A Hollow Sphere And A Hollow Cylinder
Of The Same Radius And Mass Roll Up
An Incline Without Slipping

Understanding the Motion of Hollow Sphere and
Hollow Cylinder on an Incline

A Hollow Sphere And A Hollow Cylinder Of The Same Radius And Mass Roll Up An
Incline Without Slipping is a classic physics problem that illustrates the principles of
rotational motion, energy conservation, and the distribution of mass in rolling objects.
When two objects with identical mass and radius roll up an incline without slipping, their
differences in shape and mass distribution significantly influence their acceleration,
velocity, and the distance they cover before coming to a stop. Exploring this problem
provides valuable insights into how geometry and moment of inertia govern the dynamics
of rolling bodies.

In this article, we delve into the physics behind the motion of a hollow sphere and a hollow
cylinder rolling up an incline. We analyze their rotational motion, derive key equations,
and compare their behaviors. By the end, you'll understand why shape and mass
distribution matter in rotational dynamics and how to solve similar problems involving
rolling objects.

Fundamental Concepts in Rolling Motion

Before analyzing the specific case of a hollow sphere and a hollow cylinder, it’s essential
to review some fundamental physics concepts related to rolling motion:

1. Rolling Without Slipping

- When an object rolls without slipping, the point of contact with the surface is
momentarily at rest relative to the surface.

- The condition for no slipping: \( v = \omega r\), where \( v ) is the translational velocity
of the center of mass, \( \omega \) is angular velocity, and \( r) is the radius.

2. Conservation of Mechanical Energy

- The total mechanical energy (kinetic + potential) remains constant if we neglect
frictional losses.



- As an object rolls up an incline, its kinetic energy decreases while potential energy
increases.

3. Moment of Inertia and Rotational Kinetic Energy

- The distribution of mass affects the moment of inertia \( I).
- The rotational kinetic energy: \( K {rot} = \frac{1}{2} I \omega™2).
- For different shapes, \( I \) varies significantly, influencing acceleration and velocity.

4. Types of Bodies Considered

- Hollow Sphere: a spherical shell with uniform mass distribution on the surface.
- Hollow Cylinder: a cylindrical shell with mass distributed uniformly along the
circumference.

Analyzing the Motion of the Hollow Sphere and
Hollow Cylinder

1. Setting Up the Problem

- Both objects: same radius \( r \), same mass \( m\).

- Both start from rest at the same height \( h \) on the incline.

- Incline angle: \( \theta \).

- No slipping occurs during motion.

- Goal: Determine which object reaches a higher point or moves farther up the incline, and
compare their accelerations.

2. Energy Conservation Approach

- Initial potential energy for each object: \( PE = mgh \).

- Final kinetic energy when moving up the incline: sum of translational and rotational
energies.

- Since initial kinetic energy is zero, energy conservation gives:

\[
mgh = \frac{1}{2} m v~2 + \frac{1}{2} I \omega™?2
\]

Using the no-slip condition \( v = \omega r\), we substitute \( \omega = \frac{v}{r} \):

\[
mgh = \frac{1}{2} m v"~2 + \frac{1}{2} I \left( \frac{v}{r} \right)"~2



\]
Simplify:

\[
mgh = \frac{1}{2} m v~2 + \frac{1}{2} \frac{I}{r~2} v*~2
\]

\[
mgh = \frac{1}{2} v~2 \left( m + \frac{I}{r"~2} \right)
\]

From this, the velocity at any point is:

\[
v = \sqrt{ \frac{2 mgh}{m + \frac{I}{r"~2}} }
\]

Calculating Moments of Inertia for Hollow Sphere
and Hollow Cylinder

The moments of inertia are crucial in understanding the motion differences.

1. Hollow Sphere
- Moment of inertia about its center:
\[

I {sphere} = \frac{2}{3} mr~2
\]

2. Hollow Cylinder

- Moment of inertia about its central axis:

\[
I {cylinder} =mr~2
\]

Note: The hollow cylinder's moment of inertia depends on the axis of rotation. Here, we
assume rotation about its central axis perpendicular to the axis of motion.



