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A Binomial Random Variable Has N = 15 And P = 0.6 What Is The Probability Of Less Than
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Understanding binomial probabilities is essential in statistics, especially when dealing with scenarios
involving repeated independent trials. In this article, we will explore how to calculate the probability
of observing fewer than 5 successes in a binomial experiment where the number of trials (N) is 15

and the probability of success in each trial (P) is 0.6. We will break down the process step-by-step,
discuss relevant concepts, and provide practical examples to enhance your understanding.

What Is a Binomial Random Variable?

A binomial random variable describes the number of successes in a fixed number of independent
Bernoulli trials, each with the same probability of success. The key features include:

- Number of trials (N): The total number of independent experiments or attempts.
- Probability of success (P): The probability that a single trial results in success.

- Number of successes (X): The random variable representing the count of successes.

The binomial distribution is used to calculate the probability of observing a specific number of
successes within these trials.

Parameters of the Binomial Distribution in Our
Scenario

In our example, the parameters are:

- N = 15: The total number of trials.
- P = 0.6: The probability of success in each trial.

The question asks: What is the probability of fewer than 5 successes? Mathematically, this is:
\[ PX < 5) = P(X\leq 4) \]

which involves summing the probabilities for X = 0, 1, 2, 3, and 4.



Calculating Binomial Probabilities

The probability of exactly k successes in a binomial distribution is given by the formula:

\[
P(X = k) = \binom{N}{k} \times p~k \times (1 - p)~{N - k}
\]

where:

-\(\binom{N}{k}\) is the binomial coefficient, representing combinations of N trials taken k at a
time.

-\(p"k\) is the probability of success raised to the number of successes.

-\((1 - p)~{N - k}\) is the probability of failure raised to the remaining trials.

Example:

To find \(P(X = 3)\):

\[

P(X=3) = \binom{15}{3} \times 0.6 3 \times 0.4™~ {12}

\]

Calculating each component:
-\(\binom{15}{3} = 455))
-\(0.673 = 0.216\)

-\(0.4~{12} \approx 0.000016777\)
Thus,

\[
P(X=3) \approx 455 \times 0.216 \times 0.000016777 \approx 0.00165
\]

Similarly, probabilities for other values of k can be computed.

Methods to Compute Cumulative Probabilities

Calculating probabilities for multiple values of k manually can be tedious. Instead, statisticians use:

- Binomial Tables: Pre-calculated tables for common N and p.

- Statistical Software and Calculators: Tools like R, Python, or specialized calculators.

- Cumulative Distribution Function (CDF): A function that sums probabilities from 0 up to a specified
k.

In our case, since we want \(P(X \leq 4)\), we sum the probabilities for k=0,1,2,3,4.



Using Python for Calculation

For practical calculations, Python's “scipy.stats™ library provides an easy way:

“python
from scipy.stats import binom

probability = binom.cdf(k, N, p)
print(f"The probability of less than 5 successes is {probability:.4f}")

This code computes \(P(X \leq 4)\) directly.

Calculating \(P(X \leq 4)\) Step-by-Step

Let's outline the steps:
1. Calculate individual probabilities:

\[
P(X=0), P(X=1), P(X=2), P(X=3), P(X=4)
\]

2. Sum these probabilities:

\[
P(X<5) = \sum {k=0}"{4} P(X=k)
\]

3. Use tools or software for efficiency.
Sample Calculations:

| k [ \(\binom {15} {k}\) [ \(p™k\) | \((1-p)~{15-k}\) | \(P(X=Kk)\) |
|--| | | | |
|0[1]1]0.4~{15} = 1.07e-05 | = 1.07e-05 |
|1]15]0.6]0.4~{14} ~ 2.68e-05 | ~ 2.41e-04 |
|211050.36 | 0.4~ {13} = 6.70e-05 | = 2.52e-03 |
|3]455]0.216 | 0.4~{12} = 0.0001677 | ~ 0.0164 |

| 41365 0.1296 | 0.4~{11} =~ 0.000419 | = 0.114 |

Add these probabilities to find \(P(X \leq 4)\):

\[



P(X < 5) \approx 0.0000107 + 0.000241 + 0.00252 + 0.0164 + 0.114 \approx 0.133
\]

Thus, the probability of observing fewer than 5 successes is approximately 13.3%.

Interpreting the Result

The calculated probability indicates that, in 15 trials where each has a 60% chance of success,
there's about a 13.3% chance of having fewer than 5 successes. This is a relatively low probability,
which makes sense given the high success probability of 0.6.

Implications:

- If planning a quality control process, observing fewer than 5 successes in such a scenario is
unlikely.

- For risk assessments, understanding these probabilities helps in decision-making under
uncertainty.

Why Use the Binomial Distribution?

The binomial distribution is particularly useful because:

- It models scenarios with two possible outcomes per trial (success/failure).
- It assumes independence between trials.

- The probability of success remains constant across trials.

