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Introduction

Understanding geometric transformations is fundamental in coordinate geometry,
computer graphics, and various engineering applications. Transformations such as
reflection, rotation, translation, and dilation manipulate figures within the coordinate plane,
enabling us to analyze their properties and relationships more effectively. This article
provides a comprehensive guide to performing these transformations on a specific triangle
with vertices P(2,4), Q(2,2), and R(6,2). We will explore how to reflect the triangle across
the line y = -1, followed by rotating it about a specified point. Through detailed
explanations, step-by-step procedures, and illustrative examples, this guide aims to
enhance your grasp of geometric transformations.

---

Understanding the Initial Triangle: Coordinates and Properties

Before delving into transformations, it's crucial to understand the initial shape:

- Vertices:
- P = (2, 4)
- Q = (2, 2)
- R = (6, 2)

- Shape Analysis:
- The points Q and R lie on the line y = 2, with Q at (2, 2) and R at (6, 2).
- Point P is located at (2, 4), directly above Q.
- The triangle PQR is a right-angled triangle with the right angle at Q, with sides:
- PQ vertical segment of length 2 units.
- QR horizontal segment of length 4 units.
- PR hypotenuse connecting (2, 4) to (6, 2).

Understanding these properties helps in visualizing subsequent transformations.

---

Step 1: Reflecting Triangle PQR Across the Line y = -1

What is reflection?



Reflection across a line is a transformation that flips a figure over that line, creating a
mirror image. For the line y = -1, every point of the triangle will be reflected across this
horizontal line.

How to perform reflection across y = -1?

The general method involves:

1. Calculating the vertical distance between each point and the line y = -1.
2. Moving each point an equal distance on the opposite side of the line.

Mathematically, for a point (x, y), its reflection (x', y') across the line y = k is:

\[
y' = 2k - y
\]

Where:

- \(k\) is the y-coordinate of the line of reflection (here, \(k = -1\)).
- The x-coordinate remains unchanged because the line is horizontal.

Step-by-step reflection:

Let's reflect each vertex:

- Vertex P(2,4):

\[
y' = 2 \times (-1) - 4 = -2 - 4 = -6
\]
\[
\Rightarrow P' = (2, -6)
\]

- Vertex Q(2,2):

\[
y' = 2 \times (-1) - 2 = -2 - 2 = -4
\]
\[
\Rightarrow Q' = (2, -4)
\]

- Vertex R(6,2):

\[
y' = 2 \times (-1) - 2 = -2 - 2 = -4
\]
\[
\Rightarrow R' = (6, -4)



\]

Coordinates of the reflected triangle:

- P' = (2, -6)
- Q' = (2, -4)
- R' = (6, -4)

---

Step 2: Visualizing the Reflection

Plotting the original and reflected triangles:

- Original triangle vertices: P(2,4), Q(2,2), R(6,2)
- Reflected triangle vertices: P'(2, -6), Q'(2, -4), R'(6, -4)

Notice how the reflected triangle is positioned symmetrically across the line y = -1. The
points that were above y = -1 are now equally below it, maintaining the shape but inverted
vertically.

---

Step 3: Rotating the Reflected Triangle

Next, we explore rotating the reflected triangle about a specific point.

Choosing the center of rotation

For simplicity, assume we rotate the triangle about the point Q' (2, -4), which lies on the
reflected triangle.

What is rotation?

Rotation involves turning the figure around a fixed point (center of rotation) by a specified
angle, either clockwise or counterclockwise.

---

Step 4: Calculating the Rotation

Suppose we want to rotate the reflected triangle by 90 degrees counterclockwise about
point Q' (2, -4).

Rotation rules:

- To rotate a point (x, y) around a point (x_c, y_c) by an angle θ:

\[
\begin{cases}
x' = x_c + (x - x_c) \cos θ - (y - y_c) \sin θ \\



y' = y_c + (x - x_c) \sin θ + (y - y_c) \cos θ
\end{cases}
\]

- For a 90° counterclockwise rotation:

\[
\cos 90° = 0,\quad \sin 90° = 1
\]

Thus, the formulas simplify to:

\[
x' = x_c - (y - y_c)
\]
\[
y' = y_c + (x - x_c)
\]

---

Step 5: Applying Rotation to Each Vertex

- Vertex P' (2, -6):

\[
x' = 2 + ( -6 - (-4) ) = 2 + (-2) = 0
\]
\[
y' = -4 + ( 2 - 2 ) = -4 + 0 = -4
\]
\[
\Rightarrow P'' = (0, -4)
\]

- Vertex Q' (2, -4): (center point, remains unchanged)

\[
x' = 2 + ( -4 - (-4) ) = 2 + 0 = 2
\]
\[
y' = -4 + ( 2 - 2 ) = -4 + 0 = -4
\]
\[
\Rightarrow Q'' = (2, -4)
\]

- Vertex R' (6, -4):

\[
x' = 2 + ( -4 - (-4) ) = 2 + 0 = 2



\]
\[
y' = -4 + ( 6 - 2 ) = -4 + 4 = 0
\]
\[
\Rightarrow R'' = (2, 0)
\]

---

Step 6: Final Coordinates after Transformation

The vertices of the rotated triangle are:

- P'' = (0, -4)
- Q'' = (2, -4)
- R'' = (2, 0)

This new triangle is the result of reflection across y = -1, followed by a 90°
counterclockwise rotation about point Q' (2, -4).

