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Understanding how to determine the specific values of x and y that satisfy
the simultaneous conditions F x (x,y) = 0 and F y (x,y) = 0 when F(x,y) = X
is a fundamental concept in multivariable calculus. These conditions are
often encountered when analyzing critical points, optimizing functions, or
studying the behavior of functions in multivariate analysis. This article
provides a comprehensive guide to solving such problems, illustrating the
process with step-by-step methodologies, explanations, and practical examples
to enhance your understanding.

Introduction to Partial Derivatives and
Critical Points

Before delving into the specific problem, it is essential to grasp the basic
concepts involved.

What Are Partial Derivatives?

Partial derivatives are derivatives of functions with respect to one variable
while keeping the other variables constant. For a function F(x, y), the
partial derivatives are denoted as:

- F x(x, y): The partial derivative of F with respect to x
- F y(x, y): The partial derivative of F with respect to y

These derivatives provide information about the rate of change of the
function in each direction.

Critical Points and Their Significance

Critical points occur where the gradient vector of a function is zero, i.e.,
where both partial derivatives vanish:

- F x(x, y) =0
- F_y(x, y) =0



Identifying these points helps locate potential maxima, minima, or saddle
points in the function's surface.

Understanding the Problem Statement

The problem asks: For a given function F(x, y), find the values of x and y
such that:

- F x(x, y) =0
Fy(x, y) =0

and simultaneously, the function value at that point satisfies:
F(x, y) =X

In other words, we are seeking points (x, y) where the function has a
critical point (since both partial derivatives are zero) and where the
function's value equals a specific constant X.

Methodology for Finding x and y Values

The process involves a systematic approach:

Step 1: Compute Partial Derivatives

Start with the given function F(x, y). Calculate the partial derivatives F x
and F y.

Step 2: Set Up the System of Equations

Formulate the equations:

- F x(x, y) =0
- Fy(x, y)=20

These equations represent the critical point conditions.

Step 3: Solve the System for x and y

Solve the simultaneous equations obtained in Step 2 to find the critical
points (x, y).



- This might involve substitution, elimination, or solving nonlinear
equations.

- The solutions may be a set of points or a parameterized relation between x
and y.

Step 4: Verify the Function Value Condition

For each critical point (x, y) found, evaluate F(x, y). If F(x, y) = X, then
(x, y) satisfies all conditions.

- If the function value at the critical point does not equal X, discard that
point.
- If multiple points satisfy both conditions, list all such points.

Practical Example

Let's illustrate this process with an example function:

\ [
F(x, y) = x*3 + y*3 - 3xy
\]

Suppose we want to find points where:

\ [
F x(x, y) =0, \quad F y(x, y) = 0, \quad \text{and} \quad F(x, y) = X
\1]

Step 1: Compute Partial Derivatives

\ [
F x(x, vy)
\1
\ [
F_y(x, y)
\1]

3x™2 - 3y

3y™2 - 3x

Step 2: Set Up the Equations

\ [
3x*2 - 3y = 0 \Rightarrow x*2 =y



\1]
\ [
3y*2 - 3x = 0 \Rightarrow y"2 = x
\1

Step 3: Solve for x and y

From the first equation:

\ [
y = X°2
\1]

Substitute into the second:

\ [
(x*2)72 = x \Rightarrow x*4 = X
\1

Rearranged:

\ [
x*4 - x = 0 \Rightarrow x(x*3 - 1) =0
\1

Solutions:

\ [

x = 0 \quad \text{or} \quad x*3 = 1 \Rightarrow x =1
\1

Corresponding y-values:

), then \( y=072=0 \). Critical point: (0, 0)
), then \( y=1"2=1 \). Critical point: (1, 1)

Step 4: Check Function Values at Critical Points

Calculate \( F(0, 0) \):
\ [
F(, 0) =0 +0 -0 =0
\1]

Calculate \( F(1, 1) \):



\ [
F(1, 1) =1+ 1 - 3(1)(1) =2 - 3= -1
\]

If the specific value of X is, for instance, 0, then the point (0, 0)
satisfies all conditions:

\ [
F x(0, 0)=0, \quad F y(0, 0)=0, \quad F(0,0)=0
\1

Similarly, for X = -1, the point (1, 1) satisfies the critical point
conditions, but its function value is -1.

