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With is a classic physics problem that explores the principles of equilibrium, forces, and moments. This
scenario is frequently encountered in mechanics and engineering, providing valuable insights into how
objects behave when subjected to various forces. Understanding this problem involves analyzing the forces
acting on the ladder, applying Newton's laws, and using the conditions for equilibrium to find unknown

quantities such as the normal force, frictional force, or the reaction at the base.

In this article, we will delve deeply into the details of this scenario, breaking down the physics principles
involved and providing step-by-step solutions. Whether you're a student preparing for exams or an
enthusiast seeking to understand the mechanics of levers and structures, this comprehensive guide will

clarify the concepts and calculations related to a ladder leaning against a smooth frictionless wall.

Understanding the Physical Setup

The Components of the Scenario

The problem involves a ladder of mass 15 kg leaning against a vertical wall at an angle of 45°. Key

elements of this setup include:

The ladder itself: A uniform object with a known mass (15 kg).

The wall: Vertical and smooth, meaning it exerts no frictional force.

The ground: Usually assumed to be horizontal and may or may not have friction depending on the

problem statement.

The angle of inclination: The ladder makes a 45° angle with the ground, which influences the

distribution of forces.



Assumptions in the Problem

To simplify calculations, several assumptions are typically made:

The wall is smooth and frictionless, so it exerts only a normal force, no frictional force.

The ground may be frictionless or have a certain coefficient of friction depending on the problem.

Often, to find the maximum angle or the force at which the ladder slips, friction is considered.

The ladder is rigid and uniform, with its weight acting at its center of mass (midpoint).

Static equilibrium applies, meaning the sum of forces and the sum of moments are zero.

Forces Acting on the Ladder

1. Weight of the Ladder (W)

The weight acts vertically downward through the ladder's center of mass:
e Magnitude: \( W = mg = 15 \times 9.8 = 147 \, \text{N} \)

e Direction: Vertically downward at the midpoint of the ladder.

2. Normal Force from the Wall (N_w)

Since the wall is smooth:
e Direction: Horizontal, directed away from the wall.

e Magnitude: To be determined based on equilibrium conditions.



3. Normal Force from the Ground (N_g)

The ground exerts an upward normal force:
e Direction: Vertically upward.

e Magnitude: To be determined.

4. Frictional Force at the Base (F_f)

If the ground is rough:
e Direction: Horizontal, opposing the tendency of the ladder to slip.

e Magnitude: To be determined, limited by the coefficient of friction.

Equilibrium Conditions and Calculations

1. Conditions for Equilibrium

For the ladder to be in equilibrium:

e The sum of horizontal forces must be zero:

e The sum of vertical forces must be zero:



¢ The sum of moments about any point must be zero:

This is crucial for solving unknown forces.

2. Choosing the Point of Moments

To simplify calculations, moments are often taken about the point where the ladder contacts the ground,

eliminating the unknown normal force and frictional force from the torque equation.

Step-by-Step Solution

1. Resolve the Weight Components

Since the ladder makes a 45° angle with the ground:
¢ The center of mass is at the midpoint, at a distance \(L/2\), where \(L\) is the length of the ladder.
e Horizontal component of the weight: \( W_x = W \sin 45° \)

e Vertical component of the weight: \( W_y = W \cos 45° \)

Given \( W = 147\, \text{N} \):

\[

W_x = 147 \times \sin 45° = 147 \times \frac{\sqrt{2}}{2} \approx 147 \times 0.7071 \approx 104.0\,
\text{N}

\

\[

W_y = 147 \times \cos 45° = 147 \times 0.7071 \approx 104.0\, \text{N}

\

2. Apply Moment Equilibrium

Taking moments about the base of the ladder:
- The clockwise moments are due to the weight, acting at the center.

- The counter-clockwise moments are due to the normal force at the wall.



Assuming the ladder length is \(L\):
- The perpendicular distance from the base to the center of mass along the ladder is \( (L/2) \sin 45° = (L/2)
\times 0.7071 \).

- The horizontal distance from the base to where the normal force acts is \( L \cos 45° = L \times 0.7071 \).

Set up the moment equation:

\

W \times \frac{L}{2} \times \sin 45° = N_w \times L \cos 45°
\

Simplify:

\

147 \times \frac{L}{2} \times 0.7071 = N_w \times L \times 0.7071
\

Dividing both sides by \(L \times 0.7071\):

\

147 \times \frac{1}{2} = N_w

\

\

N_w = \frac{147}{2} = 735\, \text{N}

\]

This is the normal force exerted by the wall.

3. Determine Frictional Force and Base Reactions

If the ground is frictionless, the ladder would slip unless the horizontal reaction equals \(N_w\). For static
equilibrium with friction:
- The maximum static friction force \(F_{f, max} = \mu_s N_g\).

- To prevent slipping, the horizontal component \(N_w\) must be less than or equal to \(F_{f, max}\).

If the ground is frictionless, the ladder cannot resist horizontal forces, and it would slide unless additional

measures are taken.

