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When a circle rolls along a straight line without slipping, it traces out a
specific path known as a cycloid. This fascinating curve has rich geometric
properties and applications in various fields, from engineering to art. In
this article, we will explore the detailed process of drawing the curve
traced out by a circle of 72 mm diameter rolling along a straight line
without slipping, understand its mathematical foundations, and examine its
significance.

---

Understanding the Problem: The Rolling Circle
and the Traced Curve

Before delving into the construction and drawing of the curve, it is
essential to understand the scenario.

The Setup
- Circle Diameter: 72 mm
- Radius: 36 mm (since radius = diameter / 2)
- Path: Straight line (called the ground or baseline)
- Motion: Rolling without slipping (meaning the circle rolls smoothly without
slipping or skidding along the surface)
- Objective: To trace the path of a specific point on the circle as it
completes one or more revolutions along the line

What is the Curve Called?
- The path traced by a fixed point on the circumference of a circle rolling
along a straight line without slipping is called a cycloid.
- Specifically, since the circle is rolling along a line, the curve is termed
a generic cycloid.
- The shape of this curve resembles a series of arches or arches with cusps,
depending on the specific point traced.

---

Mathematical Foundations of the Cycloid

Understanding the mathematical equations governing the cycloid helps in
accurate drawing and analysis.



Parametric Equations of a Cycloid
For a circle of radius r rolling along a straight line, the parametric
equations describing the cycloid traced by a point on the circumference are:

x = r(θ - sin θ)

y = r(1 - cos θ)

- θ (theta): The parameter representing the angle (in radians) through which
the circle has rotated.
- As the circle rolls without slipping, the arc length traveled along the
line corresponds to rθ.

Key Properties of the Cycloid
- Period: One complete revolution of the circle (θ from 0 to 2π) produces one
arch of the cycloid.
- Maximum height: The highest point of the arch is at y = 2r (here, 72 mm).
- Cusp points: The points where the curve meets the baseline, corresponding
to θ = 0, 2π, 4π, etc.

---

Step-by-Step Guide to Drawing the Cycloid

Drawing the cycloid manually involves a systematic approach, combining
geometric constructions and mathematical calculations.

Materials Needed
- Ruler
- Compasses
- Protractor
- Pencil
- Graph paper (recommended for accuracy)

Procedure

Draw the Baseline: Draw a straight horizontal line representing the1.
ground over which the circle rolls.

Mark the Starting Point: Select a point on the baseline as the initial2.
point (θ = 0). This point is the starting point of the curve and the
point on the circle that will be traced.

Draw the Circle: Using a compass set to 36 mm (radius), draw a circle3.
tangent to the baseline at the starting point.



Calculate Key Points: For each desired value of θ (e.g., π/2, π, 3π/2,4.
2π, etc.), calculate the corresponding x and y coordinates using the
parametric equations:

x = r(θ - sin θ)

y = r(1 - cos θ)

where r = 36 mm.

Plot the Key Points: Using the calculated coordinates, mark the points5.
on your graph paper or drawing sheet.

Construct the Curve: Connect these points smoothly, emphasizing the6.
arches and cusps characteristic of the cycloid.

Repeat for Multiple Revolutions: Extend the drawing to include multiple7.
arches by increasing θ in steps (e.g., every π/2 or π), ensuring the
continuity of the curve.

Additional Tips for Accurate Drawing
- Use a protractor to measure angles accurately.
- Ensure the circle rolls along the baseline without slipping; to simulate
this, you can draw a sequence of circles and trace the point as they roll.
- For precise plotting, tabulate multiple points rather than relying solely
on estimation.

---

Understanding the Properties and Features of
the Cycloid

Once the curve is drawn, analyzing its features enhances understanding and
appreciation.

Features of the Cycloid

Cusps: The sharp points where the curve meets the baseline, occurring at
θ = 0, 2π, 4π, etc.

Arch Height: The maximum height of each arch is twice the radius (2r),
here 72 mm.

Length of One Arch: The length of a full period of the cycloid (one
arch) is 8r.

Area Under One Arch: The area enclosed under one arch can be calculated
using integral calculus, but for practical purposes, it is approximately
4r².



Applications of Cycloids
- Engineering: Cycloids are used in gear tooth design and pendulum motion.
- Physics: Understanding projectile motion and pendulum swings.
- Art and Design: Creating aesthetic curves and patterns.

---

Practical Considerations in Drawing Cycloids

While theoretical calculations guide the drawing process, practical
considerations ensure accuracy.

Scaling and Measurement
- Use an appropriate scale to fit the entire curve on your drawing surface.
- Maintain consistent units throughout.

