
A Thin, Rectangular Sheet Of Metal Has
Mass M And Sides Of Length A And B.
Find The Moment Of Inertia

Introduction

A Thin, Rectangular Sheet Of Metal Has Mass M And Sides Of Length A And B.
Find The Moment Of Inertia is a fundamental problem in rigid body dynamics
and rotational mechanics. Understanding the moment of inertia of such a shape
is essential in various engineering and physics applications, including
analyzing the rotational behavior of metal sheets, designing mechanical
components, and studying structural stability. This article aims to provide a
comprehensive explanation of how to determine the moment of inertia of a
rectangular metal sheet, considering different axes of rotation, the
principles involved, and the detailed steps to arrive at the solution.

Understanding the Moment of Inertia

What Is Moment of Inertia?

The moment of inertia, often denoted by I, is a measure of an object's
resistance to angular acceleration about a specific axis. It depends on how
mass is distributed relative to the axis of rotation. The larger the moment
of inertia, the harder it is to change the object's rotational speed.

Mathematically, for a continuous mass distribution:

Inertia about a given axis = \( I = \int r^2 \, dm \)

where:
- \( r \) is the perpendicular distance from the axis to an element of mass
\( dm \).

In the case of a thin rectangular sheet, the calculation involves integrating
over its surface, considering the mass distribution.



Significance of the Moment of Inertia

- It appears in rotational form of Newton's second law: \( \tau = I \alpha
\), where \( \tau \) is torque and \( \alpha \) is angular acceleration.
- It influences the angular kinetic energy: \( KE_{rot} = \frac{1}{2} I
\omega^2 \).
- Different axes yield different moments of inertia, highlighting the
importance of axis selection.

Assumptions and Basic Parameters

Before proceeding with calculations, it is essential to clarify certain
assumptions and parameters:

The sheet is thin, uniform, and rigid.1.

The mass \( M \) is uniformly distributed over the surface.2.

The density \( \rho \) (mass per unit area) is constant, given by \(3.
\rho = \frac{M}{A \times B} \).

The axes of rotation are specified—commonly about axes passing through4.
the center or edges.

With these assumptions, calculations become straightforward, relying on
standard formulas and integration.

Calculating the Density and Surface
Distribution of Mass

Given the total mass \( M \) and the surface area \( A \times B \):

\[
\rho = \frac{M}{A \times B}
\]

This density allows us to express the differential mass element \( dm \) in
terms of differential area elements:

\[
dm = \rho \, dA
\]



where \( dA \) can be expressed as \( dx \, dy \) for Cartesian coordinates.

Choosing the Axis of Rotation

The moment of inertia depends on the axis about which the object rotates. The
most common axes considered for a rectangular sheet are:

About an axis perpendicular to the plane of the sheet passing through
its center (z-axis).

About an axis passing through one edge, parallel to A or B.

About axes in the plane of the sheet, passing through the center or
edges.

For clarity and completeness, this article will focus primarily on the most
typical case:

Moment of Inertia About an Axis Perpendicular to the
Sheet Through Its Center

which is often the default assumption unless otherwise specified.

Derivation of Moment of Inertia for the Center-
Perpendicular Axis

Setting up the Coordinate System

- Place the origin at the center of the rectangle.
- Let the \( x \)-axis extend along side \( A \), from \( -A/2 \) to \( A/2
\).
- Let the \( y \)-axis extend along side \( B \), from \( -B/2 \) to \( B/2
\).

The differential area element:

\[
dA = dx \, dy
\]



and the differential mass:

\[
dm = \rho \, dx \, dy
\]

The distance from the axis (perpendicular to the plane):

\[
r = \sqrt{x^2 + y^2}
\]

hence,

\[
dI_z = r^2 \, dm = (x^2 + y^2) \, \rho \, dx \, dy
\]

Integral Expression

The moment of inertia about the perpendicular axis through the center:

\[
I_z = \int_{-A/2}^{A/2} \int_{-B/2}^{B/2} (x^2 + y^2) \, \rho \, dx \, dy
\]

which separates into two integrals:

\[
I_z = \rho \left( \int_{-A/2}^{A/2} x^2 \, dx \int_{-B/2}^{B/2} dy + \int_{-
A/2}^{A/2} dx \int_{-B/2}^{B/2} y^2 \, dy \right)
\]

Since the integrals are symmetric:

\[
I_z = \rho \left( \left[\frac{x^3}{3}\right]_{-A/2}^{A/2} \times B +
\left[\frac{y^3}{3}\right]_{-B/2}^{B/2} \times A \right)
\]

but note that:

\[
\int_{-a}^{a} x^2 dx = 2 \int_{0}^{a} x^2 dx = 2 \times \frac{a^3}{3} =
\frac{2 a^3}{3}
\]

