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Understanding iterated integrals is fundamental in multivariable calculus, especially when evaluating
complex volume and area calculations. The given integral, defined over a specific region with the
bounds 0 < X < Z and Y, can be expressed in multiple equivalent forms through changes in the order
of integration and variable limits. This article explores five other iterated integrals that are equal to
the original integral, providing detailed explanations, derivations, and insights into their equivalence.
Whether you're a student, educator, or mathematician, these variations highlight the flexibility and
power of multiple integration techniques.

Understanding the Original Integral and Its Region

Before delving into alternative forms, it's essential to establish a clear understanding of the original
integral and the region it describes.

The Original Setup

The given inequalities are:
- 0 < X < Z
- Y is unspecified but constrained within a certain bounds (often 0 < Y < some function or constant)

However, for clarity and completeness, let's consider a typical scenario where the iterated integral is
over a three-dimensional region R defined by:

- 0 < X < Z
- Y ranges between 0 and some function of Z, say Y < f(Z)
- Z ranges from a fixed lower bound a to an upper bound b

Suppose the integral is:

\[
I = \int_{Z=a}^{b} \int_{Y=0}^{f(Z)} \int_{X=0}^{Z} f(X,Y,Z) \, dX \, dY \, dZ
\]

where \(f(X, Y, Z)\) is a continuous function defined over R.

This integral represents the accumulation of \(f\) over the region where \(X\) varies from 0 to Z, \(Y\)
varies from 0 to \(f(Z)\), and \(Z\) varies from \(a\) to \(b\).



---

Alternative Orders of Integration and Their Equivalence

The key property of multiple integrals is that, under suitable conditions (such as continuity of \(f\)),
the value of the integral remains unchanged regardless of the order in which the limits are performed.
This allows us to rewrite the integral in various forms, each corresponding to a different order of
integration.

1. Reversing the Order of Integration: Integrate with respect
to Z First

Original order:

\[
I = \int_{a}^{b} \int_{0}^{f(Z)} \int_{0}^{Z} f(X,Y,Z) \, dX \, dY \, dZ
\]

Reordered integral:

\[
I = \int_{X=0}^{X_{max}} \int_{Y=Y_{min}(X)}^{Y_{max}(X)}
\int_{Z=Z_{min}(X,Y)}^{Z_{max}(X,Y)} f(X,Y,Z) \, dZ \, dY \, dX
\]

Derivation of limits:

- Since \(0 < X < Z\) and \(Z\) ranges over \([a, b]\), for a fixed \(X\), \(Z\) must be greater than \(X\):

\[
Z \in [X, b]
\]

- The bounds on \(Y\) depend on \(Z\), with \(Y \in [0, f(Z)]\). To express \(Y\) bounds in terms of \(X\),
observe that for each \(X\), \(Y\) varies between 0 and \(f(Z)\), with \(Z \geq X\).

- If \(f(Z)\) is monotonic, we can define:

\[
Y \in [0, f(b)] \quad \text{(assuming \(f\) is increasing)}
\]

- Alternatively, for each \(X\), the bounds on \(Y\) are determined by the maximum of \(f(Z)\) over \(Z
\in [X, b]\):

\[



Y \in [0, \max_{Z \in [X, b]} f(Z)]
\]

Resulting integral:

\[
I = \int_{X=0}^{b} \int_{Y=0}^{f(b)} \int_{Z=X}^{b} f(X,Y,Z) \, dZ \, dY \, dX
\]

This form is particularly useful when the function \(f\) and bounds are known explicitly.

---

2. Integrate with respect to Y First

Original order:

\[
I = \int_{a}^{b} \int_{0}^{f(Z)} \int_{0}^{Z} f(X,Y,Z) \, dX \, dY \, dZ
\]

Rearranged order:

\[
I = \int_{X=0}^{X_{max}} \int_{Z=Z_{min}(X,Y)}^{Z_{max}(X,Y)}
\int_{Y=Y_{min}(X,Z)}^{Y_{max}(X,Z)} f(X,Y,Z) \, dY \, dZ \, dX
\]

Limits derivation:

- For fixed \(X\), \(Y\) varies from 0 to \(f(Z)\), and \(Z\) varies from \(a\) to \(b\).

