A Semi-infinite Solid Is Initially At
Zero Temperature. Suddenly, A Constant
Heat Flux Of Magnitude Q

Introduction

A semi-infinite solid is initially at zero temperature. Suddenly, a constant
heat flux of magnitude Q is applied to its surface. This scenario is a
classical problem in heat conduction, often encountered in engineering and
physical sciences, illustrating how heat propagates into a material over
time. Understanding the temperature distribution and heat flow within the
solid is crucial for applications ranging from thermal management to
materials processing. The problem's semi-infinite nature implies that the
solid extends infinitely in one direction, simplifying the boundary
conditions and enabling analytical solutions. This article explores the
fundamental principles, mathematical modeling, and implications of this
thermal problem.

Problem Description and Physical Assumptions

System Overview

The system consists of a semi-infinite solid occupying the region x > 0.
Initially, the temperature throughout the solid is zero (T = 0). At time t =
0, a constant heat flux Q is applied at the boundary x = 0. The goal is to
determine how the temperature evolves within the solid over time and the heat
conduction characteristics associated with this process.

Key Assumptions

e The solid is homogeneous and isotropic, with constant thermal
properties: thermal conductivity (k), density (p), and specific heat
capacity (c).

e Heat transfer occurs solely via conduction; there are no internal heat
sources or sinks.

e The initial temperature of the solid is zero everywhere at t = 0.
e The boundary at x = 0 is subjected to a constant heat flux Q for t > 0.

e The semi-infinite domain assumption implies that the temperature at
large distances (x = ®©) remains at zero for all times considered.



Mathematical Formulation

Governing Equation

The heat conduction in the solid is described by Fourier's law and the heat
equation. In one dimension, the transient heat conduction equation is:

oT/ot

o 92T/9x?

where T = T(x, t) is the temperature, and a is the thermal diffusivity, given
by:

a=k/ (pc)

Initial and Boundary Conditions

e Tnitial condition:
T(x, 0) = 0 for all x 2 0

e Boundary conditions:

oAt x = 0 for t > O:
-k 9T/9x = Q (constant heat flux)

o At x - oo:
T(OO, t) = 0

Solution Strategy

Method of Solution

The problem involves solving a partial differential equation (PDE) with
specified boundary conditions. A common approach involves using similarity
solutions and integral transforms, particularly the method of similarity
variables and the Laplace transform.

Use of Similarity Variable

Define a similarity variable n to reduce the PDE to an ordinary differential
equation (ODE) :

n=x/ (2V(a t))

In this approach, the temperature profile T(x, t) can be expressed as a
function of n, simplifying the problem to a form solvable via standard
techniques.



Solution wvia the Error Function

The classical solution to this problem, derived through similarity methods,
involves the complementary error function (erfc). The resulting temperature
distribution is:

T(x, t) = (Q/ k) V(xt/ m exp(-n?) - (Q x/ (k V(mat))) erfc(n)

Alternatively, the temperature at the boundary x = 0 simplifies to:

T(O, t) = (2Q/ (kVm)) +V(a t)

Analysis of the Solution

Temperature Distribution

The temperature within the solid increases over time, starting from zero.
Near the boundary (x = 0), the temperature rises as:

T(O, t) =(2Q/ (kVm)) V(a t)
This indicates a square root dependence on time, characteristic of diffusive

processes. As X increases, the temperature diminishes, following the error
function profile, which reflects the spreading of heat into the material.

Heat Penetration Depth

The depth of significant temperature increase—often called the thermal

penetration depth—is proportional to ¥ (a t). Specifically, the region where T
is appreciably above zero extends roughly up to n = 1, corresponding to x = 2
Y (a t). This relation signifies that heat propagates into the solid over

time, but the temperature diminishes with increasing distance.

Energy Considerations
Since the heat flux Q is constant, the total heat transferred into the solid

up to time t is:

Q total = Q t

This energy contributes to raising the temperature within the penetrated
depth, aligning with the relation for T(0, t). The energy distribution within
the solid can be analyzed by integrating the temperature profile and the heat
flux over time and space.

Physical Implications and Applications



Material Response and Thermal Behavior

e The temperature increases at the surface and propagates inward,
affecting the material's structural integrity if the temperature exceeds
certain thresholds.

e The square root dependence indicates rapid initial heating near the
surface, which gradually slows as heat penetrates deeper.

e Understanding this behavior is essential for designing processes like
heat treatment, welding, or thermal insulation.

Practical Applications

1. Thermal Testing: Simulating the response of materials to sudden thermal
loads.

2. Material Processing: Controlling heat input during manufacturing
processes.

3. Thermal Insulation Design: Optimizing materials to prevent heat
penetration.

4. Electronics Cooling: Managing heat flow in semi-infinite or large-scale
components.

Extensions and Variations of the Problem

Different Boundary Conditions

e Constant surface temperature instead of constant heat flux.

e Convective boundary conditions involving heat transfer coefficients.