Applying this:



\[
I_z = \rho \left( \frac{2 (A/2)^3}{3} \times B + \frac{2 (B/2)^3}{3} \times A
\right)
\]

Simplify:

\[
I_z = \rho \left( \frac{2}{3} \times \frac{A^3}{8} \times B + \frac{2}{3}
\times \frac{B^3}{8} \times A \right)
\]

\[
I_z = \rho \left( \frac{A^3 B}{12} + \frac{A B^3}{12} \right)
\]

Recall that:

\[
\rho = \frac{M}{A B}
\]

Substitute:

\[
I_z = \frac{M}{A B} \left( \frac{A^3 B}{12} + \frac{A B^3}{12} \right) =
\frac{M}{A B} \times \frac{A B}{12} (A^2 + B^2)
\]

Simplify:

\[
I_z = \frac{M}{12} (A^2 + B^2)
\]

Final formula:

\[
\boxed{
I_z = \frac{1}{12} M (A^2 + B^2)
}
\]

This is the moment of inertia of a thin, rectangular, uniform sheet about an
axis perpendicular to its plane, passing through its center.

Other Axes of Rotation

The moment of inertia varies depending on the axis:



About an Edge Parallel to A (x-axis)

Using the parallel axis theorem:

\[
I_{x, \text{edge}} = I_{x, \text{center}} + M \left( \frac{B}{2} \right)^2
\]

where

\[
I_{x, \text{center}} = \frac{1}{12} M B^2
\]

Similarly, for an axis passing through an edge parallel to B:

\[
I_{y, \text{edge}} = \frac{1}{12} M A^2 + M \left( \frac{A}{2} \right)^2
\]

Summary of Key Results

| Axis of Rotation | Moment of Inertia, I | Formula |
|---------------------|----------------------|---------|
| About perpendicular axis through center | \(I_z\) | \(\frac{1}{12} M (A^2 +
B^2)\) |
| About edge parallel to A | \(I_x\) | \(\frac{1}{12} M B^2 + M
\left(\frac{B}{2}\right)^2\) |
| About edge parallel to B | \(I_y\) | \(\frac{1}{12} M A^2 + M
\left(\frac{A}{2}\right)^2\) |

These formulas enable comprehensive analysis of the rotational properties of
the rectangular sheet about various axes.

Practical Implications and Applications

Knowing the moment of inertia of a rectangular sheet is vital for:

- Designing rotating machinery parts where sheets are spun or oscillated.
-

Frequently Asked Questions



How do I calculate the moment of inertia of a thin
rectangular metal sheet about its center?
For a thin rectangular sheet of mass M and sides A and B, the moment of
inertia about its center is given by I = (1/12) M (A² + B²).

What assumptions are made when calculating the
moment of inertia for a thin rectangular sheet?
It is assumed that the sheet is uniformly dense, thin such that its thickness
is negligible, and that the axis of rotation passes through its center and is
perpendicular to its plane.

How does the orientation of the axis affect the
moment of inertia of the rectangular sheet?
The moment of inertia depends on the axis of rotation. For axes passing
through the center and perpendicular to the plane, I = (1/12) M (A² + B²).
For axes along the edges or corners, different formulas are used based on the
parallel axis theorem.

Can the moment of inertia be calculated if the mass
distribution isn't uniform?
No, the standard formula assumes uniform mass distribution. For non-uniform
distributions, you need to integrate over the mass distribution to find the
moment of inertia.

How is the mass of the sheet related to its density
and area in calculating the moment of inertia?
The mass M can be expressed as M = ρ A t, where ρ is the density and t is the
thickness. In calculations, M is used directly, assuming uniform density.

What is the significance of the moment of inertia in
rotational dynamics?
The moment of inertia measures an object's resistance to changes in its
rotational motion; it is a key factor in calculating angular acceleration and
torque.

Is the formula for the moment of inertia different
for axes passing through the edge or corner of the
sheet?
Yes, for axes not passing through the center, you must use the parallel axis



theorem to shift the moment of inertia from the center to the desired axis.

How do I compute the moment of inertia for a
rectangular sheet about an axis lying in its plane?
For an axis in the plane of the sheet passing through its center, the moment
of inertia depends on the axis' orientation and requires different formulas.
Typically, for rotation about an axis in the plane, the calculation involves
integrating the mass distribution accordingly.