Additional Considerations and Techniques

When solving such problems, several additional techniques and considerations
can be useful:

1. Handling Nonlinear Equations

- Use substitution methods or algebraic manipulation.
- Employ numerical techniques like Newton-Raphson if equations are too
complex.

2. Analyzing Critical Points

- Use second derivative tests or the Hessian matrix to classify the critical
points (maxima, minima, saddle points).

3. Multiple Solutions

- Be aware that multiple points may satisfy the conditions.
- Verify each critical point against the value of the function.

4. Use of Graphical Analysis

- Plotting the function and its derivatives can provide visual insights into
the location of critical points.



Applications in Optimization and Multivariable
Calculus

The ability to find points where F x and F y vanish simultaneously, given a
function value constraint, is crucial in various applications:

Optimizing multivariable functions: Finding local maxima and minima
subject to constraints.

e Lagrange multipliers: Extending the analysis when constraints are
present.

Economics and engineering: Cost minimization, profit maximization, and
system analysis.

Physics: Potential energy surfaces and equilibrium points.

Summary and Final Remarks

Finding the values of x and y where the partial derivatives of a function
vanish simultaneously while also satisfying a specific function value
involves a clear sequence of steps:

Compute the partial derivatives.

Set the derivatives equal to zero to find critical points.

Solve the resulting system of equations.

Check the function value at these points against the specified X.
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Mastering this process enhances your ability to analyze complex functions,
optimize solutions, and understand the behavior of multivariable systems
deeply.

Remember: The key to solving these problems effectively lies in careful
algebraic manipulation, verification of solutions, and understanding the
geometric interpretation of critical points on a surface. Whether in academic
settings or practical applications, these skills are invaluable in the realm
of multivariable calculus.

Frequently Asked Questions



What does it mean to find the values of x and y such
that F x(x,y) = 0 and F_y(x,y) = 0 simultaneously?

It means identifying the points (x, y) where both partial derivatives of the
function F with respect to x and y are zero at the same time, often
indicating critical points or potential maxima, minima, or saddle points.

If F(x,y) = x, how do we interpret the conditions
F x(x,y) = 0 and F_y(x,y) = 07

Since F(x,y) = x, its partial derivatives are F x = 1 and F y = 0. Therefore,
the conditions F x = 0 and F y = 0 cannot be satisfied simultaneously,
indicating no such points exist for this specific function.

Can you give an example of a function where F x(x,y)
= 0 and F_y(x,y) = 0 simultaneously?

Yes, for example, F(x,y) = x"2 + y~2. Its partial derivatives are F x = 2x
and F y = 2y. Setting both to zero yields x = 0 and y = 0, so the only point
where both derivatives are zero is (0,0).

Why is finding points where both partial derivatives
are zero important in multivariable calculus?

Because these points are critical points where the function may attain local
maxima, minima, or saddle points, and analyzing them helps understand the
function's behavior and optimize problems.

If F x(x,y) = 0 and F_y(x,y) = 0 are satisfied at
some (x, y), what does that imply about the gradient
of F at that point?

It implies that the gradient vector VF(x,y) = (F x, F y) is the zero vector
at that point, indicating a critical point where the function's rate of
change is zero in all directions.

How do partial derivatives relate to the contour
lines or level curves of a function F(x,y)?

Partial derivatives indicate the slope of the function in the x and y
directions. At points where both derivatives are zero, the tangent to the
level curve is horizontal or vertical, often corresponding to peaks, troughs,
or saddle points.