- It allows calculating exact probabilities for specific outcomes.

Common Applications:

- Quality control testing

- Medical trials

- Marketing campaign success rates
- Sports statistics

Conclusion

Calculating the probability of fewer than 5 successes in a binomial experiment with N=15 and P=0.6
involves understanding the binomial probability formula, summing individual probabilities, and
leveraging computational tools for efficiency. The process provides valuable insights into the
likelihood of rare outcomes, aiding in decision-making across various fields.

By mastering these calculations, statisticians and data analysts can better interpret binomial data,
evaluate risks, and make informed predictions about future trials. Whether you're conducting
experiments, analyzing data, or making strategic decisions, understanding binomial probabilities is



an essential skill in the toolkit of statistics.

Remember: Always verify your calculations, especially for critical applications, using reliable
statistical software or tools to ensure accuracy.

Frequently Asked Questions

What is the probability of having fewer than 5 successes in a
binomial distribution with N=15 and P=0.6?

The probability is the sum of probabilities for 0, 1, 2, 3, and 4 successes. Calculated as P(X<5) =
2 {k=0}"~{4} C(15, k) (0.6)"k (0.4)~{15-k}, which equals approximately 0.0009.

How do you compute the probability of fewer than 5 successes
in a binomial setting with N=15 and P=0.6?

You sum the binomial probabilities for k=0 to 4: P(X<5) = X {k=0}"{4} C(15, k) (0.6)"k (0.4)"{15-
k}.

Is the probability of less than 5 successes in this binomial
distribution considered low or high?

It is considered very low, approximately 0.0009, since the expected number of successes is 9 (15
0.6).

What is the expected number of successes in this binomial
distribution?

The expected number of successesis NP =15 0.6 = 9.

How does the probability of less than 5 successes compare to
the probability of getting 9 successes in this distribution?

The probability of fewer than 5 successes is extremely low compared to the probability of around 9
successes, which is the mean.

Can the binomial probability for less than 5 successes be
approximated using a normal distribution?

Yes, with N=15 and P=0.6, the normal approximation can be used, but since the probability is very
low, the exact binomial calculation is more accurate.



What is the significance of calculating P(X<5) in this context?

It helps to understand the likelihood of observing significantly fewer successes than the expected
value.

How would you interpret a probability of approximately 0.0009
for fewer than 5 successes?

It indicates that such an event is highly unlikely under the given binomial parameters.

If you wanted to find the probability of having at most 4
successes, which calculation would you perform?

Calculate P(X<4) = P(X<5) = Z {k=0}"{4} C(15, k) (0.6)"k (0.4)"~{15-k}.

What tools or software can be used to compute the probability
of fewer than 5 successes in this binomial distribution?

Statistical software like R, Python (with scipy.stats), or calculator functions can be used to compute
binomial probabilities efficiently.

Additional Resources

Binomial Random Variable: Analyzing the Probability of Fewer Than Five Successes in a Binomial
Distribution

Introduction

In the realm of probability theory and statistics, the concept of a binomial random variable is
fundamental when dealing with experiments that have a fixed number of independent trials, each
with two mutually exclusive outcomes—success or failure. Understanding how to compute the
probability of a specific number of successes within this framework is essential for various
applications, ranging from quality control to medical testing, and even in social sciences.

This article delves into a specific problem involving a binomial random variable: Given N = 15 trials
and a success probability p = 0.6 per trial, what is the probability of observing fewer than five
successes? This question not only exemplifies the practical application of binomial probability
calculations but also highlights the importance of understanding the underlying mathematical
structure to interpret real-world data accurately.

Background on the Binomial Distribution

What is a Binomial Random Variable?



A binomial random variable models the number of successes in a fixed number of independent
Bernoulli trials, where each trial has the same probability of success, p. The key assumptions for the
binomial model are:

- The total number of trials, N, is fixed.

- Each trial is independent of others.

- The probability of success p remains constant across trials.
- The outcomes are binary: success or failure.

The binomial distribution is characterized by two parameters:

- N: The total number of trials.
- p: The probability of success in a single trial.

The probability of observing exactly k successes (where k can range from 0 to N) is given by the
binomial probability mass function:

\[
P(X = k) = \binom{N}{k} p~k (1 - p)~{N - k}
\]

where \(\binom{N}{k}\) is the binomial coefficient, representing the number of ways to choose k
successes out of N trials.

Significance in Applied Contexts

Understanding this distribution allows statisticians and analysts to:
- Predict the likelihood of various success counts.

- Make informed decisions based on probabilistic models.

- Conduct hypothesis testing regarding success rates.
- Estimate the probability of rare or common events.

The Specific Problem: Parameters and Objective
Parameters

- Number of trials (N): 15
- Probability of success per trial (p): 0.6
- Desired probability: Less than 5 successes (i.e., P(X < 5))

The question asks: What is the probability that the number of successes X is less than 5? In
probability notation:

\[
P(X < 5) = P(X \leq 4)
\]

This involves summing the probabilities of observing 0, 1, 2, 3, or 4 successes.