- To switch the order, note that for each \(X\), the possible \(Y\) are between 0 and the maximum of
\(f(Z)\) over \(Z \in [a, b]\).

- Alternatively, express \(Z\) in terms of \(Y\):

\[
Y \leq f(Z) \Rightarrow Z \geq f^{-1}(Y)
\]

- Since \(Z \in [a, b]\), the bounds for \(Z\) become:

\[
Z \in [f^{-1}(Y), b]
\]

- The bounds on \(Y\) are from 0 up to \(f(b)\).



Integral form:

\[
I = \int_{Y=0}^{f(b)} \int_{Z=f^{-1}(Y)}^{b} \int_{X=0}^{Z} f(X,Y,Z) \, dX \, dZ \, dY
\]

This form is particularly advantageous when \(f\) is invertible and the inverse \(f^{-1}\) is known
explicitly.

---

3. Integrate with respect to X First

Original order:

\[
I = \int_{a}^{b} \int_{0}^{f(Z)} \int_{0}^{Z} f(X,Y,Z) \, dX \, dY \, dZ
\]

Rearranged order:

\[
I = \int_{X=0}^{X_{max}} \int_{Y=Y_{min}(X)}^{Y_{max}(X)}
\int_{Z=Z_{min}(X,Y)}^{Z_{max}(X,Y)} f(X,Y,Z) \, dZ \, dY \, dX
\]

- Since \(X\) runs from 0 to \(Z\), and \(Z\) runs from \(a\) to \(b\), for each \(X\), the possible \(Z\) are
from \(X\) to \(b\):

\[
Z \in [X, b]
\]

- The bounds on \(Y\) are from 0 to \(f(Z)\), so for a fixed \(X\), the maximum \(Y\) occurs at the
maximum \(Z = b\):

\[
Y \in [0, f(b)]
\]

- The bounds on \(Y\) depend on \(Z\), which is between \(X\) and \(b\):

\[
Y \in [0, f(b)]
\]

Resulting integral:

\[



I = \int_{X=0}^{b} \int_{Y=0}^{f(b)} \int_{Z=X}^{b} f(X,Y,Z) \, dZ \, dY \, dX
\]

---

4. Integrate Over the Entire Region in a Single Integral

Using Fubini’s theorem, the integral over the region can be expressed as a single integral with bounds
derived from the inequalities.

Suppose the region \(R\) is described by:

\[
\{ (X,Y,Z) \mid 0 < X < Z, \quad 0 < Y < f(Z), \quad Z \in [a, b] \}
\]

Alternatively, we can describe the region as:

\[
\{ (X,Y,Z) \mid X \in [0, Z], \quad Z \in [a, b], \quad Y \in [0, f(Z)] \}
\]

This is equivalent to integrating over the projection of the region onto the \(X\)-\(Y\) plane, considering
the bounds:

\[
X \in [0, b], \quad Y \in [0, f(b)]
\]

with the constraints that:

\[
X \leq Z \leq b
\]

and

\[

Frequently Asked Questions

What are five different iterated integrals equivalent to the
integral over the region 0 < X < Z, Y?
Five equivalent iterated integrals could be:
1.



∫₀^∞ ∫₀^Z ∫₀^X f(X, Y, Z) dY dZ dX
2.
∫₀^∞ ∫₀^X ∫₀^Z f(X, Y, Z) dY dZ dX
3.
∫₀^∞ ∫₀^X ∫₀^{Z} f(X, Y, Z) dY dZ dX
4.
∫₀^∞ ∫₀^Z ∫₀^{X} f(X, Y, Z) dY dZ dX
5.
∫₀^∞ ∫₀^Z ∫₀^{X} f(X, Y, Z) dY dX dZ
(Note: Actual equivalence depends on the specific integrand and region but these are typical
rearrangements.)

How can I find alternative iterated integrals for the region
with bounds 0 < X < Z, Y?
To find alternative iterated integrals, analyze the region's bounds and reverse the order of integration
where possible. For the region 0 < X < Z, Y, you can consider integrating with respect to different
variables first, such as fixing Y or Z first, and adjusting the limits accordingly. Graphical visualization
helps in determining valid bounds for these new orders.