---

Visual Summary of Transformations

| Step | Description | Coordinates |
|---------|--------------|--------------|
| Original | Initial triangle | P(2, 4), Q(2, 2), R(6, 2) |
| Reflection | Across y = -1 | P'(2, -6), Q'(2, -4), R'(6, -4) |
| Rotation | 90° CCW about Q' | P''(0, -4), Q''(2, -4), R''(2, 0) |

---

Practical Applications of These Transformations

Understanding how to perform reflection and rotation transformations is essential in various
fields:

- Computer Graphics: Creating mirror images and rotating objects within a scene.
- Robotics: Planning movements that involve reflecting or rotating parts.
- Engineering: Analyzing stress and deformation by transforming models.
- Mathematics Education: Visualizing geometric concepts and enhancing spatial reasoning.

---

Additional Tips for Performing Geometric Transformations

- Use Coordinates Carefully: Always double-check calculations to avoid errors.
- Plot Intermediate Steps: Visual aids help confirm the accuracy of transformations.
- Understand the Rules: Memorize rotation formulas and reflection rules for quick
application.



- Practice with Different Figures: Try transformations on various shapes to build confidence.

---

Conclusion

Transforming geometric figures involves a systematic approach—understanding the
properties of reflection and rotation, applying mathematical formulas, and visualizing the
results. In this guide, we explored how to reflect triangle PQR across the line y = -1 and
then rotate it 90° counterclockwise about a specific point. These operations are
fundamental skills in coordinate geometry, with broad applications across science,
engineering, and computer graphics.

By mastering these transformations, you can analyze complex geometric configurations,
create accurate graphical representations, and develop a deeper understanding of spatial
relationships. Practice these steps with different figures and angles to enhance your
proficiency in geometric transformations.

---
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Note: For

Frequently Asked Questions

What are the coordinates of triangle PQR with vertices
P(2,4), Q(2,2), and R(6,2)?
The vertices are P at (2,4), Q at (2,2), and R at (6,2).

How do you reflect triangle PQR across the line y = -1?
To reflect across y = -1, find the vertical distance from each vertex to y = -1 and then plot
the reflected point at the same distance on the opposite side.

What are the coordinates of the reflected triangle PQR
across the line y = -1?
Reflected points are P' at (2, -6), Q' at (2, -4), and R' at (6, -4).



How do you perform a rotation of the reflected triangle
around a specific point?
Identify the pivot point, then apply rotation formulas (e.g., 90°, 180°, etc.) to each vertex
relative to that point to find the new coordinates.

What is the rotation of triangle PQR after reflecting it
across y = -1 and rotating 90° clockwise around the
origin?
After reflection, the vertices are at P'(2,-6), Q'(2,-4), R'(6,-4). Rotating these 90° clockwise
around the origin results in P'' at (6,2), Q'' at (4,2), and R'' at (4,-6).

Can you provide a step-by-step process to reflect and
then rotate triangle PQR?
First, reflect each vertex across y = -1 by finding their distance to y = -1 and plotting on the
opposite side; next, rotate each reflected point 90° clockwise around the chosen pivot point
using rotation formulas.

What are some common transformations applied to
triangles in coordinate geometry?
Common transformations include reflections, rotations, translations, and dilations, each
altering the triangle's position, orientation, or size.
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Understanding geometric transformations is fundamental in both pure mathematics and
practical applications such as computer graphics, engineering, and design. Today, we will
explore the transformations of a specific triangle—PQR—with vertices at P(2,4), Q(2,2), and
R(6,2). Our focus will be on reflecting this triangle across the line y = -1 and then rotating it
around a specified point. This process not only deepens comprehension of coordinate
geometry but also illustrates how transformations affect shapes in a plane.

---

The Basics of Coordinate Geometry and Triangle Representation

Before delving into transformations, it’s essential to understand how the triangle PQR is
represented and interpreted in the coordinate plane.

Coordinates and the Triangle's Shape



The vertices:
- P(2,4)
- Q(2,2)
- R(6,2)

These points form a triangle with the following characteristics:
- Vertical side PQ at x=2, stretching from y=4 to y=2.
- Horizontal side QR at y=2, stretching from x=2 to x=6.
- Side PR connects P(2,4) to R(6,2), forming a sloped side.

Plotting these points on a coordinate grid reveals a right-angled triangle with the right
angle at Q, since:
- PQ is vertical,
- QR is horizontal,
- PR is the hypotenuse.

