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Introduction to the Production Function

The production function Q(K, L) = V2K*{1/6}L"{1/6} describes the relationship
between the inputs—capital (K) and labor (L)—and the output (Q) produced by a
firm. This particular form indicates a specific type of production process
where both inputs contribute to output in a proportional manner characterized
by the exponents. Understanding this function involves analyzing its
properties, implications for marginal productivity, returns to scale, and
optimal input choices.

Understanding the Production Function

Form and Components

The production function is expressed as:
Q(K, L) = V2 K*{1/6} L~{1/6}

- V2: A constant multiplier, possibly representing technology level or a
productivity factor.

- K*{1/6}: Capital input raised to the power of 1/6.

- L~{1/6}: Labour input raised to the power of 1/6.

This form suggests that output increases with both inputs, but at a
decreasing rate due to the fractional exponents less than one.

Interpretation of the Exponents

- The exponents (1/6) indicate elasticity of output with respect to each
input:

- Elasticity of output with respect to capital: 1/6

- Elasticity of output with respect to labor: 1/6

Both are positive but less than one, implying diminishing marginal returns to
each input individually.



Properties of the Production Function

Returns to Scale

To analyze returns to scale, consider scaling both inputs by a factor t > 0:

Q(tK, tL) = v2 (tK)"~{1/6} (tL)"~{1/6} = v2 t~{1/6} K~{1/6} t~{1/6} L"{1/6} =
V2 t~{1/6 + 1/6} K*{1/6} L~{1/6} = t~{1/3} Q(K, L)

- Since Q(tK, tL) = t~{1/3} Q(K, L), the total output scales by t~{1/3}.
- Because t~{1/3} < t for t > 1, the production function exhibits diminishing
returns to scale.

Conclusion: The production process displays decreasing returns to scale,
implying that doubling inputs less than doubles output.

Marginal Products

Marginal product measures the additional output from an extra unit of input:

- Marginal Product of Capital (MP K):
\ [

MP K = \frac{\partial Q}{\partial K}
\times L"{1/6}

\1

- Marginal Product of Labour (MP L):
\ [

MP L = \frac{\partial Q}{\partial L}
\times K~{1/6}

\1

V2 \times \frac{1}{6} \times K~{-5/6}

V2 \times \frac{1}{6} \times L"{-5/6}

Both marginal products are positive but diminish as K or L increase,
consistent with the law of diminishing marginal returns.

Cost and Profit Maximization

Isocost Lines and Input Choice
Suppose the firm faces input prices:

- Price of capital (r)

- Price of labor (w)

The total cost (C) is:

C=rK+ wL

The firm aims to maximize output Q(K, L) subject to the cost constraint, or



equivalently, minimize costs for a given level of output.

Optimal Input Ratio

Using the marginal products and input prices, the cost minimization condition
requires:

\ [
\frac{MP_K}{MP L} = \frac{r}{w}
\1]

Calculate the ratio:

\ [

\frac{MP_K}{MP L} = \frac{\frac{Vv2}{6} K~{-5/6} L~{1/6}}{\frac{V2}{6}
L~{-5/6} K*{1/6}} = \frac{K*{-5/6} L*{1/6}}{L"{-5/6} K~{1/6}} = \frac{L"{1/6
+ 5/6}}{K*{1/6 + 5/6}} = \frac{L"{1}}{K"{1}} = \frac{L}{K}

\]

Set equal to the input price ratio:

\ [
\frac{L}{K} = \frac{r}{w}
\]

This indicates the optimal ratio of inputs is directly proportional to their
prices.

Deriving the Cost Function

Using the input ratio:

\ [
L = \frac{r}{w} K
\1

Substitute into the production function:

\ [

Q = V2 \times K*{1/6} \times \left(\frac{r}{w} K \right)”~{1/6} = V2 \times
K*{1/6} \times \left(\frac{r}{w}\right)~{1/6} K~{1/6} = V2 \times
\left(\frac{r}{w}\right)~{1/6} K~{1/6 + 1/6} = V2 \times
\left(\frac{r}{w}\right)~{1/6} K~{1/3}

\1

Solve for K:

\ [
K*{1/3} = \frac{Q}{Vv2 \times (r/w)"~{1/6}}



\1]
\ [
K = \left[\frac{Q}{V2 \times (r/w)"{1/6}}\right]~"3
\1]

Similarly, find L:

\ [
L = \frac{r}{w} K
\1]

Total cost:

C=rK+wL =rK + w \times \frac{r}{w} K= rK + rK = 2rK
\1]

Expressed as a function of Q:

\ [
C(Q) = 2r \times \left[\frac{Q}{V2 \times (r/w)~{1/6}}\right]"3
\1]

This cost function enables the firm to determine the minimum expenditure for
producing a given level of output.