Handling Multiple Repetitions
- To draw multiple arches, replicate the process for each subsequent
revolution, updating θ accordingly.
- Use the properties of the cycloid to anticipate the shape and features,
ensuring a smooth transition between arches.

Software and Digital Tools
- Modern tools like GeoGebra, Desmos, or CAD software can generate precise
cycloid curves.
- These tools allow for easy manipulation of parameters and accurate
plotting.

---

Conclusion: The Significance of the Cycloid and
Its Construction

Drawing the curve traced out by a circle of 72 mm diameter rolling along a
straight line without slipping is not only an engaging geometric exercise but
also a window into the elegant relationships between motion and curves. The
cycloid, with its distinctive arches and cusps, embodies principles from
classical geometry and calculus, illustrating how simple motions produce
complex and beautiful patterns.

Understanding the mathematical basis enables precise drawing, while practical
techniques facilitate accurate visualization. Whether for academic purposes,
engineering design, or artistic expression, the cycloid remains a captivating
subject that bridges theory and practice.



By mastering the process of constructing and analyzing the cycloid, learners
and professionals alike deepen their appreciation of geometric motion and its
myriad applications in the real world.

Frequently Asked Questions

What is the shape of the curve traced out by a circle
of 72 mm diameter rolling without slipping along a
straight line?

The curve traced out is a cycloid, which is the path generated by a point on
the circumference of a circle as it rolls along a straight line without
slipping.

How do you derive the equation of the cycloid
generated by a circle of diameter 72 mm?

The equation of the cycloid can be derived using parametric equations: x =
r(θ - sinθ), y = r(1 - cosθ), where r = 36 mm (radius). Here, θ is the
parameter representing the angle of rotation.

What are the key steps to draw the curve traced out
by a 72 mm diameter circle rolling along a straight
line?

First, draw the straight line representing the path. Mark the circle's
initial position with a point on its circumference. Then, for various angles
θ, plot the corresponding points using the parametric equations of the
cycloid, and connect these points smoothly to form the curve.

Why does a point on the circumference of a rolling
circle produce a cycloid curve?

Because as the circle rolls without slipping, the point on its circumference
moves in a combination of rotational and translational motion, resulting in a
characteristic arch-shaped path known as a cycloid.

Can the size of the circle affect the shape of the
curve traced out when rolling without slipping?

The shape of the curve remains a cycloid regardless of the circle's size;
however, the size (diameter) affects the scale of the cycloid, with larger
circles producing larger arches in the curve.

Additional Resources
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---

Introduction

In the realm of classical mechanics and kinematics, the motion of rolling
bodies has long fascinated scientists, engineers, and mathematicians alike.
Among these, the study of a circle rolling without slipping along a straight
line presents an intriguing intersection of geometric intuition and physical
principles. This investigation aims to analyze the specific case of a circle
with a diameter of 72 mm rolling along a straight path, with particular focus
on the curve traced by a point on its circumference during this motion.

Understanding such curves not only deepens our grasp of rolling motion but
also has practical implications in fields like gear design, wheel and track
systems, and robotic path planning. This comprehensive review explores the
problem systematically, deriving the parametric equations that describe the
path, analyzing the geometric nature of the traced curve, and discussing
real-world applications.

---

Fundamental Concepts and Physical Setup

Rolling Without Slipping: Definition and Conditions

The core assumption in this scenario is that the circle rolls without
slipping along a straight line. This means that at any instant, the point of
the circle in contact with the surface has zero velocity relative to the
surface. Mathematically, this condition links the translational velocity of
the circle's center to its angular velocity.

If:

- \( R \) is the radius of the circle,
- \( v \) is the velocity of the center of the circle,
- \( \omega \) is the angular velocity,

then the no-slip condition states:

\[
v = R \omega
\]

This condition ensures pure rolling motion, with no kinetic energy lost to
slipping or skidding.

Geometry of the Circle

Given:

\[
\text{Diameter} = 72\, \mathrm{mm} \Rightarrow R = \frac{72}{2} = 36\,
\mathrm{mm}
\]

The circle rolls along the x-axis, which we designate as the straight line
path.

---



Mathematical Modeling of the Motion

Coordinate System and Parameters

Set up a Cartesian coordinate system where:

- The x-axis coincides with the straight line along which the circle rolls.
- The initial contact point (when the circle begins rolling) is at the origin
\((0, 0)\).

Let:

- \( t \) be a parameter representing time,
- \( s(t) \) be the arc length traveled by the circle's center at time \( t
\),
- \( \theta(t) \) be the angle through which the circle has rotated at time
\( t \).