Additional Resources
Understanding the Moment of Inertia of a Rectangular Metal Sheet: A
Comprehensive Analysis

In the realm of physics and engineering, the moment of inertia is a
fundamental concept that describes an object's resistance to rotational
motion about a specified axis. When considering simple geometric shapes, such
as a thin, rectangular sheet of metal, understanding and calculating the
moment of inertia becomes essential for applications ranging from structural
engineering to mechanical design. This article aims to provide an in-depth
exploration of how to determine the moment of inertia for a rectangular metal
sheet with mass \( M \), and sides of length \( A \) and \( B \). We will
dissect the problem systematically, explaining the underlying principles,
derivations, and practical implications, to equip readers with a thorough
understanding of this important physical property.

---

Introduction to Moment of Inertia

What is Moment of Inertia?

The moment of inertia, often denoted as \( I \), is a measure of an object's
resistance to angular acceleration when subjected to a torque. Conceptually,
it can be thought of as the rotational analog of mass in linear motion. While
mass quantifies how much an object resists changes in its linear velocity,
the moment of inertia quantifies how much an object resists changes in its
rotational velocity about a specific axis.

Mathematically, for a discrete set of point masses, the moment of inertia
about a given axis is expressed as:

\[
I = \sum_{i} m_i r_i^2



\]

where:
- \( m_i \) is the mass of the \( i^{th} \) point,
- \( r_i \) is the perpendicular distance of the \( i^{th} \) point from the
axis of rotation.

For continuous bodies, this summation becomes an integral over the mass
distribution:

\[
I = \int r^2 \, dm
\]

In the context of a thin, flat, rectangular sheet, the moment of inertia
depends on the axis about which it is rotated, typically either an axis
through its center or along its edges.

Importance in Engineering and Physics

Understanding the moment of inertia is crucial for:
- Designing rotating machinery, such as flywheels, gears, and turbines.
- Analyzing structural stability, especially in beams and plates.
- Calculating natural frequencies of oscillations.
- Assessing the dynamic response of components subjected to rotational
forces.

---

Problem Description and Assumptions

The particular problem involves a thin, rectangular sheet of metal
characterized by:

- Mass \( M \),
- Lengths of sides \( A \) and \( B \),
- Assumption that the sheet is uniform and thin, meaning its thickness is
negligible compared to \( A \) and \( B \).

The goal is to find the moment of inertia with respect to a specified axis,
which is typically the centroidal axis (passing through the center of the
sheet) or axes along the sides.

Key assumptions:

- The sheet is rigid and uniform, with constant density.
- The thickness of the sheet is negligible, so the mass distribution is



essentially two-dimensional.
- The axis of rotation is specified; common choices include axes through the
center or along edges.

---

Relating Mass and Geometry

Before calculating the moment of inertia, it is essential to understand how
the mass \( M \) relates to the geometric parameters.

Mass Distribution and Density

Since the sheet is uniform, its mass per unit area (areal density) \( \sigma
\) is constant:

\[
\sigma = \frac{M}{A \times B}
\]

This uniform density allows us to express the mass element \( dm \) in terms
of differential area elements:

\[
dm = \sigma \, dA
\]

where:

\[
dA = dx \, dy
\]

for a differential element at position \( (x, y) \).

---

Coordinate System and Axis Selection

The calculation of the moment of inertia depends critically on the axis about
which it is computed. Common choices include:

- Axis passing through the center of the sheet (center axes): Often denoted
\( I_{x} \) and \( I_{y} \).
- Axis along one side (edge axes): Useful for applications involving tilting



or rotation about edges.
- Perpendicular axis through the center (out-of-plane): For torsional
applications.

For simplicity and generality, this article focuses on the moment of inertia
about an axis perpendicular to the plane of the sheet and passing through its
center. This is a common scenario in physics problems and structural
applications.

Coordinate Setup:

- Place the origin at the center of the rectangle.
- \( x \) axis runs along side \( A \), from \(-A/2\) to \(A/2\).
- \( y \) axis runs along side \( B \), from \(-B/2\) to \(B/2\).

---

Derivation of Moment of Inertia for a
Rectangular Sheet

General Expression

The moment of inertia about the axis perpendicular to the plane through the
center (often called the \( z \)-axis) is:

\[
I_z = \iint_{A} r^2 \, dm
\]

where \( r^2 = x^2 + y^2 \), and \( dm = \sigma \, dx \, dy \).