Why are multiple iterated integrals equivalent over the same
region, and how do I verify their equality?
Multiple iterated integrals are equivalent over the same region because Fubini's theorem allows
changing the order of integration in integrals of continuous functions over rectangular or well-
behaved regions. To verify their equality, you can compare the bounds and perform the integrations
step-by-step, ensuring the region of integration remains consistent when changing the order.

Can you provide an example of rewriting an iterated integral
over 0 < X < Z, Y in different orders?
Yes. For the region 0 < X < Z, Y, one possible integral is:
∫₀^∞ ∫₀^Z ∫₀^X f(X, Y, Z) dY dZ dX.
Reversing the order, you might write:
∫₀^∞ ∫₀^X ∫₀^Z f(X, Y, Z) dZ dY dX,
assuming the integrand and bounds are suitable for such a switch.

What is the significance of choosing different iterated
integrals for the same region?
Choosing different iterated integrals simplifies computation, provides insights into the problem, or
makes integration easier depending on the integrand's form. Different orders may lead to simpler
limits or integrands, and understanding these options enhances problem-solving flexibility in
multivariable calculus.



Additional Resources
Iterated Integrals: Exploring Equivalences and Alternative Representations

When delving into the fascinating world of multiple integrals, particularly iterated integrals,
mathematicians and students alike often encounter the profound beauty of their flexibility and
symmetry. The specific integral under consideration — with the bounds \( 0 < x < z \) and \( y \) —
offers a compelling case study in how different configurations can represent the same volume or
accumulated quantity, depending on the order of integration and the domain's shape.

In this article, we will explore five alternative iterated integrals that are equivalent to the original
integral, providing extensive insight into their derivation, interpretation, and significance within the
broader context of multivariable calculus. Whether you're a student seeking clarity or an expert
aiming to deepen your understanding, this comprehensive review aims to illuminate the rich tapestry
of iterated integrals and their interchangeable forms.

---

Understanding the Original Integral Setup

Before examining alternative forms, it is vital to thoroughly understand the original integral's
structure, domain, and purpose.

Original Integral: The Setup

Suppose we are given a function \( f(x, y, z) \) defined over a three-dimensional domain such that:

\[
\int_{z=a}^{b} \int_{x=0}^{z} \int_{y=\text{?}}^{?} f(x, y, z) \, dy \, dx \, dz
\]

Given the statement "0 < x < z, Y", it suggests that the integration bounds for \( x \) are from 0 up to
\( z \), and the bounds for \( y \) are unspecified but likely depend on \( x \), \( z \), or both. To analyze
thoroughly, let's assume a typical scenario:

- The domain is defined such that \( 0 < x < z \),
- The bounds for \( y \) are from some function \( y_{min}(x,z) \) to \( y_{max}(x,z) \),
- The integration occurs over a fixed \( z \)-interval, say \( a \leq z \leq b \).

For simplicity, consider the integral:

\[
I = \int_{z=a}^{b} \int_{x=0}^{z} \int_{y=y_{min}(x,z)}^{y_{max}(x,z)} f(x, y, z) \, dy \, dx \, dz
\]

This setup allows for flexible reordering of the integrals based on the domain's geometry.



---

Key Insights into Changing the Order of Integration

The crux of establishing equivalent iterated integrals lies in understanding the domain's geometry
and how the bounds relate to each other. Because the order of integration impacts the limits, the
primary goal is to express the same region in different ways to facilitate integration or provide
different perspectives.

Fundamental Theorem for Reordering:

- The integrals are equal if the regions of integration are the same,
- Reordering requires careful rewriting of bounds to preserve the domain,
- Visualizing the domain in three dimensions aids in choosing the most convenient order.

For the specific case \( 0 < x < z \), the domain could be visualized as a wedge in space, bounded in
the \( xz \)-plane and extended into the \( y \)-direction.

---

Five Alternative Iterated Integrals Equivalent to the
Original

Let's now explore five alternative forms, each representing the same domain but expressed with
different orderings and bounds.

