A Satellite Is Moving In Circular Orbit Of
Radius R About Earth. By What Fraction Must
Its Velocity V

Introduction

A Satellite Is Moving In Circular Orbit Of Radius R About Earth. By What Fraction Must Its
Velocity V be adjusted to maintain a stable orbit? Understanding the velocity required for a satellite
to stay in circular orbit is fundamental in astrophysics and space engineering. The velocity determines
the balance between the gravitational pull of the Earth and the satellite's inertial motion. This article
explores the physics behind orbital velocity, deriving the necessary equations, and analyzing the
factors affecting this velocity. Whether launching a new satellite or studying celestial mechanics,
grasping the concept of orbital velocity is crucial for ensuring stable and efficient satellite operations.

Fundamental Concepts of Circular Orbit Motion

Newton’s Law of Universal Gravitation

At the core of understanding satellite motion is Newton's Law of Universal Gravitation. It states that
every mass attracts every other mass with a force proportional to the product of their masses and
inversely proportional to the square of the distance between their centers:

e F_gravity = G (M m) / R?

where:

F_gravity is the gravitational force

G is the gravitational constant (~6.674x10-1* N-(m/kg)?)

M is the Earth's mass

m is the satellite's mass

R is the radius of the orbit (distance from Earth's center)

Centripetal Force and Orbital Motion

For a satellite to move in a stable circular orbit, the gravitational force must provide the necessary
centripetal force to keep it moving in a circle:



* F_centripetal = m V2 /R

where:

e V is the orbital velocity

Equating the gravitational force to the centripetal force yields the key relation for orbital velocity.

Deriving the Orbital Velocity V

Equating Gravitational and Centripetal Forces

To find the velocity V required for a stable circular orbit at radius R, set the gravitational force equal
to the centripetal force:

G (M m) /RZ=m V2 /R

Canceling m from both sides:

G M/ R2=V2 /R

Solving for V
Multiplying both sides by R:
V2=G M /R

Taking the square root yields:
V=+v(G M/ R)

This is the fundamental expression for the orbital velocity of a satellite in a circular orbit at radius R.

Understanding the Fraction of Velocity V

Expressing V as a Fraction of a Reference Velocity

Sometimes, it is useful to express the required orbital velocity as a fraction of some standard or
reference velocity. For example, comparing it to Earth's surface velocity or the escape velocity at
radius R.



Velocity at Earth's Surface

The velocity of an object moving at Earth's surface due to Earth's rotation (ignoring atmospheric
effects) is approximately:

» V_surface = V(G M/ R_earth)

where R_earth is Earth's radius (~6,371 km). The orbital velocity V at radius R can be expressed as a
fraction of V_surface as:

Fraction = V / V surface = V(R earth / R)

This shows that the orbital velocity decreases as the radius increases, following the inverse square
root relation.

Comparison with Escape Velocity

The escape velocity from a distance R is given by:

V_escape = V(2 G M/ R)

Comparing V to V_escape:

V / V escape = V(1/2) = 0.707

This indicates that the orbital velocity is approximately 70.7% of the escape velocity at the same
radius.

Implications of the Velocity Fraction

Stability of Circular Orbit

The derived velocity V ensures that the satellite remains in a stable circular orbit. If the velocity is:

» Less than V: The satellite will spiral inward due to insufficient centripetal force.

e More than V: The satellite will move outward or escape Earth's gravity if the velocity exceeds
escape velocity.

Therefore, maintaining the precise velocity V is essential for stable orbital operations.

Practical Considerations in Satellite Deployment



1. Velocity Adjustment: Rockets must impart the correct velocity when placing satellites into orbit,
accounting for atmospheric drag and other perturbations.

2. Fuel Efficiency: Achieving the precise velocity minimizes fuel consumption and ensures the
satellite's longevity.

3. Orbital Perturbations: Factors such as Earth's oblateness, atmospheric drag, and gravitational
influences from the Moon and Sun can cause deviations, necessitating station-keeping
maneuvers.

Conclusion

In summary, the velocity V required for a satellite to maintain a stable circular orbit at radius R
around Earth is given by the fundamental relation:

V=+v(G M/ R)

This velocity can be expressed as a fraction of other characteristic velocities, such as the Earth's
surface velocity or escape velocity, highlighting its significance in orbital mechanics. Precise control
and understanding of this velocity are crucial for satellite deployment, operation, and mission
success. The interplay between gravitational forces and inertial motion forms the cornerstone of
modern space technology, enabling us to maintain satellites that facilitate communication,
navigation, weather forecasting, and scientific exploration.