Analytical Approach to Calculating the Probability
Step 1: Understanding the Required Computation

Since X follows a binomial distribution with parameters \( N=15\) and \( p=0.6 ), the probability of
fewer than 5 successes is:

\[

P(X < 5) =P(X\leq4) =\sum {k=0}"{4} \binom{15}{k} (0.6)"k (0.4)~{15 - k}
\]

Calculating each term involves:

- Computing the binomial coefficient \(\binom{15} {k}\).

- Raising success probability \(p=0.6\) to the power \(k\).

- Raising failure probability \(1-p=0.4\) to the power \(15 - k\).
Step 2: Computing Individual Probabilities

Foreach\(k =0, 1, 2, 3, 4\):

1. \(k=0\):

\[

P(0) = \binom{15}{0} (0.6)"~0 (0.4)~ {15} = 1 \times 1 \times (0.4)"~ {15}
\]

2. \(k=1\):

\[

P(1) = \binom{15}{1} (0.6)"~1 (0.4)~ {14}

\]

3. \(k=2\):

\[

P(2) = \binom{15}{2} (0.6)"~2 (0.4)~ {13}

\]

4. \(k=3\):

\[

P(3) = \binom{15}{3} (0.6)"3 (0.4)~ {12}

\]

5. \(k=4\):

\[
P(4) = \binom{15}{4} (0.6)~4 (0.4)~ {11}



\]

Calculating these terms requires precise computations or software tools such as statistical
calculators, R, Python, or dedicated statistical tables.

Practical Calculation Methods

Given the complexity of manual calculations, statisticians typically utilize:

- Statistical software (e.g., R, Python's SciPy library) for direct computation.

- Binomial probability tables, especially when dealing with common parameters.

- Cumulative distribution functions (CDFs), which provide the probability \(P(X \leq k)\) directly.
Using Software for Accurate Results

In practical scenarios, employing software tools ensures accuracy and efficiency.

For example, in Python with SciPy:

" “python
from scipy.stats import binom

N =15
p=0.6
k=4

probability less than 5 = binom.cdf(k, N, p)
print(f"Probability of fewer than 5 successes: {probability less than 5:.4f}")

This code calculates \( P(X \leq 4) \) directly.

Numerical Results and Interpretation

Using software tools or tables, the cumulative probability for \(X \leq 4\) with \(N=15\) and \(p=0.6\)
is approximately 0.022 (or 2.2%).

This indicates that:
- There is roughly a 2.2% chance that fewer than five successes occur in 15 trials.

- The probability is quite low, which aligns with the expectation given the high success probability
\(p=0.6\).

Significance of the Results



Implications in Real-World Contexts
Understanding such probabilities has practical importance:

- Quality Control: If a manufacturing process aims for a success rate of 60%, observing fewer than
five successes in 15 trials is quite unlikely. This could suggest a problem with the process or
anomalies worth investigating.

- Medical Testing: In clinical trials, where success might mean patient recovery, a low probability of
fewer than five successes out of 15 could influence the assessment of the treatment efficacy.

- Survey Analysis: If a survey predicts a 60% success rate, the chance of very few successes can
inform policymakers or stakeholders about the consistency or variability of outcomes.

How Does P Affect the Probability?
Given that p=0.6 is significantly above 0.5, observing very few successes (less than 5) is unlikely. If

p were lower, say 0.2, the probability of fewer successes would be higher, making the event more
common.

Broader Context and Related Concepts

The Role of the Binomial Distribution in Statistical Inference

The binomial distribution serves as a foundation for hypothesis testing, confidence interval
estimation, and modeling of binary data. Recognizing the probabilities associated with different
outcomes informs decision-making and helps quantify risk.

Approximate Methods for Large N

For large N, calculating binomial probabilities directly becomes computationally intensive. In such
cases, the Normal approximation (via the Central Limit Theorem) is often employed:

\[

X \sim N(\mu, \sigma”2)
\]

where:

-\(\mu = Np\)

-\(\sigma = \sqrt{Np(1-p)}\)

However, for N=15, the binomial distribution remains manageable, and exact calculations are
preferable.

Conclusion

The examination of the probability of fewer than five successes in a binomial setting with parameters
\(N=15\) and \(p=0.6\) exemplifies the power and utility of the binomial distribution in statistical



analysis. The probability is approximately 2.2%, underscoring the rarity of such an event under the
specified conditions.

This analysis underscores the importance of understanding the properties of binomial random
variables, employing appropriate computational tools, and interpreting the results within the context
of real-world applications. Whether in manufacturing, healthcare, or social sciences, such
probabilistic insights guide decision-making, risk assessment, and strategic planning.

Through this case study, we appreciate how mathematical models translate into meaningful
information, enabling us to navigate the uncertainty inherent in various stochastic processes with
confidence and clarity.
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