Given the function F(x,y) = x, what are the critical
points where F. x = 0 and F_.y = 07

Since F x =1 and F y = 0 for this function, there are no points where both
derivatives are zero simultaneously. Thus, no critical points exist for
F(x,y) = x.

What steps should be followed to find the values of
x and y satisfying F x(x,y) = 0 and F_y(x,y) = 0 for
a general function F?

First, compute the partial derivatives F x and F y. Then, set each equal to
zero and solve the resulting system of equations simultaneously to find the
critical points (x, vy).

Additional Resources
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In the realm of multivariable calculus, understanding the behavior of
functions involving multiple variables is fundamental. One common problem
involves identifying points where the partial derivatives of a function
vanish simultaneously, which can reveal critical points, such as maxima,
minima, or saddle points. Specifically, the task of finding the values of
\(X\) and \(Y\) such that the partial derivatives \(F x(x,y) = 0\) and

\(F y(x,y) = 0\) hold simultaneously for a given function \(F(x,y) = X\) is
both intriguing and essential for advanced calculus applications. This
article delves into the methodology, significance, and applications of
solving such problems, providing a comprehensive guide suitable for students,
educators, and professionals alike.

Understanding the Context: The Role of Partial Derivatives in Multivariable
Functions

Before exploring the core problem, it's crucial to grasp the foundational
concepts:

- Multivariable functions: Functions involving two or more variables, such as
\(F(x,y)\), which assign a real number to every point \((x,y)\) in a domain.
- Partial derivatives: Derivatives of \(F\) with respect to one variable
while holding others constant, denoted as \(F x(x,y)\) and \(F y(x,y)\).
These derivatives measure the rate of change of the function along each
coordinate axis.

- Critical points: Points where all partial derivatives vanish (\(F x = 0\),
\(F y = 0\)). These points are candidates for local maxima, minima, or saddle



points.

In essence, solving \(F x = 0\) and \(F_y = 0\) simultaneously helps locate
the critical points of \(F\). When these conditions are combined with the
equation \(F(x,y) = X\), the problem becomes more nuanced, involving both the
geometry and the level curves of the function.

The Core Problem: Finding \((X, Y)\) for Which \(F x(x,y) = 0\) and
\(F_y(x,y) = 0\)

The problem statement asks: "Find the values of \(X\) and \(Y\) such that the
partial derivatives \(F x\) and \(F_y\) are zero simultaneously at points
where \(F(x,y) = X\)."

At first glance, this appears to be a straightforward application of critical
point analysis. However, the twist lies in the dependency of the derivatives
on \(X\) and \(Y\), which are themselves values related to the function
\(F\). To clarify, the problem involves:

- Identifying the points \((x, y)\) where \(F x(x,y) = 0\) and \(F y(x,y) =
O\).

- Determining the corresponding values of \(F(x,y)\) at these points, which
are denoted as \(X\) and \(Y\).

This process effectively seeks the critical levels of the function—values of
\(F\) at critical points—and the associated \((X, Y)\) pairs.

Step-by-Step Approach to the Solution
1. Derive the Partial Derivatives

Given a specific function \(F(x,y)\), the first step is to compute its
partial derivatives:

- \(F_x(x,y)
- \(F_Y(X;Y)

\frac{\partial F}{\partial x}\)
\frac{\partial F}{\partial y}\)

These derivatives reveal how the function changes along each axis.
2. Set the Partial Derivatives to Zero

To find critical points:

\

F x(x,y) = 0 \quad \text{and} \quad F y(x,y) = 0
\1]



This results in a system of equations:

\ [
\begin{cases}

F x(x,y) = 0 \\
F_Y(X:Y) =0
\end{cases}

\1

Solving this system yields the critical points \((x c, y c)\).
3. Find the Corresponding Function Values
Evaluate \(F(x,y)\) at each critical point:

\ [
X =F(x c, yc)
\1]

The set of \(X\) values obtained corresponds to the critical levels of the
function.