Finite Domain Considerations

Real-world problems often involve finite-sized bodies. In such cases,
boundary effects and reflections of heat waves must be considered,
complicating the solution but providing more accurate modeling.

Non-Constant Heat Flux or Variable Properties

More complex scenarios include time-dependent heat fluxes or temperature-
dependent material properties, requiring numerical methods for solutions.



Conclusion

The problem of a semi-infinite solid initially at zero temperature subjected
to a sudden constant heat flux Q encapsulates fundamental principles of
transient heat conduction. The analytical solution involving error functions
provides insights into how heat penetrates and heats the material over time.
Recognizing the square root time dependence of the temperature at the surface
and the exponential decay into the interior highlights the diffusive nature
of heat transfer. This classical problem forms the foundation for numerous
practical applications and further studies in thermal analysis, emphasizing
the importance of understanding heat conduction dynamics in engineering
design and scientific research.

Frequently Asked Questions

What is the main heat transfer process involved when
a semi-infinite solid initially at zero temperature
is subjected to a constant heat flux Q7

The primary process is transient conduction, where heat penetrates the solid
over time, increasing its temperature from zero as heat flows inward due to
the applied heat flux Q.

How is the temperature distribution within the semi-
infinite solid described after applying a constant
heat flux Q?

The temperature distribution is described by the transient heat conduction
equation, often solved using similarity solutions such as the error function,
which relates temperature to depth and time.

What is the significance of the thermal penetration
depth in this problem?

The thermal penetration depth indicates how far heat has traveled into the
solid at a given time; it increases with the square root of time and is
crucial for understanding the extent of heating.

How does the applied heat flux Q affect the
temperature at the surface and within the solid over
time?

The heat flux Q causes the surface temperature to rise instantly from zero,
and as time progresses, heat diffuses inward, raising temperatures at greater
depths in proportion to the square root of time.

What assumptions are typically made when analyzing
heat conduction in this semi-infinite solid problem?

Assumptions include constant thermal properties, one-dimensional heat



transfer, initial zero temperature, and an infinite extent of the solid to
ignore boundary effects at large depths.

How does the solution change if the heat flux Q is
increased?

Increasing Q results in a higher rate of temperature increase at the surface
and faster thermal penetration, leading to higher temperatures at given
depths and times.

What are practical applications of understanding heat
transfer in a semi-infinite solid subjected to a
constant heat flux?

Applications include geothermal heat flow analysis, cooling of materials,
insulation design, and transient heat treatment processes in manufacturing.

Additional Resources

A Semi-infinite Solid Is Initially At Zero Temperature. Suddenly, A Constant
Heat Flux Of Magnitude Q

The problem of heat conduction into a semi-infinite solid initially at zero
temperature, subjected to a sudden application of a constant heat flux \(Q\),
is a classic scenario in thermal analysis, often encountered in engineering
and applied physics. This setup provides a fundamental understanding of
transient heat transfer phenomena, especially in materials exposed to abrupt
thermal loads. The scenario is not just academically interesting but also
practically relevant in processes like quenching, thermal shielding, or rapid
heating in manufacturing. Analyzing this problem involves delving into
concepts of heat conduction, transient heat transfer, and the mathematical
techniques used to describe such phenomena, making it a rich topic for study
and application.

Overview of the Problem
Description of the Physical Setup

The scenario involves a semi-infinite solid, meaning the material extends
infinitely in one direction (say, the positive x—-axis), and is initially at
zero temperature. At time \( t=0 \), a constant heat flux \( Q \) is applied
to the surface \( x=0 \). The goal is to determine how the temperature within
the solid evolves over time and space, especially near the surface.

Assumptions and Simplifications

- Semi-infinite domain: The material extends to \( x \to \infty \),
simplifying the boundary conditions at infinity.

- Initial condition: The entire solid is at zero temperature, \( T(x,0) = 0
\) .

— Surface condition: A constant heat flux \( Q \) is applied at \( x=0 \).

— Material properties: Assumed homogeneous, isotropic, with constant thermal
conductivity \( k \), density \( \rho \), and specific heat capacity \( c_p



\) .

— Negligible radiation and convection: Only conduction is considered.

— No phase change or chemical reactions: The material remains solid and
unchanged.

Mathematical Formulation
Governing Equation

The heat conduction in the solid is described by the one-dimensional
transient heat conduction equation:

\ [

\frac{\partial T}{\partial t} = \alpha \frac{\partial”2 T}{\partial x"2}
\]

where \( \alpha = \frac{k}{\rho c_p} \) is the thermal diffusivity.