---

1. Reordering as \( dz \, dx \, dy \)

Expression:

\[
I_1 = \int_{x=0}^{b} \int_{z=x}^{b} \int_{y=y_{min}(x,z)}^{y_{max}(x,z)} f(x, y, z) \, dy \, dz \,
dx
\]

Derivation and Interpretation:

- Original bounds: \( 0 < x < z < b \),
- Reversal: Fix \( x \), then let \( z \) vary from \( z=x \) to \( z=b \),
- The \( y \)-bounds are unchanged.

Domain visualization:



- Fix \( x \),
- \( z \) runs from \( x \) (the minimal value due to \( x < z \)) up to \( b \),
- The \( y \)-bounds depend on \( x \) and \( z \).

Significance:

- This form is useful when integrating functions where \( z \) is more naturally integrated after \( x \),
- Simplifies when \( y \)-bounds are independent of \( z \).

---

2. Reordering as \( dy \, dz \, dx \)

Expression:

\[
I_2 = \int_{x=0}^{b} \int_{y=y_{min}(x)}^{y_{max}(x)} \int_{z=y}^{b} f(x, y, z) \, dz \, dy \, dx
\]

Key points:

- The bounds for \( y \) are from \( y_{min}(x) \) to \( y_{max}(x) \),
- For each fixed \( y \), \( z \) runs from \( y \) (since \( 0 < x < z \) and \( y \) depends on \( x \)) up to \(
b \),
- The domain is reorganized by fixing \( y \) first.

Implication:

- This rearrangement is advantageous if the function \( f \) simplifies with respect to \( y \) or if the
bounds for \( y \) are simpler in this order.

---

3. Reordering as \( dx \, dy \, dz \)

Expression:

\[
I_3 = \int_{z=a}^{b} \int_{y=y_{min}(z)}^{y_{max}(z)} \int_{x=0}^{x=y} f(x, y, z) \, dx \, dy \, dz
\]

Explanation:

- For each fixed \( z \), \( y \) varies between bounds that depend on \( z \),
- For each fixed \( y \), \( x \) varies from 0 up to \( y \),
- The order is now \( x \), then \( y \), then \( z \).



Domain visualization:

- The region is bounded such that \( x \) is less than \( y \), which in turn is less than some function of
\( z \).

---

4. Symmetric Reordering: \( dy \, dx \, dz \)

Expression:

\[
I_4 = \int_{z=a}^{b} \int_{x=0}^{z} \int_{y=y_{min}(x)}^{y_{max}(x)} f(x, y, z) \, dy \, dx \, dz
\]

But expressed with bounds rearranged as:

\[
I_4 = \int_{x=0}^{b} \int_{y=y_{min}(x)}^{y_{max}(x)} \int_{z=\max(x, y)}^{b} f(x, y, z) \, dz \,
dy \, dx
\]

Note:

- Here, the bound for \( z \) depends on both \( x \) and \( y \),
- The integration domain is characterized by the inequalities:

\[
0 < x < y < z < b
\]

which captures the ordering of the variables.

---

5. Complete Domain Reexpression: \( dz \, dy \, dx \) with
explicit bounds

Expression:

\[
I_5 = \int_{x=0}^{b} \int_{y=x}^{b} \int_{z=y}^{b} f(x, y, z) \, dz \, dy \, dx
\]

Rationale:

- Recognizes the natural ordering \( 0 < x < y < z < b \),



- Each integral boundary reflects the hierarchy of the variables.

Significance:

- It simplifies calculations when the domain enforces a variable order, especially for monotonic
functions or when applying Fubini's theorem directly.

---

Summary of the Equivalences and Practical
Considerations

| Reordering | Bounds (General) | Domain Description | Use Case / Advantage |
|------------|------------------|---------------------|---------------------|
| \( dy \, dz \, dx \) | \( x:0 \to b \), \( y: y_{min}(x) \to y_{max}(x) \), \( z: y \to b \) | Fix \( x \), then \( y
\), then \( z \) | When \( y \) simplifies the integrand |
| \( dz \, dx \, dy \) | \( x:0 \to b \), \( z: x \to b \), \( y: y_{min}(x,z) \to y_{max}(x,z) \) | Fix \( x \), then
\( z \), then \( y \) | When \( z \) is more manageable |
| \( dx \, dy \, dz \) | \( z: a \to b \), \( y: y_{min}(z) \
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