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Understanding the Problem: Distribution of Ages

In statistical analysis, understanding the distribution of a dataset is
fundamental. The problem posed relates to the distribution of ages within a
specific sample or population, as exemplified in Section 1.3 of the
referenced material. The task involves computing certain statistical
measures—specifically, (2) and (j)2—as part of the analysis process. To fully
grasp the problem, we must interpret what these measures represent and how to
compute them accurately.

Interpreting the Notation: What Do (2) and (j)2
Represent?

Before diving into calculations, it is essential to clarify the notation:

(2): Often, in statistical contexts, this notation can refer to the
second moment of a distribution or the variance. Given the problem's
context, it's plausible that (2) signifies the second moment about the
mean, which relates directly to variance.

(j)2: Typically, this notation might denote the squared deviation of the
j-th data point from the mean or perhaps the variance associated with
the j-th subgroup or category.

However, without the original text's explicit definitions, we will interpret
these as:

- (2): The second moment about the origin (i.e., \(\mathbb{E}[X^2]\))
- (j)2: The squared deviation of the j-th data point from the mean (i.e.,
\((x_j - \bar{x})^2\))

In the context of the age distribution, these measures help quantify the
spread and variability of ages.



Step-by-Step Approach to Computing the Measures

To proceed with the calculations, we'll need to follow a structured approach:

1. Gather the Data

Obtain the age data points from the example in Section 1.3. Typically, this
data might be presented as a list of ages, possibly grouped into classes or
categories.

2. Calculate the Mean Age (\(\bar{x}\))

The mean (average) age is essential as a reference point for measuring
deviations and variance. The formula is:

\[
\bar{x} = \frac{\sum_{j=1}^{n} x_j}{n}
\]

Where:
- \(x_j\) = age of the j-th individual
- \(n\) = total number of individuals in the sample

3. Compute the Second Moment (\(E[X^2]\) or (2))

The second moment about the origin is calculated as:

\[
E[X^2] = \frac{1}{n} \sum_{j=1}^{n} x_j^2
\]

This value provides information about the distribution's spread and is the
basis for variance computation.

4. Calculate the Variance (\(\sigma^2\)) or the
Measure (j)2

Variance measures how much the data points deviate from the mean:

\[
\sigma^2 = \frac{1}{n} \sum_{j=1}^{n} (x_j - \bar{x})^2
\]



If (j)2 refers to squared deviations, then:

\[
(x_j - \bar{x})^2
\]

for each data point.

Applying the Calculations: A Hypothetical
Example

Suppose the ages in the example are:

| Age (\(x_j\)) | Frequency (\(f_j\)) |
|----------------|---------------------|
| 20 | 3 |
| 25 | 5 |
| 30 | 4 |
| 35 | 2 |
| 40 | 1 |

Total number of observations:

\[
n = 3 + 5 + 4 + 2 + 1 = 15
\]

Step 1: Calculate the Mean

\[
\bar{x} = \frac{(20 \times 3) + (25 \times 5) + (30 \times 4) + (35 \times 2)
+ (40 \times 1)}{15}
\]

\[
\bar{x} = \frac{(60) + (125) + (120) + (70) + (40)}{15} = \frac{415}{15}
\approx 27.67
\]

Step 2: Compute the Second Moment \(E[X^2]\)

\[
E[X^2] = \frac{(20^2 \times 3) + (25^2 \times 5) + (30^2 \times 4) + (35^2
\times 2) + (40^2 \times 1)}{15}
\]

\[
E[X^2] = \frac{(400 \times 3) + (625 \times 5) + (900 \times 4) + (1225



\times 2) + (1600 \times 1)}{15}
\]

\[
E[X^2] = \frac{1200 + 3125 + 3600 + 2450 + 1600}{15} = \frac{11,975}{15}
\approx 798.33
\]

Step 3: Calculate Variance (\(\sigma^2\))

\[
\sigma^2 = E[X^2] - (\bar{x})^2 = 798.33 - (27.67)^2
\]

\[
\sigma^2 = 798.33 - 766.21 = 32.12
\]

This variance indicates the degree of age dispersion within the data set.

Step 4: Compute the Squared Deviations for Each Data Point

For each age:

- \( (20 - 27.67)^2 \approx 58.78 \)
- \( (25 - 27.67)^2 \approx 7.11 \)
- \( (30 - 27.67)^2 \approx 5.44 \)
- \( (35 - 27.67)^2 \approx 53.44 \)
- \( (40 - 27.67)^2 \approx 151.11 \)

These squared deviations can be used to perform further analyses, such as
calculating the mean squared deviation or understanding the distribution's
shape.

Importance of These Calculations in Statistical
Analysis

Understanding the second moment and variance provides insights into the
variability of ages in the population or sample. Such measures are crucial
for:

- Assessing Data Spread: They quantify how widely ages are distributed around
the mean.
- Comparing Groups: Variance and second moments help compare age
distributions across different subgroups.
- Estimating Population Parameters: Sample statistics serve as estimators for
population parameters, guiding decision-making.
- Modeling and Predictions: Variance informs statistical models, influencing



predictions and inferences.