Assuming the ground is rough with sufficient friction:
\

F_f=N_w =735\, \text{N}

\]

and the normal reaction at the ground:

\

N_g = W = 147\, \text{N}

\



Summary of Key Results

The normal force exerted by the wall: 73.5 N

The vertical normal reaction from the ground: 147 N

The horizontal reaction at the ground: 73.5 N (if friction is sufficient)

The weight of the ladder acts downward at its center, with components symmetric at 45° angles.

Additional Considerations and Real-World Applications

Maximum Length and Friction Limits

Understanding the forces involved helps determine:

¢ The maximum length of the ladder that can lean without slipping, given a specific coefficient of

friction.

e When additional support or anchoring is necessary.

Safety and Structural Design

Engineers use these principles to:
¢ Design safe ladders and scaffolding.
e Assess the stability of structures leaning against walls.

o Calculate the necessary friction and support to prevent accidents.



Practical Tips for Applying These Principles

Always identify all forces acting on an object.
Use free-body diagrams to visualize forces and moments.
Apply equilibrium equations systematically to solve for unknowns.

Consider

Frequently Asked Questions
What is the significance of the ladder leaning against a smooth
vertical wall in this problem?

The smooth vertical wall implies there is no friction between the ladder and the wall, so only the

normal force acts horizontally at the contact point, simplifying the analysis of equilibrium.

How does the angle of 45 degrees affect the components of the forces
acting on the ladder?

The 45-degree angle divides the weight of the ladder evenly into horizontal and vertical

components, impacting how the normal and frictional forces are distributed to maintain equilibrium.

Why is the friction between the ladder and the ground important in

this scenario?

Friction at the ground prevents the ladder from slipping, balancing the horizontal component of the

forces and ensuring the ladder remains in equilibrium.



What are the key forces acting on the ladder in this problem?

The key forces are the weight of the ladder acting downward at its center of mass, the normal force
from the ground perpendicular to the surface, the frictional force at the ground (if any), and the

normal force exerted by the wall acting horizontally.

How do you determine the maximum angle at which the ladder can

lean without slipping?

By analyzing the equilibrium conditions and the maximum static friction at the ground, you can set

up equations to solve for the critical angle beyond which slipping occurs.

What role does the ladder's mass play in calculating the forces

involved?

The ladder's mass determines the magnitude of its weight (15 kg), which creates a downward force

influencing the normal and frictional forces needed for equilibrium.

How would the analysis change if the wall were frictionless or

rough?

If the wall is frictionless, only the normal force acts horizontally; if rough, friction would also act at
the wall, adding additional forces that need to be considered in the equilibrium equations, affecting

the stability analysis.

Additional Resources

A Ladder of Mass 15kg Leaning Against a Smooth Frictionless Vertical Wall Making an Angle of 45°:
An In-Depth Analysis



Introduction: Understanding the Scenario

In the realm of classical mechanics, the study of objects in equilibrium—particularly ladders leaning
against walls—serves as a fundamental illustration of the principles of forces, moments, and
equilibrium conditions. The scenario involving a ladder of mass 15 kg leaning against a smooth,
frictionless vertical wall at an angle of 45° is not just a textbook problem but a window into the
intricate balance of forces that govern everyday objects. This article aims to dissect this problem with

detailed explanations, analytical insights, and practical implications.

Setting the Scene: The Physical Configuration

Physical Description of the Ladder

The problem involves a uniform ladder of length \( L \) (not specified, but often taken as a known
value or considered as a variable) and mass \( m = 15\, \text{kg} \). The ladder leans against a vertical
wall, forming an angle \( \theta = 45"\circ \) with the horizontal ground. The key features of this

setup include:

- Uniformity: The ladder's mass distribution is uniform, meaning its weight acts at its center of mass,
located at the midpoint.

- Friction Conditions: The wall is smooth, implying it exerts only a normal force perpendicular to its
surface, with no frictional force parallel to the contact surface.

- Ground Contact: The ground may or may not be frictionless; if friction is present, it provides

additional support to prevent slipping.

Assumptions for Simplification

To analyze the problem effectively, certain assumptions are generally made:

- The ladder is rigid and mass is uniformly distributed.

- The wall is perfectly smooth, exerting only a normal force.



- The ground can exert both a normal and a frictional force unless specified otherwise.

- The system is in equilibrium, meaning no acceleration occurs.

Forces Acting on the Ladder

Understanding the forces is pivotal to analyzing the stability and equilibrium of the ladder.

Gravity (Weight)

- Acts vertically downward through the ladder's center of mass.
- Magnitude: \( W = mg = 15 \times 9.81 \approx 147.15\, \text{N} \).

Normal Forces

- From the Wall (N_w): Acts horizontally inward at the top of the ladder, directed perpendicular to
the wall surface.
- From the Ground (N_g): Acts vertically upward at the foot of the ladder, perpendicular to the

ground surface.

Frictional Force at the Base (if any)

- If the ground is frictional, it can exert a horizontal frictional force \( f\) to counteract any tendency
of slipping.
- The maximum static friction force: \( f_{max} = \mu_s N_g \), where \( \mu_s \) is the coefficient

of static friction.