Frequently Asked Questions

What is the expression for the velocity of a satellite moving in
a circular orbit of radius R around Earth?

The velocity V of a satellite in a circular orbit of radius R around Earth is given by V = V(GM / R),
where G is the gravitational constant and M is the mass of the Earth.

If a satellite's current velocity is V, by what fraction must its
velocity be adjusted to achieve a higher or lower orbit?

The fraction depends on the desired orbital radius. To increase the orbital radius from R to R', the new
velocity V' = v(GM / R'). The required fractional change is (V' - V) / V.

How does the velocity of a satellite change if it moves to an
orbit with a radius twice the original radius R?

The new velocity V' = V(GM / 2R) = V / V2, which is approximately 0.707 times the original velocity V.
So, the satellite must decrease its velocity to about 70.7% of its current value.



Why is the velocity of a satellite inversely proportional to the
square root of its orbital radius?

Because the gravitational force provides the necessary centripetal force for circular motion, leading to
V =vV(GM/R). As R increases, V decreases proportionally to 1/VR, indicating an inverse square root
relationship.

What is the significance of the fractional change in velocity
for satellite station-keeping and orbit adjustments?

Understanding the fractional change in velocity allows for precise maneuvers to maintain or alter the
satellite's orbit efficiently, minimizing fuel consumption and ensuring mission longevity.

Additional Resources
Understanding Satellite Motion in Circular Orbit Around Earth

The dynamics of satellites orbiting Earth have fascinated scientists and engineers for centuries,
leading to significant advancements in space technology, communication, navigation, and scientific
exploration. A fundamental problem in orbital mechanics involves determining the velocity a satellite
must have to sustain a stable, circular orbit at a given radius R from the center of the Earth. This
calculation not only underscores the principles of gravitational physics but also illustrates the
harmony between gravitational forces and inertial motion.

In this comprehensive review, we will explore the key concepts, mathematical derivations, and
physical interpretations related to the velocity of a satellite in circular orbit, focusing on the fraction of
this velocity relative to some standard or reference. The discussion will be systematic, beginning with
foundational physics, moving through derivations, and finally analyzing the implications and practical
applications of the orbital velocity.

Fundamental Principles of Satellite Motion in Circular
Orbit

Newton’s Law of Universal Gravitation

At the core of orbital mechanics lies Newton's Law of Universal Gravitation, which states that every
mass attracts every other mass with a force proportional to the product of their masses and inversely
proportional to the square of the distance between their centers:

\[
F g =G\frac{M_e m}{R"2}
\]



Where:

-\( F_g\) = gravitational force

-\( G\) = gravitational constant (\(6.674 \times 10"~ {-11} \, \text{Nm}"~2/\text{kg}~2\))
-\( M_e\) = mass of Earth (\(5.972 \times 10~ {24} \, \text{kg}\))

-\( m\) = mass of the satellite

-\( R\) = radius of the orbit (distance from Earth's center)

Centripetal Force Requirement

For a satellite to maintain a circular orbit, it must experience a centripetal force directed toward
Earth's center, which keeps it moving along a circular path:

\[
F ¢ =\frac{m V~2}{R}
\]

Where:
-\( V\) = orbital velocity of the satellite

Equilibrium Condition for Circular Orbit

In stable circular motion, the gravitational force provides the necessary centripetal force:

\[
Fg=Fc
\]

Substituting the expressions:

\[
G \frac{M_e m}{R"2} = \frac{m V~2}{R}
\]

Notice that the satellite’s mass \( m \) cancels out, indicating that the orbital velocity is independent
of the satellite’s mass.

Deriving the Orbital Velocity \( V\)

Mathematical Derivation

Starting from the equilibrium condition:

\[
G\frac{M_e}{R"2} =\frac{V"~2}{R}



\]
Multiply both sides by \( R \):

\[
G\frac{M _e}{R} =V~"2
\]

Taking the square root yields the orbital velocity:

\[
V =\sqrt{G \frac{M_e}{R}}
\]

This formula indicates that the orbital velocity depends solely on the gravitational parameter \( GM_e
\) and the orbital radius \( R \).

Alternative Expression Using Earth's Standard Gravitational
Parameter

It is common to introduce the Earth's standard gravitational parameter \( \mu \), defined as:

\[

\mu=GM e
\]

Given \( \mu \approx 3.986 \times 10~ {14} \, \text{m} " 3\text{s} "2 ), the orbital velocity simplifies
to:

\[
V = \sqrt{\frac{\mu}{R}}
\]

This expression is particularly useful because \( \mu'\) is a known, tabulated constant for Earth,
simplifying calculations.