Additional Considerations for Accurate
Calculations

When performing these calculations, consider the following:

- Data Quality: Ensure data accuracy and completeness.
- Sample Size: Larger samples provide more reliable estimates.
- Data Grouping: When data is grouped into classes, use class midpoints for
calculations.
- Weighted Calculations: Incorporate frequencies in calculations to account
for multiple observations within each class.

Conclusion

The problem of computing (2) and (j)2 for the distribution of ages highlights
fundamental statistical concepts like moments and variability measures. By
carefully gathering data, calculating the mean, second moment, and variance,
and analyzing deviations, statisticians can derive meaningful insights into
the age distribution's characteristics. These measures not only quantify
spread but also underpin further statistical modeling, hypothesis testing,
and decision-making processes related to demographic analysis.

Understanding and accurately computing these measures is vital in various
fields such as social sciences, economics, health studies, and market
research, where age distribution data informs policies, strategies, and
resource allocation.

Frequently Asked Questions

What is the main focus of Problem 1.1 in the context
of the age distribution example?
The problem focuses on computing specific statistical measures, namely (2)
and (j)2, related to the distribution of ages discussed in Section 1.3.

What does part (a) of Problem 1.1 ask us to compute?
Part (a) requests the calculation of the quantities labeled (2) and (j)2
based on the age distribution data from the example.



How are the terms (2) and (j)2 defined in the
context of the age distribution problem?
These terms typically represent specific statistical measures, such as
moments or variances, calculated from the age data, though precise
definitions depend on the context provided in Section 1.3.

What information from Section 1.3 is necessary to
solve Problem 1.1?
The detailed age distribution data, including frequencies or probabilities,
is needed to perform the calculations for (2) and (j)2.

Are there any specific formulas or methods
recommended for computing (2) and (j)2?
Yes, standard statistical formulas for moments, variances, or other measures
are typically used, but the exact methods depend on the definitions provided
in the example in Section 1.3.

What is the significance of computing these
quantities in the context of age distribution
analysis?
Calculating these measures helps understand the variability, spread, or other
characteristics of the age distribution data.

Does part (b) of Problem 1.1 involve further
calculations or interpretations?
While the prompt is incomplete, part (b) likely involves additional
computations, interpretations, or applications based on the results from part
(a).

What challenges might arise when calculating (2) and
(j)2 from the given data?
Challenges include ensuring accurate data extraction, applying correct
formulas, and handling any data irregularities or missing values.

How can understanding the distribution of ages
benefit real-world applications?
It aids in demographic analysis, resource planning, policy making, and
understanding population dynamics.



Where can I find more information or similar
examples related to this type of statistical
problem?
Additional resources include introductory statistics textbooks, online
courses on probability and statistics, and sections related to descriptive
statistics in the textbook from Section 1.3.
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Understanding the distribution of ages within a population is a fundamental
aspect of demographic analysis, social science research, and various applied
statistical fields. In this context, the problem posed—namely, Problem 1.1
from the example in Section 1.3—asks us to delve into specific statistical
measures associated with the age distribution: the computation of the second
moment, denoted here as (2), and the second central moment, denoted as (j)2,
as well as additional calculations for a particular subset or aspect of the
data. This article aims to unpack the steps necessary to perform these
computations, elucidate the underlying concepts, and demonstrate their
significance through a clear, reader-friendly approach.

Setting the Stage: The Age Distribution Context

Before diving into the calculations, it’s vital to understand what the
problem entails. Typically, when analyzing age distributions, statisticians
consider a set of data points—each representing an individual's age within a
population—and calculate various measures to describe the data’s spread,
central tendency, and variability.

In the example from Section 1.3, the dataset may include ages of individuals
in a certain population, grouped into categories or listed explicitly. The
goal is to compute specific statistical moments:

- (2): The second moment about zero, essentially the expected value of the
squared ages.
- (j)2: The second central moment, which measures the variance or spread of
ages around the mean.

Additionally, part (b) of the problem might involve interpreting these
calculations or applying them to a subset of the data, such as a specific age
group or demographic.



Understanding Key Statistical Concepts

What is the Second Moment (E[X²])?

The second moment about zero, often denoted as E[X²], is a statistical
measure that provides information about the distribution's shape, especially
its spread and tail behavior. In the context of ages:

- It is calculated as the expected value (or mean) of the squared ages.
- It emphasizes larger ages more heavily due to the squaring operation,
giving insight into the distribution's tail and variability.

Mathematically, for a discrete set of ages \( x_1, x_2, ..., x_n \) with
corresponding probabilities \( p_1, p_2, ..., p_n \):

\[
E[X^{2}] = \sum_{i=1}^{n} x_i^2 p_i
\]

This measure is crucial for understanding the overall "magnitude" of ages in
the population, especially when comparing different populations or subgroups.

What is the Second Central Moment (Variance,
Var[X])?

The second central moment is more commonly known as the variance:

\[
Var[X] = E[(X - \mu)^2]
\]

where \( \mu = E[X] \) is the mean age.