Substituting:

\[
I_z = \sigma \iint_{A} (x^2 + y^2) \, dx \, dy
\]

Given the uniform density and the limits:

\[
x: -\frac{A}{2} \to \frac{A}{2}
\]
\[
y: -\frac{B}{2} \to \frac{B}{2}
\]



we get:

\[
I_z = \sigma \int_{-A/2}^{A/2} \int_{-B/2}^{B/2} (x^2 + y^2) \, dy \, dx
\]

---

Separating the Integrals

Because the integrand separates into functions of \( x \) and \( y \):

\[
I_z = \sigma \left( \int_{-A/2}^{A/2} x^2 \, dx \int_{-B/2}^{B/2} dy +
\int_{-A/2}^{A/2} dx \int_{-B/2}^{B/2} y^2 \, dy \right)
\]

Calculating each integral:

- Integral over \( x \):

\[
\int_{-A/2}^{A/2} x^2 \, dx = 2 \int_0^{A/2} x^2 \, dx = 2 \left[
\frac{x^3}{3} \right]_0^{A/2} = 2 \times \frac{(A/2)^3}{3} = \frac{A^3}{12}
\]

- Integral over \( y \):

\[
\int_{-B/2}^{B/2} y^2 \, dy = \frac{B^3}{12}
\]

- Integral over \( y \): for the \( dy \) term:

\[
\int_{-B/2}^{B/2} dy = B
\]

- Integral over \( x \):

\[
\int_{-A/2}^{A/2} dx = A
\]

Putting these together:

\[
I_z = \sigma \left( \frac{A^3}{12} \times B + A \times \frac{B^3}{12} \right)
= \sigma \left( \frac{A^3 B + A B^3}{12} \right)



\]

Recall that:

\[
\sigma = \frac{M}{A B}
\]

Thus,

\[
I_z = \frac{M}{A B} \times \frac{A^3 B + A B^3}{12} = \frac{M}{12} \left( A^2
+ B^2 \right)
\]

---

Final Expression for the Moment of Inertia

Moment of Inertia about the Perpendicular Axis through the Center

\[
\boxed{
\textbf{I}_z = \frac{M}{12} (A^2 + B^2)
}
\]

This is the classic formula for the moment of inertia of a rectangular lamina
(thin sheet) about an axis perpendicular to its plane through its center.

---

Special Cases and Variations

- Moment of inertia about an axis along one side (say along \( A \)):

For rotation about an axis along the edge \( x = \pm A/2 \), the parallel
axis theorem shifts the centroidal moment:

\[
I_{A} = I_z + M \left(\frac{B}{2}\right)^2 = \frac{M}{12}(A^2 + B^2) + M
\frac{B^2}{4}
\]

- Moment of inertia about the edge along \( B \):

\[



I_{B} = I_z + M \frac{A^2}{4}

A Thin Rectangular Sheet Of Metal Has Mass M And Sides Of
Length A And B Find The Moment Of Inertia

A Thin Rectangular Sheet Of Metal Has Mass M And Sides Of Length A And B Find The Moment Of
Inertia

Related Articles
A Federal Budget Surplusa. Occurs When Government Expenditures Exceed Tax Revenues.b.
Occurs When Tax
Assume A 15 Cm Diameter Wafer Has A Cost Of 12, Contains 84 Dies, And Has 0.020
Defects/cm2. Assume A
A Tea Set Was Bought For Rs 336 After Getting A Discount Of 16 % On Its Marked Price. Find
The Marked

Back to Home

https://sip.evo9x.com/ma17/a-thin-rectangular-sheet-of-metal-has-mass-m-and-sides-of-length-a-and-b-find-the-moment-of-inertia.pdf
https://sip.evo9x.com/ma17/a-thin-rectangular-sheet-of-metal-has-mass-m-and-sides-of-length-a-and-b-find-the-moment-of-inertia.pdf
https://sip.evo9x.com/ma17/a-federal-budget-surplusa-occurs-when-government-expenditures-exceed-tax-revenues-b-occurs-when-tax.pdf
https://sip.evo9x.com/ma17/a-federal-budget-surplusa-occurs-when-government-expenditures-exceed-tax-revenues-b-occurs-when-tax.pdf
https://sip.evo9x.com/ma17/assume-a-15-cm-diameter-wafer-has-a-cost-of-12-contains-84-dies-and-has-0-020-defects-cm2-assume-a.pdf
https://sip.evo9x.com/ma17/assume-a-15-cm-diameter-wafer-has-a-cost-of-12-contains-84-dies-and-has-0-020-defects-cm2-assume-a.pdf
https://sip.evo9x.com/ma17/a-tea-set-was-bought-for-rs-336-after-getting-a-discount-of-16-on-its-marked-price-find-the-marked.pdf
https://sip.evo9x.com/ma17/a-tea-set-was-bought-for-rs-336-after-getting-a-discount-of-16-on-its-marked-price-find-the-marked.pdf
https://sip.evo9x.com

