differentiate to get related series.

Finding the Series for Specific Functions

Example 4: Maclaurin Series for \(\cos x\)

- Derivatives:

- \(f(0) = 1\)

-\(f'(x) = -\sin x \Rightarrow 0\) at 0

- \(f"(x) = -\cos x \Rightarrow -1\)

- \(f"'(x) = \sin x \Rightarrow 0\)
-\(f~{(4)}(x) = \cos x \Rightarrow 1\)



- Series:
-\(\cos x =\sum_{n=0}"{\infty} (-1)"n \frac{x™{2n}}{(2n)!}\)

Example 5: Series for \(\sinh x\)

- Known as hyperbolic sine:
-\(\sinh x =\sum_{n=0}"{\infty} \frac{x~{2n+1}}{(2n+1)!}\)

Additional Tips for Deriving Series

e Start with basic series of elementary functions.

e Use derivatives at zero to find coefficients directly.

e For composite functions, expand inner functions first.

e Apply algebraic manipulation and known series identities.

e Always check the interval of convergence.

Practical Applications of Maclaurin Series

Numerical Analysis

- Approximate functions for computational purposes.
- Implement algorithms to evaluate functions with high precision.

Engineering and Physics

- Model oscillations, wave behavior, and other phenomena using series approximations.

Mathematical Research

- Solve differential equations.
- Analyze the behavior of functions near zero.



Conclusion

Using the derived Maclaurin series to obtain series representations of functions is an
essential skill in advanced calculus and mathematical analysis. By understanding the
process—starting from known series, manipulating derivatives, and employing algebraic
transformations—you can approximate a wide range of functions effectively. Whether
you're working with elementary functions like \(\sin x\) and \(e”™x\) or more complex
compositions, the methodology remains consistent. Mastery of this technique enhances
both theoretical understanding and practical problem-solving capabilities in various
scientific and engineering disciplines.

Frequently Asked Questions

What is the process of deriving the Maclaurin series for
a function using its derived series?

To derive the Maclaurin series from a function's derived series, you evaluate the derivatives
of the function at zero and then express the function as an infinite sum of these derivatives
divided by factorials, centered at zero. This involves calculating the derivatives
systematically and then substituting x=0 to find the coefficients.

How can | use the known Maclaurin series of a basic
function to find the series for a more complex function?

You can use operations like addition, subtraction, multiplication, division, or composition on
known Maclaurin series to derive the series for more complex functions. For example, if you
know the series for sin x and cos x, you can combine them to find the series for tan x or
other related functions through algebraic manipulation.

What are common pitfalls when using the derived
Maclaurin series to find series for other functions?

Common pitfalls include incorrect calculation of derivatives, neglecting the radius of
convergence, improper substitution of x=0, and algebraic errors during manipulation of
series. Ensuring derivatives are correctly computed and the series are properly combined is
crucial for accurate results.

Can you explain how to find the Maclaurin series for
e”~x using its derived series?

Yes, starting with the derivatives of e”™x, which are all e~x, and evaluating at zero gives
e”~0=1. The derivatives are constant, so the Maclaurin series for e™~x is the sum from n=0
to infinity of x™n/n!, i.e., 1 + x + x™2/2! + x~3/3! + ....



What steps are involved in applying the derived
Maclaurin series to find the series of functions like sin x
or cos x?

First, compute the derivatives of the function at zero, then identify the pattern of
derivatives to determine the coefficients. Use these coefficients in the general Maclaurin
series formula. For sin x and cos x, their derivatives repeat periodically, making it
straightforward to write their series expansions directly based on known derivatives.

Additional Resources

Using the Derived Maclaurin Series to Obtain the Maclaurin Series for Given
Functions: A Comprehensive Analysis

In the realm of mathematical analysis, particularly in the study of functions and their
approximations, the Maclaurin series holds a pivotal role. This powerful tool enables
mathematicians and scientists to approximate complex functions with polynomial
expressions, facilitating easier computation, analysis, and understanding of their behavior
near specific points. The process of deriving the Maclaurin series for various functions often
begins with the foundational Taylor series expansion centered at zero, known as the
Maclaurin series. By leveraging the derived Maclaurin series for simpler functions, we can
systematically obtain the series expansions of more complex functions. This article delves
into the methodology and significance of using derived Maclaurin series to find the
Maclaurin series of given functions, elucidating the process with detailed explanations,
examples, and analytical insights.

Understanding the Maclaurin Series: Foundations
and Significance

What is the Maclaurin Series?

The Maclaurin series is a special case of the Taylor series expansion of a function \(f(x)\)
about the point \(x=0\). It is expressed as:

\[
f(x) = \sum_{n=0}"\infty \frac{f~{(n)}(0)}{n!} x™n
\]

where \(f~{(n)}(0)\) denotes the \(n\)-th derivative of \(f(x)\) evaluated at zero. The series
provides a polynomial approximation of the function near \(x=0\), with the accuracy
improving as more terms are included.



Significance:

- Facilitates approximation of functions that are otherwise difficult to compute directly.
- Enables analysis of the function's behavior near zero.

- Serves as a foundation for numerical methods, differential equations, and engineering
applications.

Why Use Derived Series to Find Series of Other
Functions?

Many functions can be expressed or approximated using elementary functions with known
Maclaurin series. By manipulating these known series—through algebraic operations,
composition, or differentiation—we can derive the series expansion of more complex
functions.