This statistic measures the dispersion or variability of ages around the
mean. A high variance indicates that ages are widely spread out, while a low
variance suggests that ages are clustered close to the average.

Calculating the variance involves two steps:

1. Compute the mean age (\( \mu \))
2. Determine the expected squared deviation from the mean, which simplifies
to:

\[
Var[X] = E[X^{2}] - (E[X])^{2}
\]



Thus, knowing both \( E[X^{2}] \) and \( E[X] \) allows us to compute the
variance efficiently.

Step-by-Step Calculation Process

Now, let's delve into the detailed steps to compute (2) and (j)2 based on the
dataset provided in the example.

Step 1: Gather the Data

Assuming the dataset includes age categories or individual ages with
associated probabilities or frequencies. For illustration, consider a
hypothetical dataset:

| Age \(x_i\) | Frequency \(f_i\) | Probability \(p_i = \frac{f_i}{N}\) |
|--------------|------------------|----------------------------------|
| 20 | 10 | 0.10 |
| 30 | 20 | 0.20 |
| 40 | 30 | 0.30 |
| 50 | 25 | 0.25 |
| 60 | 15 | 0.15 |

Total number of observations \( N = 100 \).

Using this distribution, calculations can proceed.

Step 2: Compute the Mean Age (\( \mu \))

Calculate the expected value (mean):

\[
\mu = \sum_{i} x_i p_i
\]

Using the example data:

\[
\mu = (20)(0.10) + (30)(0.20) + (40)(0.30) + (50)(0.25) + (60)(0.15)
\]

\[
\mu = 2 + 6 + 12 + 12.5 + 9 = 41.5
\]

The average age in this hypothetical population is 41.5 years.



Step 3: Compute the Second Moment \( E[X^{2}] \)

Calculate the expected value of the squared ages:

\[
E[X^{2}] = \sum_{i} x_i^{2} p_i
\]

Calculations:

\[
(20)^2 \times 0.10 = 400 \times 0.10 = 40
\]
\[
(30)^2 \times 0.20 = 900 \times 0.20 = 180
\]
\[
(40)^2 \times 0.30 = 1600 \times 0.30 = 480
\]
\[
(50)^2 \times 0.25 = 2500 \times 0.25 = 625
\]
\[
(60)^2 \times 0.15 = 3600 \times 0.15 = 540
\]

Sum:

\[
E[X^{2}] = 40 + 180 + 480 + 625 + 540 = 1865
\]

This second moment provides the average of the squared ages.

Step 4: Compute the Variance \( Var[X] \) or \(
(j)^{2} \)

Using the relationship:

\[
Var[X] = E[X^{2}] - (\mu)^2
\]

Plugging in the numbers:

\[
Var[X] = 1865 - (41.5)^2
\]



Calculate \( (41.5)^2 \):

\[
41.5^2 = 1722.25
\]

Thus:

\[
Var[X] = 1865 - 1722.25 = 142.75
\]

The variance of age in this hypothetical dataset is 142.75.

This value quantifies how spread out the ages are around the mean of 41.5
years.

Interpreting the Results and Applying to the
Original Problem

The calculations above illustrate the process for deriving the second moment
and variance from a dataset. In the original problem in Section 1.3, the data
may be different, but the methodology remains consistent. The key steps are:

- Accurately gather the data points and probabilities.
- Compute the mean age (\( E[X] \)).
- Calculate the second moment (\( E[X^{2}] \)).
- Derive the variance (\( Var[X] \) or \( (j)^{2} \)) using the relationship
between the second moment and the mean.

Furthermore, the problem might also involve interpreting these measures:

- The second moment indicates the overall "magnitude" of ages squared,
emphasizing larger ages.
- The variance provides insight into how diverse the ages are, which can
inform policy, resource allocation, or social planning.

Part (b): Extending the Analysis

The second part of the problem (b) could involve applying the computed
measures to a specific subgroup or analyzing the impact of certain age
categories. For example, it might ask:

- To compute the second moment or variance for a particular age group.
- To compare the spread of ages in different subpopulations.
- To analyze how the moments change when considering only ages above or below



a certain threshold.

In practice, this entails partitioning the data accordingly, recalculating
the probabilities, and performing the same steps as above.

Conclusion: The Significance of Moments in
Demographic Analysis

Calculating moments such as the second moment and variance is fundamental in
demographic and statistical analysis. These measures reveal not just the
average age but also the variability and distribution shape, which are
crucial for making informed decisions, designing social programs, or
understanding population dynamics.

By following systematic steps—gathering accurate data, computing the mean,
calculating the second moment, and deriving the variance—analysts can gain
deeper insights into age distributions. This process exemplifies the power of
statistical methods in transforming raw data into meaningful information,
ultimately aiding policymakers, researchers, and social scientists in their
endeavors.

Whether applied to hypothetical datasets or real-world data, these
calculations form the backbone of quantitative demographic studies,
illustrating the importance of statistical literacy in interpreting complex
societal phenomena.
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