Understanding the initial positioning of the triangle lays the foundation for predictable
transformations.

---

Reflection Across the Line y = -1

Reflection is a fundamental geometric transformation that flips a shape across a specified
line, creating a mirror image. In our case, the line of reflection is y = -1, a horizontal line
located one unit below the x-axis.

Conceptual Understanding of Reflection

- Reflection across a line involves creating a mirror image such that the line of reflection
acts as the mirror.
- Each point of the shape and its image are equidistant from the line of reflection.
- The shape's orientation is reversed along that line, but its size remains unchanged.

Mathematical Approach to Reflection

To reflect a point (x, y) across the line y = k, the general formula is:

- Reflected point (x', y') = (x, 2k - y)

This formula applies because:
- The vertical (x-coordinate) remains unchanged.
- The y-coordinate is adjusted to be equidistant from the line y=k, but on the opposite side.

Applying Reflection to Triangle PQR

Given the line y = -1, we proceed as follows:

1. Reflect point P(2,4):
- y' = 2(-1) - 4 = -2 - 4 = -6
- P' = (2, -6)



2. Reflect point Q(2,2):
- y' = 2(-1) - 2 = -2 - 2 = -4
- Q' = (2, -4)

3. Reflect point R(6,2):
- y' = 2(-1) - 2 = -2 - 2 = -4
- R' = (6, -4)

The reflected triangle has vertices:
- P' (2, -6)
- Q' (2, -4)
- R' (6, -4)

This new triangle is a mirror image across y = -1, positioned below the original.

---

Visualizing the Reflection

Plotting the original and reflected triangles reveals several insights:
- The original triangle PQR lies above y = -1, with P at y=4.
- The reflected triangle P'Q'R' appears symmetric below y = -1.
- The distances from each original point to the line y = -1 are preserved in the reflection.

This visualization confirms the correctness of the reflection calculations and demonstrates
the symmetry inherent in such transformations.

---

Rotation of the Triangle: Concepts and Calculations

Next, we consider rotating the reflected triangle around a specific point. Rotation is another
fundamental transformation that turns a shape around a fixed point by a certain angle,
preserving distances and angles within the shape.

Understanding Rotation in the Coordinate Plane

- Rotation involves turning a figure around a fixed point, called the center of rotation.
- The amount of turning is specified by an angle, typically measured in degrees.
- Rotation formulas depend on the center point and the angle.

Suppose we want to rotate the reflected triangle around the origin (0,0) or another point by
a specified angle. For illustration, let's assume a 90-degree rotation clockwise around the
origin.

Rotation Formulas

For a rotation of θ degrees clockwise around the origin, a point (x, y) transforms to:

- (x', y') = (y sinθ + x cosθ, -x sinθ + y cosθ)



Using standard angles, for θ=90°:

- sin 90° = 1
- cos 90° = 0

The rotation formulas simplify to:

- x' = y
- y' = -x

Applying Rotation to the Reflected Triangle

Applying a 90° clockwise rotation to each point:

1. P'(2, -6):
- x' = y = -6
- y' = -x = -2
- P'' = (-6, -2)

2. Q'(2, -4):
- x' = -4
- y' = -2
- Q'' = (-4, -2)

3. R'(6, -4):
- x' = -4
- y' = -6
- R'' = (-4, -6)

The rotated triangle has vertices:
- P''(-6, -2)
- Q''(-4, -2)
- R''(-4, -6)

This transformation effectively turns the shape 90° clockwise around the origin.

---

Practical Implications and Applications

Understanding these transformations is crucial in many fields:

- Computer Graphics & Animation: Transforming objects for rendering scenes.
- Engineering & Design: Modifying parts or layouts through reflections and rotations.
- Robotics & Navigation: Calculating paths and orientations.
- Mathematics Education: Building intuition about spatial relationships.

The process demonstrated here—reflection across a line and rotation around a point—is
foundational for more complex transformations like dilation, shear, and combined
transformations.



---

Summary of Transformation Steps

To summarize the process applied to triangle PQR:

1. Original Triangle:
- P(2,4), Q(2,2), R(6,2)

2. Reflection over y = -1:
- P' (2, -6)
- Q' (2, -4)
- R' (6, -4)

3. Rotation (90° clockwise around origin):
- P'' (-6, -2)
- Q'' (-4, -2)
- R'' (-4, -6)

Each step transforms the shape predictably, illustrating the power and clarity of coordinate
geometry.

---

Conclusion

Transformations such as reflection and rotation are powerful tools in understanding and
manipulating geometric figures within the coordinate plane. By methodically applying
formulas and visualizing results, students and professionals alike can develop a deeper
intuition for spatial relationships and geometric operations. The example of triangle PQR
exemplifies these concepts in action, providing a clear pathway from initial shape to
transformed figure—an essential skill in both academic and real-world contexts.
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