Implications for Firm Decision-Making

Optimal Input Allocation

The key takeaway from the analysis is that the firm should allocate inputs in
proportion to their relative prices, maintaining the ratio:

\ [
\frac{L}{K} = \frac{r}{w}
\1

This ensures cost efficiency and maximizes profit for a given output level.

Scale of Production

Given the diminishing returns to scale, increasing inputs will lead to less-
than-proportional increases in output. Firms must consider whether expanding
production is worthwhile, given the rising costs and decreasing additional
output.



Technological Implications

The constant V2 reflects technological progress or efficiency. Enhancements
in technology (increasing V2) shift the production function upward, enabling
higher output for the same input levels.

Conclusion

The production function Q(K, L) = V2K*{1/6}L"{1/6} exemplifies a scenario
with decreasing returns to scale, diminishing marginal products, and
proportional input ratios dictated by input prices. Its fractional exponents
highlight the importance of efficient input utilization and cost minimization
strategies. Firms operating under this production function should focus on
optimal input combinations aligned with input prices and technological
improvements to maximize output and profits. Understanding such functions is
crucial for decision-making in production planning, resource allocation, and
strategic growth.

Frequently Asked Questions

What is the form of the production function given in
the problem?

The production function is Q(K, L) = V2K~{1/6}L"{1/6}, where K is capital and
L is labor.

How do we interpret the exponents 1/6 on K and L in
the production function?

The exponents indicate the output elasticity with respect to capital and
labor, both being 1/6, suggesting a decreasing marginal return and constant
returns to scale when combined.

What is the marginal product of capital (MPK) for
this production function?

The marginal product of capital is MPK = 90Q/90K = V2 (1/6) K~{-5/6} L"~{1/6}.

How can we determine if the production function
exhibits constant, increasing, or decreasing returns

to scale?
By scaling both inputs K and L by a factor t and analyzing Q(tK, tL), if

Q(tK, tL) = t~k Q(K, L) with k=1, it indicates constant returns to scale;
less than 1 indicates decreasing, and more than 1 indicates increasing



returns.

What is the total differential of the production
function with respect to K and L?

The total differential dQ is given by dQ = 9Q/9K dK + 9Q/oL dL, which
simplifies to dQ = V2 (1/6) K*{-5/6} L~{1/6} dK + V2 (1/6) K~{1/6} L~{-5/6}
dL.

How does the production function behave when either
K or L approaches zero?

As either K or L approaches zero, the output Q approaches zero since the
exponents are positive but less than one, indicating diminishing returns and
the importance of both inputs for positive output.

What is the significance of the constant V2 in the
production function?

V2 is a scaling factor or technological coefficient that influences the
overall level of output produced for given inputs K and L.

Additional Resources

A Firm Has Production Function Given By Q(K, L) = V2K*{1/6}L"{1/6}: An In-
Depth Analysis

The production function Q(K, L) = V2K*{1/6}L"{1/6} offers a fascinating
insight into how a firm’s output depends on its inputs—capital (K) and labor
(L). This specific form of the production function underscores the
relationship between inputs and output, highlighting the degrees of returns
to scale, input substitutability, and the implications for production
efficiency. Understanding this function's properties is essential for
economists, managers, and policymakers aiming to optimize resource allocation
and maximize productivity.

Understanding the Production Function: Basic Structure and Interpretation
The given production function:

\[ Q(K, L) = V2 \times K~{1/6} \times L"{1/6} \]

where:

- \( Q \) is the total output,



-\
-\
\

( K\) is the capital input,

( \) is the labor input,

( V2 \) is a positive constant, possibly representing technological level
or scale factors.

This is a Cobb-Douglas production function, characterized by the
multiplicative form with exponents indicating the elasticity of output
concerning each input.

Key features:

- Constant returns to scale or not?
Since the sum of exponents \( 1/6 + 1/6 = 1/3 \), which is less than 1, the
function exhibits decreasing returns to scale.

- Input elasticities:

Both capital and labor have elasticities of \( 1/6 \), indicating that a 1%
increase in either input results in approximately a 0.167% increase in
output.

- Marginal products:

The marginal product of each input diminishes as the input increases, typical
of most production functions with positive but less than one exponents.

Analyzing the Marginal Products and Input Substitution
Marginal Product of Capital (MP K)

\ [

MP K = \frac{\partial Q}{\partial K} = V2 \times \frac{1}{6} \times K*{-5/6}
\times L™{1/6}

\1]

Interpretation:

- As \( K \) increases, \( MP K \) decreases because of the negative exponent
(\( -5/6 \)), reflecting diminishing marginal returns to capital.

- The marginal product depends positively on \( L~{1/6} \), meaning more
labor enhances the marginal productivity of capital.

Marginal Product of Labor (MP L)

\ [

MP L = \frac{\partial Q}{\partial L} = V2 \times \frac{1}{6} \times K~{1/6}
\times L~{-5/6}

\1]

Interpretation:



- Similar to capital, increasing labor raises output, but with diminishing
returns.