4. Determine the \((X, Y)\) Pairs

Since the problem involves finding pairs \((X, Y)\), and given that \(F(x,y)
= X\), the natural interpretation is:

- \(X\) is the value of the function at critical points.

- \(Y\) could be related to the gradient or other properties, but in this
context, it appears to be a notation for the critical values or possibly
related to other constraints.

In many cases, the goal is to find all such pairs \((X, Y)\) that correspond
to the critical points where the derivatives vanish simultaneously.

Significance of the Critical Points and Their Values

Locating these critical points and their corresponding levels (\(X, Y\)) is
vital for multiple reasons:

- Optimization: Identifying maxima, minima, and saddle points helps in
optimization problems across engineering, economics, and physical sciences.
- Surface Analysis: Understanding the shape and features of the surface
defined by \(F(x,y)\) relies on analyzing these critical points.

- Level Curves and Contour Mapping: Critical points often correspond to
points where level curves intersect or change behavior, crucial for
visualization and interpretation.



Practical Applications and Examples

Example 1: A Quadratic Function

Suppose:

\ [

F(x, y) = ax®2 + bxy + cy™2 + dx + ey + f
\1

The partial derivatives are:

\ [
F x
\1
\ [
Fy
\1

2ax + by + d

bx + 2cy + e

Setting these to zero:

\ [

\begin{cases}

2ax + by + d = 0 \\
bx + 2cy + e = 0
\end{cases}

\1

Solve this linear system for \(x\) and \(y\):

\ [
\begin{bmatrix}
2a & b \\

b & 2c
\end{bmatrix}
\begin{bmatrix}
X \\

y
\end{bmatrix}

\begin{bmatrix}
- d \\

- e
\end{bmatrix}
\1

The solutions \((x c, y c)\) are then plugged into the original function
\(F(x,y)\) to find the corresponding \(X\):



\]

This process provides the critical value and point, which can then be
associated with the pair \((X, Y)\) as required.

Example 2: Non-Quadratic Function

For more complex functions, the same principles apply, but solving the system
may involve nonlinear equations, requiring numerical methods or graphical
analysis.

Broader Implications and Theoretical Insights

The process of finding points where both partial derivatives vanish
simultaneously is at the heart of several advanced mathematical theories:

- Critical Point Classification: Using second derivatives (the Hessian
matrix) to determine whether these points are maxima, minima, or saddle
points.

- Lagrange Multipliers: When the problem involves constraints, the critical
point analysis extends to optimization under constraints, involving Lagrange
multipliers.

- Level Sets and Topology: Critical points influence the topology of level
sets, informing us about the surface's shape.

Challenges and Limitations

While the outlined steps are straightforward in principle, practical
challenges include:

- Nonlinear systems: Solving nonlinear equations analytically can be complex
or impossible; numerical methods may be necessary.

- Multiple critical points: Functions may have numerous critical points,
complicating the analysis.

- Degenerate critical points: Situations where the Hessian is singular
require more nuanced analysis.

Final Thoughts: The Interplay of Geometry and Calculus

The endeavor to find values of \(X\) and \(Y\) where both \(F x\) and \(F_y\)
vanish simultaneously is a fundamental aspect of multivariable calculus,
blending geometric intuition with algebraic rigor. It illuminates the
critical features of functions, enabling mathematicians and scientists to
predict, optimize, and visualize complex surfaces and phenomena. Whether
applied in physics for potential fields, in economics for profit



maximization, or in engineering for structural analysis, mastering this
analysis is indispensable.

In conclusion, the process involves deriving partial derivatives, solving the
resulting system, and interpreting the solutions in the context of the
original function. These steps not only enhance our understanding of the
function's behavior but also pave the way for practical applications in
diverse fields. As calculus continues to evolve, so does our capacity to
analyze and harness the intricate landscapes of multivariable functions.
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