Speed and Distance Covered Up the Incline

Using the energy conservation equation, the velocity at the instant when the object
reaches a certain height is:

\[
v = \sqrt{ \frac{2 g h}{1 + \frac{I}{m r™~2}} }
\]

Plugging in the moments of inertia:
- Hollow Sphere:

\[

v_{sphere} = \sqrt{ \frac{2 g h} {1 + \frac{2/3}{1}} } = \sqrt{ \frac{2 g h} {1 +
\frac{2}{3}} } = \sqrt{ \frac{2 g h}{\frac{5}{3}} } = \sqrt{ \frac{6 g h}{5} }
\]

- Hollow Cylinder:

\[
v_{cylinder} = \sqrt{ \frac{2 g h}{1 + 1} } =\sqrt{ \frac{2 g h}{2} } =\sqrt{ gh }
\]

Thus:

\[
v_{sphere} = \sqrt{ \frac{6 g h} {5} } \approx 1.095 \sqrt{ g h }
\]

\[
v_{cylinder} =\sqrt{ g h }
\]

The sphere's velocity at the same height is higher, indicating it accelerates faster.

Comparison of Motion: Which Object Rolls
Higher?

Given the velocities at a particular point, we can analyze how far each object travels
before coming to rest at the highest point on the incline.



1. Determining the Maximum Height

- When objects reach the maximum height on the incline, their kinetic energy reduces to
Zero.

- Using energy conservation, the initial potential energy converts into the work against
gravity and rotational energy.

2. Calculating the Distance Traveled Up the Incline

- The initial velocity \( v \) determines the maximum distance \( s \):

\[

v~2 = 2 g s \sin \theta

\]

- Rearranged:

\[

s = \frac{v"2}{2 g \sin \theta}
\]

- For the hollow sphere:

\[

s {sphere} = \frac{ \frac{6 g h}{5} }{ 2 g \sin \theta } = \frac{ 6 h }{ 5 \times 2 \sin
\theta } = \frac{ 3 h }{ 5 \sin \theta }

\]

- For the hollow cylinder:

\[
s {cylinder} = \frac{ g h }{ 2 g \sin \theta } = \frac{ h }{ 2 \sin \theta }
\]

Comparison:

\[

s {sphere} = \frac{ 3 h }{ 5 \sin \theta } \quad \text{vs.} \quad s {cylinder} = \frac{ h
}{ 2 \sin \theta }

\]

Numerically:

\[
s {sphere} \approx 0.6 \frac{h}{\sin \theta}
\]

\[
s {cylinder} = 0.5 \frac{h} {\sin \theta}
\]



The hollow sphere travels farther up the incline than the hollow cylinder, due to its lower
moment of inertia, which allows it to convert more of its initial potential energy into
translational motion.

Implications and Real-World Applications

Understanding how shape and mass distribution affect rolling objects has diverse
applications:

- Designing Rolling Elements: Engineers use these principles when designing wheels,
gears, and bearings to optimize energy efficiency.

- Sports Science: Athletes and coaches analyze how different ball shapes or equipment
impact motion.

- Physics Education: Demonstrations with spheres and cylinders help students grasp
rotational dynamics intuitively.

- Robotics and Machinery: Properly selecting components based on their rotational inertia
ensures optimal performance.

Summary and Key Takeaways

- Objects with smaller moments of inertia accelerate faster and travel farther when rolling
up an incline without slipping.

- The hollow sphere, with a lower moment of inertia \( (\frac{2} {3} m r™~2) ), reaches
higher velocities and travels farther than a hollow cylinder with a higher moment of
inertia \( (m r™~2)\).

- Conservation of energy, combined with the no-slip condition, allows us to derive precise
relationships between initial height, velocity, and distance traveled.

- Shape and mass distribution are critical factors influencing the rotational and transl

Frequently Asked Questions

Why do both a hollow sphere and a hollow cylinder roll
down an incline without slipping at different speeds?

Because their moments of inertia differ, affecting how rotational kinetic energy is
distributed, leading to different acceleration rates despite having the same radius and
mass.



What is the main factor determining the acceleration of
a rolling hollow sphere and cylinder down an incline?

The main factor is the distribution of mass, which influences the moment of inertia and
thus affects the rotational acceleration during rolling.

How does the moment of inertia of a hollow sphere
compare to that of a hollow cylinder for the same radius
and mass?

For the same radius and mass, a hollow sphere has a moment of inertia of (2/3)MR?, while
a hollow cylinder has a moment of inertia of MR?, meaning the sphere has a smaller
moment of inertia.

Which object, the hollow sphere or the hollow cylinder,
reaches the bottom of the incline faster?

The hollow sphere reaches the bottom faster because it has a lower moment of inertia
relative to its mass and hence accelerates more quickly during rolling.