Boundary and Initial Conditions

- At the surface \( x=0 \): The heat flux 1is specified as

\ [

- k \frac{\partial T}{\partial x}\bigg|_{x=0} = Q

\1

- At \( x \to \infty \): The temperature remains at zero:
\ [

T(x \to \infty, t) =0

\1]

— Initial condition:

Solution Technique

The classical solution employs similarity variables and the error function,
leading to an analytical expression for the temperature distribution.

Derivation of the Analytical Solution
Using similarity wvariables:

\

\eta = \frac{x}{2 \sgrt{\alpha t}}

\1]

The solution for the temperature distribution is derived as:

\ [
T(x,t) = \frac{Q}{k} \sgrt{\frac{\alpha t}{\pi}} \exp\left( -\eta”2 \right)



\frac{Q x}{k} \operatorname{erfc} (\eta)
\1

which simplifies to a more common form involving the complementary error
function:

\ [

T(x,t) = \frac{2Q}{k} \sgrt{\frac{\alpha t}{\pi}} \exp\left( - \frac{x"2}{4
\alpha t} \right) - \frac{Q x}{k} \operatorname{erfc}\left( \frac{x}{2
\sgrt{\alpha t}} \right)

\1

Key Features of the Solution

- The temperature at the surface \( T(0,t) \) increases with time as:

\ [
T(0,t) = \frac{2Q0}{k} \sgrt{\frac{\alpha t}{\pi}}
\1

— Temperature decays with depth, following an error function profile.
- The solution is wvalid for \( t > 0 \) and \( x \geg 0 \).

Physical Interpretation and Behavior
Transient Heat Penetration

Initially, the temperature near the surface rises rapidly due to the applied
flux. Over time, heat diffuses deeper into the material, creating a thermal

wave that propagates inward. The depth of significant temperature rise scales
as \( \sgrt{\alpha t} \), reflecting the diffusive nature of heat conduction.

Surface Temperature Evolution

The surface temperature \( T(0,t) \) being proportional to \( \sgrt{t} \)
indicates a diminishing rate of temperature increase over time. As \( t \to
\infty \), the temperature continues to grow, but at a decreasing rate,
approaching a steady state if a finite boundary condition were imposed.

Spatial Temperature Profile

The temperature distribution exhibits a Gaussian-like profile, with the
maximum at the surface and decreasing into the bulk. The error function
profile provides a smooth transition from the surface to the interior.

Practical Applications and Implications
Engineering Relevance

— Thermal Processing: Understanding rapid heating or cooling in processes
like quenching or annealing.

- Material Testing: Analyzing how materials respond to sudden thermal loads.
— Thermal Shielding: Designing materials and coatings to withstand abrupt
thermal fluxes.



Design Considerations

— The time-dependent temperature profiles inform engineers about the thermal
gradients, which influence stress and potential failure.

- Knowledge of temperature evolution aids in optimizing heating protocols to
prevent thermal damage.

Features and Strengths of the Model

— Analytical simplicity: The solution provides explicit formulas for
temperature distribution, facilitating quick evaluations.

— Fundamental insights: Highlights the diffusive nature of heat transfer and
the importance of thermal diffusivity.

— Versatility: Serves as a basis for more complex scenarios involving
variable fluxes, phase changes, or multi-dimensional effects.

Limitations and Challenges

- Idealized assumptions: Real materials may have temperature-dependent
properties, anisotropy, or finite boundaries.

— Infinite domain approximation: Not valid for finite-sized objects where
boundary effects become significant.

— Neglects other heat transfer modes: Radiation, convection, and internal
heat generation are ignored.

— No phase change considerations: Melting, boiling, or other phase
transitions require more complex modeling.

Variations and Extensions
Non—-constant Heat Flux

- The model can be extended to account for time-dependent flux \( Q(t) \),
requiring convolution integrals or numerical methods.

Finite Media

- For finite bodies, boundary conditions at other surfaces must be
incorporated, often necessitating numerical solutions like finite element or
finite difference methods.

Nonlinear Material Properties

- Temperature-dependent conductivity or specific heat complicate the
solution, often requiring iterative numerical approaches.

Conclusion

The analysis of a semi-infinite solid initially at zero temperature subjected
to a sudden, constant heat flux reveals fundamental aspects of transient heat
conduction. The analytical solutions involving error functions provide deep
insight into how heat penetrates and raises the temperature within the



material over time. While idealized, these solutions serve as essential
benchmarks for more complex, real-world problems and help engineers design
processes that involve rapid thermal loading. Understanding the strengths and
limitations of this model enables better interpretation of physical phenomena
and guides the development of more sophisticated thermal analyses tailored to
specific applications.

Final Remarks

This classical problem exemplifies the power of mathematical analysis in
thermal physics, blending physical intuition with precise quantitative
predictions. Its relevance spans multiple disciplines, including materials
science, mechanical engineering, and applied physics, making it a cornerstone
in the study of transient heat transfer. As technology advances, extending
these foundational models to accommodate real-world complexities remains a
vital area of research and application.
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