- The marginal product depends positively on \( K*{1/6} \), showing
complementarity between capital and labor.

Input Substitutability

Given the multiplicative Cobb-Douglas form with equal exponents, the inputs
are substitutable but with limited flexibility. The degree of substitution is
captured by the elasticity of substitution, which for Cobb-Douglas functions
is always 1, indicating that inputs can be substituted at a constant rate
without changing the output.

Returns to Scale and Efficiency

To analyze returns to scale, examine how output changes when both inputs are
scaled by a factor \( t > 0 \):

\ [

Q(tK, tL) = V2 \times (tK)"{1/6} \times (tL)"{1/6} = V2 \times t~{1/6} \times
K~{1/6} \times t~{1/6} \times L~{1/6} = V2 \times t~{1/3} \times K~{1/6}
\times L"~{1/6}

\1

This simplifies to:

\ [
Q(tK, tL) = t~{1/3} \times Q(K, L)
\]

Since \( t~{1/3} <t \) for \( t > 1 \), the production function exhibits
decreasing returns to scale because increasing all inputs by a factor \( t \)
results in output increasing by only \( t~{1/3} \).

Implications:

- The firm experiences decreasing returns to scale; doubling inputs results
in less than double the output.

- This suggests that the firm might face inefficiencies at larger scales
unless technological improvements change the exponents.

Cost Functions and Profit Maximization

Given this production function, the firm’s cost structure depends on the
prices of capital (\( r \)) and labor (\( w \)). The cost function \( C(K, L)
\) is:



To maximize profit, the firm chooses \( K \) and \( L \) such that:

\ [
\text{Profit} = PQ(K, L) - C(K, L)
\]

Using the Lagrangian method, the optimal input combination equates the
marginal rate of technical substitution (MRTS) with the input price ratio:

\ [
\frac{MP_L}{MP_K} = \frac{w}{r}
\1

Calculating the ratio:

\ [

\frac{MP L}{MP K} = \frac{V2 \times \frac{1l}{6} \times K~{1/6} \times
L~{-5/6}}{V2 \times \frac{1}{6} \times K~{-5/6} \times L"{1/6}} =
\frac{K*{1/6}}{K"~{-5/6}} \times \frac{L"{-5/6}}{L"{1/6}} = K~{(1/6 + 5/6)}
\times L~{(-5/6 - 1/6)} = K*{1} \times L™{-1} = \frac{K}{L}

\1

Thus:

\ [
\frac{K}{L} = \frac{w}{r}
\1

which indicates that the optimal capital-labor ratio equals the ratio of
input prices.

Features and Implications of the Production Function
Pros:

- Simplicity and analytical tractability: The Cobb-Douglas form allows for
straightforward derivation of marginal products, cost functions, and optimal
input ratios.

- Constant elasticity of substitution (CES = 1): Facilitates understanding
how inputs can be substituted.

- Clear input-output relationships: The exponents directly indicate the
elasticity of output concerning each input.

Cons and Limitations:



- Decreasing returns to scale: The sum of exponents being less than 1 implies
that expanding inputs proportionally yields less than proportional increases
in output, which may limit scalability.

- Limited flexibility in modeling technological change: Fixed exponents do
not capture technological improvements that could alter input elasticities
over time.

- Equal input elasticities: Both inputs have identical elasticities, which
may not reflect real-world differences in the importance or substitutability
of capital and labor.

Practical Applications and Strategic Considerations
Understanding this production function aids in several strategic decisions:

- Input allocation: Since the optimal input ratio aligns with input prices
(\( K/L = w/r \)), firms should adjust their input mix according to relative
costs.

- Scaling production: Recognizing decreasing returns to scale suggests that
expanding beyond a certain scale may lead to inefficiencies, prompting firms
to optimize size.

- Technology investments: To shift the production function toward increasing
returns, firms may need technological innovations that alter the exponents or
improve the coefficient \( V2 \).

Conclusion

The production function \( Q(K, L) = V2K~{1/6}L"{1/6} \) exemplifies a Cobb-
Douglas form with equal, small exponents, leading to decreasing returns to
scale and diminishing marginal products. It provides a clear framework for
analyzing input substitution, cost optimization, and output efficiency. While
its simplicity offers analytical advantages, the inherent
limitations—particularly the decreasing returns—must be considered when
applying this model to real-world scenarios. For decision-makers,
understanding these dynamics enables better resource allocation and strategic
planning, especially in contexts where technological growth or scale
efficiencies are vital.

In summary:

- The function demonstrates diminishing returns to scale.

- Inputs are substitutable at a constant elasticity.

- Optimal input ratios depend solely on input prices.

- The model is useful but limited in capturing increasing returns or
technological change.

- Strategic decisions should consider the scale effects implied by the



production function.

This comprehensive analysis underscores the importance of understanding the
underlying production structure to make informed operational and strategic
choices.
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