Equilibrium Conditions and Analytical Framework

The core of the analysis employs the principles of static equilibrium, which require:
1. Sum of Forces in Horizontal Direction = 0

2. Sum of Forces in Vertical Direction = 0

3. Sum of Moments about any point = 0

Mathematical Representation of Forces

Considering the geometry:

- The ladder makes a 45° angle with the ground.

- The length of the ladder is \( L \), with its midpoint at \( L/2 \) from either end.

- The height where the ladder contacts the wall is \( h = L \sin 45"\circ = \frac{L}{\sqrt{2}} \).

- The horizontal distance from the foot to the wall is \( d = L \cos 45"\circ = \frac{L}{\sqrt{2}} \).

Force balance equations:

- Horizontal: \( N_w = f\) (if friction exists at the base)
- Vertical: \( N_g = W = 147.15\, \text{N} \)

Moment balance:

Choosing the foot of the ladder as the pivot point, the moments due to the weight and the normal

force from the wall are considered.

Analysis of Equilibrium: Critical Insights

Case 1: No Friction at the Base (Frictionless Ground)



In this scenario:

- The only horizontal force is the normal force exerted by the wall, \( N_w \).

- Since the ground cannot exert friction, the ladder can slip unless other conditions are met.

Force equations:

- Horizontal: \( N_w = 0 \) (implying no support against slipping)
- Vertical: \( N_g = W)

Moment equilibrium:

- Taking moments about the foot:

\

N_w \times h = W \times \frac{LL}{2} \cos 45"\circ

\

Given \( h = \frac{L }{\sqrt{2}} \), this simplifies to:

\

N_w \times \frac{L}{\sqrt{2}} = 147.15 \times \frac{L}{2} \times \frac{1}{\sqrt{2}}

\

\

N_w = \frac{147.15 \times \frac{L}{2} \times \frac{1}{\sqrt{2}} }{\frac{L}{\sqrt{2}}} = \frac{147.15
\times \frac{L}{2} \times \frac{1}{\sqrt{2}} }{\frac{L}{\sqrt{2}}}

\]

Simplify numerator and denominator:

\[
N_w = 147.15 \times \frac{L }{2} \times \frac{1}{\sqrt{2}} \times \frac{\sqrt{2}}{L} = 147.15 \times
\frac{1}{2} = 73.575\, \text{N}

\
Implication:

- The normal force from the wall is approximately 73.58 N.

- Since the ground cannot exert horizontal support, the ladder would slip unless friction is present.

Conclusion:



- Without friction at the base, the ladder is only supported by the normal force from the wall, which
is insufficient to prevent slipping.

- Therefore, in practical scenarios, friction at the base is essential for stability.

Case 2: Frictional Support at the Base

When the ground can exert friction:

- The forces are balanced with:

\

\text{Horizontal force: } N_w = f \leq \mu_s N_g

\

- The maximum static friction is:

\
f_{max} =\mu_s N_g

\

- The normal force from the ground:

\[
N_g = W = 147.15\, \text{N}

\]

- The horizontal support:

\
N_w = f\leq \mu_s \times 147.15

\]

From earlier calculations, the required \( N_w \) to prevent slipping is approximately 73.58 N. To

ensure stability:

\

\mu_s \geq \frac{N_w }{147.15} \approx \frac{73.58}{147.15} \approx 0.5

\



Practical Implication:

- A coefficient of static friction of at least 0.5 is necessary to prevent slipping.

- This is a reasonable value for many surfaces, indicating typical ground conditions are sufficient.

Additional Considerations: The Role of the Wall and Ground

Effect of the Wall Being Smooth

The assumption that the wall is smooth simplifies the analysis, as it exerts only a normal force
without frictional support. This is typical for many real-world scenarios where smooth, polished

surfaces are involved.

- The wall's normal force \( N_w \) acts horizontally inward.

- No frictional force from the wall implies the wall cannot provide any torque or support against

slipping.

Ground Friction and Stability

Friction at the ground plays a vital role in ensuring the ladder remains in equilibrium. The
maximum frictional force depends on the coefficient of static friction, which varies based on surface

material.

- For a stable ladder, the ground's friction must be sufficient to counteract the horizontal component
of the normal force from the wall.

- The analysis indicates that a coefficient of around 0.5 is necessary under the given conditions.

Implications for Design and Safety

In practical applications, understanding these force balances informs safety standards:



- Ensuring the ground surface has adequate friction.
- Choosing appropriate ladder lengths and angles.

- Recognizing the importance of non-slipping conditions for stability.

Practical Applications and Broader Implications

Construction and Safety Protocols

Ladders are ubiquitous in construction, maintenance, and household tasks. The principles elucidated

through this analysis inform safety protocols:
- Maintain the ladder at an optimal angle (~75°) for stability.

- Use surfaces with sufficient friction to prevent slipping.

- Avoid leaning ladders against smooth, slippery surfaces without additional support.

Engineering Design and Material Selection

Designers and engineers utilize such analyses when:

- Developing ladder materials with high coefficient of
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