For example:
- If \(f(x)\) and \(g(x)\) have known Maclaurin series, then the series for \(f(x) + g(x)\),

\(f(x)g(x)\), or \(f(g(x))\) can be obtained from their individual series.
- This method streamlines the process, avoiding direct differentiation of complex functions.

Methodology: Deriving Maclaurin Series for Given
Functions

The process involves several key steps:

Step 1: Recall Known Series Expansions

Identify functions with well-established Maclaurin series, such as:

e”™x = \sum_{n=0}"\infty \frac{x"n}{n!}\)
\sin x = \sum_{n=0}"\infty (-1)"n \frac{x~{2n+1}}{(2n+1)!}\)
\cos x = \sum_{n=0}"\infty (-1)~n \frac{x™{2n}}{(2n)!}\)

-\
-\
-\
-\(\Mfrac{1}{1 - x} = \sum_{n=0}"\infty x~n\) (for \(|]x| < 1\))

- -~ =~~~

These serve as building blocks.

Step 2: Use Algebraic Operations and Composition

Operations on series follow algebraic rules:



- Addition/Subtraction: Term-by-term addition or subtraction.

- Multiplication: Convolution of coefficients.

- Division: Series division, often via polynomial division or recursive formulas.
- Composition: Substituting the series of one function into another.

By applying these rules, you can derive the series of complex functions.

Step 3: Simplify and Expand

Once the operations are performed, simplify the resulting series, often by collecting like
terms, to obtain a clear polynomial approximation up to the desired degree.

Step 4: Verify Convergence and Validity

Check the radius of convergence to ensure the series accurately represents the function
within a certain interval around zero.

Practical Examples and Applications

Example 1: Deriving the Series for \(\In(1 + x)\)

Known Series:

\[
\frac{1}{1 + x} = \sum_{n=0}"\infty (-1)"n x~n\quad |x| <1
\]

Derivation:

- Recognize that \(\frac{d}{dx} \In(1 + x) = \frac{1} {1 + x}\).
- Integrate the series term-by-term:

\[

\In(1 + x) =\int\sum_{n=0}"M\infty (-1)"n x~n dx = C + \sum_{n=0}"\infty (-1)"™n
\frac{x~{n+1}}{n+1}

\]

- Determine the constant \(C\) by evaluating at \(x=0\):

\[
\In(1 + 0) = 0 \Rightarrow C=0



\]

Resulting Series:

\[

\boxed{

\In(1 + x) = \sum_{n=1}M\infty (-1)~{n+1} \frac{x"n}{n} \quad |x| <1
}

\]

This derivation illustrates how the known series for \(1/(1+x)\) facilitates obtaining the
series for \(\In(1+x)\).

Example 2: Deriving Series for \(\arctan x\)

Known Series:

\[
\frac{1}{1 + x™2} =\sum_{n=0}"\infty (-1)"n x~{2n} \quad |x| <1
\]

Derivation:

- Recognize that \(\frac{d} {dx} \arctan x = \frac{1}{1 + x™2}\).
- Integrate term-by-term:

\[

\arctan x = \int \sum_{n=0}"\infty (-1)"n x~{2n} dx = C + \sum_{n=0}"\infty (-1)"n
\frac{x~{2n+1}}{2n+1}

\]

- Set \(x=0\), noting \(\arctan 0=0\), so \(C=0\).
Resulting Series:

\[

\boxed{

\arctan x = \sum_{n=0}"\infty (-1)"n \frac{x~{2n+1}}{2n+1} \quad |x| < 1
}

\]

This demonstrates the utilization of a known series of a rational function to derive an
inverse tangent series.



Advanced Techniques: Series for Composite and
Inverse Functions

Beyond simple algebraic operations, more sophisticated techniques exist for functions
involving composition or inverse operations.

Series for Compositions: \(f(g(x))\)

The key is to substitute the series of \(g(x)\) into the series of \(f\):
- For example, deriving the series for \(e”™ {\sin x}\):

1. Recall \(\sin x = \sum_{n=0}"\infty (-1)"n \frac{x"™ {2n+1}}{(2n+1)!}\).
2. Use the known series \(e”™x = \sum_{n=0} "\infty \frac{x~n}{n!}\).
3. Replace \(x\) in \(e”™x\) with the series for \(\sin x\):

\[

e”™ {\sin x} = \sum_{n=0}"\infty \frac{\left( \sum_{k=0} "\infty (-1)"~k
\frac{x™ {2k+1}}{(2k+1)!} \right)*n}{n!}

\]

- Expand and collect terms up to the desired order.

Series for Inverse Functions: Inverting Series

- For inverse functions like \(f~ {-1}(x)\), series inversion techniques such as Lagrange
inversion are employed.

- These methods involve solving for \(x\) in a power series expansion or using recursive
formulas.

Analytical Significance and Limitations

While the derivation of Maclaurin series via known series is efficient, it has limitations:

- Radius of Convergence: Series are valid only within the radius where they converge to the
original function.

- Accuracy: Higher-order terms improve approximation but increase computational
complexity.

- Complexity of Derivations: For highly complicated functions, the algebra can become
unwieldy, necessitating computer algebra systems.



However, the method's strength lies in its systematic approach, allowing the approximation
of a vast class of functions based on elementary series.

Conclusion: The Power of Derived Series in
Mathematical Analysis

The process of using derived Maclaurin series to obtain series expansions of other functions
epitomizes the interconnectedness of mathematical functions and their series
representations. By leveraging known series,
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