Does the shape of the hollow object affect the total
energy during rolling motion?

No, the total mechanical energy (potential plus kinetic) is conserved, but the distribution
between translational and rotational energy depends on the shape and moments of inertia.

How is the acceleration of a rolling hollow sphere or
cylinder calculated on an incline?

The acceleration is given by a = g sin(0) / (1 + I/ (MR?)), where I is the moment of inertia;
smaller I results in higher acceleration.

Can the effect of rolling without slipping be explained
using energy conservation principles?

Yes, energy conservation shows potential energy converting into both translational and
rotational kinetic energy, with the distribution depending on the shape's moment of
inertia.

Why does the hollow sphere have a smaller moment of
inertia compared to the hollow cylinder for the same
mass and radius?

Because mass distribution in a hollow sphere is closer to the center compared to a hollow
cylinder, resulting in a lower moment of inertia and thus a different rotational resistance.



If both objects start from rest at the same height on an
incline, which will reach the bottom first and why?

The hollow sphere will reach the bottom first because it has a lower moment of inertia
relative to its mass, resulting in a greater acceleration during rolling.

Additional Resources

A Hollow Sphere And A Hollow Cylinder Of The Same Radius And Mass Roll Up An Incline
Without Slipping

Introduction: The Fascinating World of Rolling
Objects

Rolling objects have long captivated physicists and engineers alike due to their intriguing
interplay between rotational and translational motion. When an object rolls down an
incline without slipping, it converts potential energy into both kinetic forms, leading to
rich dynamics governed by principles of physics such as conservation of energy and
moments of inertia. Among the myriad shapes studied, hollow spheres and hollow
cylinders stand out because, despite sharing the same mass and radius, they exhibit
markedly different behaviors. These differences are rooted in their moments of inertia,
which influence how efficiently they convert potential energy into motion. Understanding
these distinctions not only deepens our grasp of rotational dynamics but also informs
practical applications—from sports equipment design to transportation systems.

Fundamental Concepts: Rolling Without Slipping

What Does "Rolling Without Slipping"” Mean?

Rolling without slipping occurs when the point of contact between the rolling object and
the surface has zero velocity relative to the surface. This condition implies a specific
relationship between the linear velocity of the center of mass (V) and the angular velocity

(w):

\[
V =\omegar
\]



where:

-\( V) is the velocity of the center of mass,
-\( r\) is the radius of the object,
-\(\omega ) is the angular velocity.

This condition ensures that the object rolls smoothly without skidding or slipping, allowing
the use of idealized physics models to analyze their motion.

Energy Conservation in Rolling Motion

When an object starts from rest at height \( h \), its potential energy (PE) is converted into
kinetic energy (KE) as it rolls down:

\[
PE = mgh
\]

\[
KE = \frac{1}{2} m V"2 + \frac{1}{2} [ \omega”™2
\]

where:

-\(m) is the mass,

-\( g ) is acceleration due to gravity,

-\(I\) is the moment of inertia of the object.

Given the no-slip condition \( V = \omega r ), the kinetic energy can be expressed solely in
terms of \( V \):

\[
KE = \frac{1}{2} m V™2 + \frac{1}{2} I \frac{V"2}{r™2}
\]

This allows us to analyze how different shapes with different moments of inertia behave as
they roll down an incline.

Moment of Inertia: The Key Differentiator

Understanding Moment of Inertia

Moment of inertia (\( I \)) quantifies an object's resistance to rotational acceleration about
a given axis. It depends on both mass distribution and shape. For hollow objects, the mass
is distributed along the surface, which influences \( I\).



The general formula for the moment of inertia of a hollow sphere and a hollow cylinder
about their central axes are:

- Hollow Sphere:

\[
I {sphere} = \frac{2}{3} mr~2
\]

- Hollow Cylinder (thin-walled):

\[
I {cylinder} =mr~2
\]

These values are crucial because they determine how much of the initial potential energy
is converted into rotational kinetic energy.

Implications of Different Moments of Inertia

Since both objects have the same mass \( m \) and radius \( r\), their moments of inertia
are:

- Hollow Sphere: \(I {sphere} = \frac{2}{3} mr™2\)
- Hollow Cylinder: \(I {cylinder} =mr~2\)

The ratio of their moments of inertia:

\[
\frac{l {sphere}}{l {cylinder}} = \frac{2/3}{1} = \frac{2}{3}
\]

This indicates that the hollow sphere has a smaller moment of inertia relative to the
hollow cylinder, meaning it resists rotational acceleration less and can convert more
potential energy into translational kinetic energy as it rolls down the incline.