Because the circle rolls without slipping, the relationship between \( s(t)
\) and \( \theta(t) \) is:

\[
s(t) = R \theta(t)
\]

and the translational motion of the center of the circle is along the x-axis
at:

\[
x(t) = s(t) = R \theta(t)
\]

The vertical position of the center remains constant (assuming a flat
horizontal surface):

\[
y(t) = R
\]

since the center is always a radius above the surface.

---

Derivation of the Traced Curve: The Cycloid

Parametric Equations for a Point on the Circumference

One of the most classical curves generated by a rolling circle is the
cycloid. When a circle rolls along a straight line without slipping, the path
traced by a fixed point on its circumference is a cycloid.

The parametric equations for a cycloid generated by a circle of radius \( R
\) rolling along the x-axis are:

\[
x(\theta) = R (\theta - \sin \theta)
\]
\[
y(\theta) = R (1 - \cos \theta)



\]

where:

- \( \theta \) is the angle (in radians) through which the circle has rotated
from the initial position.

These equations are derived considering the initial point on the
circumference and tracking its position after the circle has rotated by \(
\theta \).

Geometric Interpretation

- When \( \theta = 0 \), the tracing point is at the starting position \((0,
0)\).
- As \( \theta \) increases, the point traces a series of arches with cusps
at points where the point reaches the lowest position (the "troughs" of the
cycloid).
- The maximum height of the cycloid is \( 2R \), occurring at \( \theta = \pi
\).

---

Characteristics of the Cycloid for the Given Radius

Given:

\[
R = 36\, \mathrm{mm}
\]

the specific equations are:

\[
x(\theta) = 36 (\theta - \sin \theta) \quad \text{(mm)}
\]
\[
y(\theta) = 36 (1 - \cos \theta) \quad \text{(mm)}
\]

This parametric form fully describes the path of a point on the circumference
during rolling.

---

Analysis of the Curve

Key Features

- Periodicity: The cycloid repeats every \( 2\pi \) radians.
- Cusp Points: At \( \theta = 2\pi n \) (\( n \) integer), the point reaches
the lowest position \( y = 0 \).
- Maximum Height: At \( \theta = \pi + 2\pi n \), the point reaches height \(
2R = 72\, \mathrm{mm} \).

Length of One Arch

The arc length \( L \) of one arch of the cycloid (from \( \theta = 0 \) to
\( 2 \pi \)) is:



\[
L = \int_0^{2\pi} \sqrt{\left(\frac{dx}{d\theta}\right)^2 +
\left(\frac{dy}{d\theta}\right)^2} \, d\theta
\]

Calculations yield:

\[
L = 8 R
\]

Thus, for \( R = 36\, \mathrm{mm} \):

\[
L = 8 \times 36 = 288\, \mathrm{mm}
\]

meaning that the point traces an arch of length 288 mm per rotation.

---

Practical Implications and Applications

Engineering Significance

- Gear Design: Cycloidal curves underpin the design of cycloidal gears, which
have advantages like smooth motion transfer and lack of backlash.
- Cam Mechanisms: Cycloidal profiles are used in cam design for precise
motion control.
- Robotics: Path planning for robotic arms can incorporate cycloidal
trajectories for smooth movement.

Real-World Visualization

The cycloid is visually characterized by a series of arches with cusps at the
contact points, resembling a wave-like pattern. Its properties of smoothness
and periodicity make it suitable for designing rolling elements and
mechanisms requiring repetitive motion.

---

Experimental and Computational Visualization

To empirically verify the theoretical derivation:

- Simulation: Use computational tools like MATLAB, GeoGebra, or Python (with
matplotlib) to plot the cycloid equations with \( R = 36\, \mathrm{mm} \)
over one period (\( 0 \leq \theta \leq 2\pi \)).
- Physical Model: Construct a scaled model with a circle of diameter 72 mm
and fix a point on its circumference. Roll it along a straight edge and trace
the path of the point using a marker or camera.

Such approaches solidify understanding and demonstrate the elegant connection
between rolling motion and cycloidal geometry.

---

Conclusion



The investigation into the curve traced out by a point on a circle of 72 mm
diameter rolling along a straight line without slipping reveals the classic
cycloid. Derived through fundamental kinematic principles, the parametric
equations:

\[
x(\theta) = 36 (\theta - \sin \theta)
\]
\[
y(\theta) = 36 (1 - \cos \theta)
\]

encapsulate the entire motion. The cycloid’s characteristic arches, cusps,
and periodicity exemplify the beautiful interplay between geometry and
physics inherent in rolling motion.

This understanding not only enriches theoretical knowledge but also informs
practical design in mechanical systems, robotics, and motion control. The
cycloid remains a testament to the depth of insight achievable through
classical mechanics, serving as a foundational model for analyzing and
harnessing rolling phenomena in various engineering applications.

---
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