Fractional Velocity: Comparing to a Reference

Defining the Fraction
The problem asks: "By what fraction must its velocity V..." This phrase suggests comparing the
satellite’s orbital velocity to some reference velocity. Commonly, this might be:

- The velocity of a satellite at a specific altitude or orbit
- The escape velocity at radius \( R \)



- The velocity of a satellite in a different orbit

For illustrative purposes, let’s analyze the fraction of the orbital velocity relative to the escape
velocity at radius \( R\).

Escape Velocity \( V_{esc} \)

The escape velocity at distance \( R \) from Earth is the minimum velocity needed for an object to
break free from Earth's gravitational influence without further propulsion:

\[
V_{esc} =\sqrt{2 G \frac{M_e}{R}} = \sqrt{2} V
\]

This relation directly links escape velocity to the orbital velocity:

\[
V_{esc} =\sqrt{2} V
\]

Therefore, the orbital velocity \( V') is:

\[
V = \frac{V_{esc}}{\sqrt{2}}
\]

Fraction:

\[
\boxed{
\frac{V}{V {esc}} = \frac{1}{\sqrt{2}} \approx 0.707

}
\]

This indicates that the satellite’s orbital velocity in a circular orbit is approximately 70.7% of the
escape velocity at the same radius.

Physical Interpretations and Implications

Energy Considerations

The kinetic energy of the satellite is:

\[
KE = \frac{1}{2} m V"2



\]

The gravitational potential energy at radius \( R\) is:

\[
PE = - G \frac{M_e m}{R}
\]

The total mechanical energy:

\[
E {total} = KE + PE = - \frac{1}{2} G \frac{M_e m}{R} = -\frac{1}{2} m V"2
\]

This negative value signifies a bound orbit. The fact that the total energy is negative confirms the
satellite is gravitationally bound to Earth.

Implications for Satellite Launch and Orbit Design

- To achieve a circular orbit at radius \( R ), the satellite must be launched with velocity \( V =
\sqrt{\frac{\mu}{R}}\).

- Lower velocities result in elliptical or sub-orbital trajectories.

- Higher velocities approaching escape velocity lead to hyperbolic escape trajectories.

Effect of Altitude on Velocity

The radius \( R\) is measured from Earth's center, which is the sum of Earth's radius and the
satellite’s altitude:

\[
R=Re+h
\]

Where:

-\( R_e\) = Earth's radius (~6371 km)
-\( h\) = altitude above Earth's surface

As \( R\) increases (higher orbit), the orbital velocity decreases:

\[
V \propto \frac{1}{\sqrt{R}}
\]

This inverse square root dependence explains why geostationary satellites (at \( \sim 35,786 \) km
altitude) move significantly slower than low Earth orbit satellites.



Practical Examples and Numerical Calculations

Example 1: Low Earth Orbit (LEO) at 300 km altitude

-\(R_e\) = 6371 km
-\('h'\) =300 km
- Total radius \( R = 6371 + 300 = 6671 \) km =\( 6.671 \times 1076 \) m

Calculate \( V \):

\[
V = \sqrt{\frac{\mu}{R}} = \sqrt{\frac{3.986 \times 10" {14}}{6.671 \times 10™6}} \approx
\sqrt{5.974 \times 10~7} \approx 7730 \, \text{m/s}

\]

Fraction of escape velocity:

\[
V_{esc} = \sqrt{2} \times V \approx 1.414 \times 7730 \approx 10930\, \text{m/s}

\]

Example 2: Geostationary Orbit at 35,786 km altitude
-\(R=6371 + 35786 = 42157 \) km =\( 4.2157 \times 10™7 \) m

Calculate \( V \):

\[

V = \sqrt{\frac{3.986 \times 10~ {14} }{4.2157 \times 10”7} } \approx \sqrt{9.45 \times 1076}
\approx 3074\, \text{m/s}

\]

The escape velocity at this radius:

\[
V_{esc} \approx 1.414 \times 3074 \approx 4347 \, \text{m/s}

\]

The satellite moves at roughly 70.7% of the escape velocity, consistent across different orbital
altitudes.



Additional Considerations in Orbital Mechanics

Orbital Perturbations and Real-World Effects

In practice, several factors influence the precise velocity required:
- Earth's oblateness causes gravitational perturbations.
- Atmospheric drag affects low Earth orbit satellites.

- Solar radiation pressure and gravitational influences from the Moon and Sun introduce additional
complexities.

Energy and Fuel
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