Analyzing the Motion: Deriving the Speeds and
Times

Energy Conservation Equations

Applying energy conservation from the top (\( h\)) to the bottom:



\[
mgh = \frac{1}{2} m V~2 + \frac{1}{2} [ \frac{V"2}{r~2}

\]

Rearranged:

\[

mgh = \frac{1}{2} V"2 \left( m + \frac{I}{r~2} \right)
\]

Solving for \( V \):

\[
V = \sqrt{ \frac{2 mgh}{ m + \frac{I}{r~2} } }
\]

Plugging in the moments of inertia:
- For the hollow sphere:

\[

V {sphere} = \sqrt{ \frac{2 g h}{ 1 + \frac{2/3 mr™2}{mr~2} } } =\sqrt{ \frac{2 g
h}{ 1 + \frac{2}{3} } } =\sqrt{ \frac{2 g h}{ \frac{5}{3} } } = \sart{ \frac{6 g h}{5} }
\]

- For the hollow cylinder:

\[
V {cylinder} = \sqrt{ \frac{2 gh}{ 1+ 1} } =\sqrt{ \frac{2gh}{ 2} } =\sqrt{ gh }
\]

Key insight: The hollow sphere attains a higher final speed than the hollow cylinder when
rolling down the same incline from the same height.

Time to Reach the Bottom

Assuming the incline length is \( L \), the time \( t ) taken to reach the bottom is:

\[
t = \frac{L}{V}
\]

Therefore,
- For the hollow sphere:
\[

t {sphere} = \frac{L}{ \sqrt{ \frac{6 g h}{5} } }
\]



- For the hollow cylinder:

\[
t {cylinder} = \frac{L}{ \sqrt{gh } }
\]

Since \(\sqrt{ \frac{6} {5} } \approx 1.095), the sphere reaches the bottom slightly
faster, consistent with its higher final velocity.

Experimental Observations and Practical
Implications

Empirical Evidence Aligns with Theoretical Predictions

Laboratory experiments confirm these analytical results. When both a hollow sphere and a
hollow cylinder of identical mass and radius are rolled down an inclined plane:

- The sphere accelerates faster initially due to its lower rotational inertia relative to mass.
- It reaches the bottom sooner.

- Its final velocity is higher, demonstrating more efficient conversion of potential energy
into translational kinetic energy.

This behavior illustrates how shape and mass distribution impact rolling dynamics, which
is essential knowledge in engineering fields.

Applications in Engineering and Design

Understanding the differences between shapes informs various practical domains:

- Sports Equipment: Designing balls and cylinders for optimized motion—e.g., golf balls
(spherical) versus cylindrical rollers.

- Transportation: Rolling components like wheels and rollers are designed considering
moments of inertia to maximize efficiency.

- Robotics: Shape and mass distribution affect movement and energy consumption.

- Energy Storage and Conversion: Devices that involve rotational elements leverage these
principles for efficiency.



Broader Context and Theoretical Significance

Rotational Dynamics as a Pedagogical Tool

The comparison between hollow spheres and cylinders provides a clear illustration of how
moments of inertia influence motion. It helps students and researchers appreciate the
importance of mass distribution beyond mere mass and radius.

Limitations and Real-World Considerations

While theoretical models assume perfect rolling without slipping and no energy losses,
real-world factors such as friction, air resistance, and surface imperfections affect
outcomes. Nonetheless, the core principles remain valid and serve as foundational
knowledge for advanced studies.

Conclusion: The Interplay of Shape, Mass, and
Motion

The exploration of a hollow sphere and a hollow cylinder of the same radius and mass
rolling down an incline underscores the profound impact of shape and mass distribution
on dynamics. The sphere, with its lower moment of inertia, is more efficient at converting
potential energy into translational motion, resulting in higher speeds and shorter descent
times. Conversely, the cylinder's higher moment of inertia means more of its energy is
invested in rotational motion, slowing its descent relative to the sphere. These insights not
only deepen our understanding of classical physics but also influence engineering design,
sports science, and energy efficiency strategies. As physics continues to unravel the
complexities of motion, the humble hollow sphere and cylinder remain illustrative
examples of how shape dictates behavior—an elegant dance of mass, inertia, and gravity
on the grand stage of motion.
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