An Electron Is In The Ground State Of
An Infinite Square Well. The Energy Of
The Ground State Is El1 =

An Electron Is In The Ground State Of An Infinite Square Well. The Energy Of
The Ground State Is El1 =

Understanding the quantum behavior of electrons confined within potential
wells is fundamental to quantum mechanics. Among the simplest models that
illustrate these principles is the infinite square well, also known as the
particle in a box. When an electron is trapped inside such a potential, its
energy levels become quantized, meaning the electron can only possess certain
discrete energy values. The lowest of these energy levels, known as the
ground state, plays a crucial role in understanding the electron’s behavior
and properties within the well. In this article, we will explore the concept
of the infinite square well, derive the expression for the ground state
energy \(E_1\), and discuss its significance in quantum physics.

Introduction to the Infinite Square Well

What Is an Infinite Square Well?

An infinite square well is a theoretical potential energy model used to
describe a particle confined within a specific region of space where the
potential energy is zero inside the well and infinite outside. This model
simplifies real-world gquantum systems, allowing physicists to analyze
fundamental behaviors without the complexities of real potentials.

Key features of an infinite square well include:

— The well extends from \ (x=0\) to \(x=a\), where \(a\) 1s the width of the
well.
— The potential energy \(V(x)\) is defined as:

\ [

V(x) =

\begin{cases}

0, & 0 < x < a \\

\infty, & \text{elsewhere}
\end{cases}

\]

- The particle (electron) cannot exist outside the well due to the infinite
potential barriers.

Physical significance:

While an infinite potential barrier is an idealization, it captures the
essence of quantum confinement and allows for exact analytical solutions,
forming the basis for more complex models.



Quantum Mechanical Description of an Electron
in the Infinite Square Well

The Schrédinger Equation in the Well

The behavior of the electron is governed by the time-independent Schrddinger
equation:

\ [

-\frac{\hbar”2}{2m} \frac{d”2 \psi(x)}{dx"2} + V(x) \psi(x) = E \psi (x)
\1

where:

- \(\hbar\) is the reduced Planck’s constant (\ (\hbar = \frac{h}{2\pi}\))
— \(m\) 1s the mass of the electron

- \(\psi(x)\) is the wavefunction

- \(E\) 1is the energy of the electron

Inside the well \((0 < x < a)\), since \(V(x) = 0\), the equation simplifies
to:

\ [

—\frac{\hbar”2}{2m} \frac{d”2 \psi(x)}{dx"2} = E \psi (x)

\1

which is a standard second-order differential equation with solutions
characterized by sinusoidal functions.

Boundary Conditions and Quantization

Because the potential is infinite outside the well, the wavefunction must
satisfy:

\ [
\psi(0) = 0 \quad \text{and} \guad \psi(a) = 0
\1]

These boundary conditions imply that the wavefunction must be zero at the
edges, leading to quantized solutions.

The general solution inside the well is:
\ [
\psi_n(x) = A \sin(k_n x) + B \cos(k_n x)

\]

Applying boundary conditions:



- At \(x=0\), \(\psi(0) = 0 \Rightarrow B = 0\)

- At \(x=a\), \(\psi(a) = 0 \Rightarrow \sin(k_n a) = 0\)
This yields:

\ [

k_n a =n \pi, \quad n = 1, 2, 3, \ldots

\]

where \(n\) is the quantum number indicating the energy level.

Deriving the Energy of the Ground State \ (E_1\)

Wavefunctions and Quantized Wave Numbers

The normalized wavefunctions are:

\ [
\psi_n(x) = \sgrt{\frac{2}{a}t} \sin \left( \frac{n \pi x}{a} \right)
\1

The corresponding wavevectors are:

k_n = \frac{n \pi}{a}
\1

Energy Eigenvalues for the Infinite Square Well

The energy associated with each quantized state is obtained from:

\ [
E_.n = \frac{\hbar*2 k_n"2}{2m}
\]

Substituting \ (k_n\) :

E_n = \frac{\hbar"2}{2m} \left ( \frac{n \pi}{a} \right)"2

This formula indicates that energy levels are discrete and increase with

\(n"2\) .

Ground State Energy \ (E_1\)

The ground state corresponds to \(n=1\), the lowest gquantum number:

\ [



\boxed{

E_1 = \frac{\hbar"2 \pi®"2}{2 m a"2}
I3

\1

This is the minimum energy the electron can possess while confined within the
well.

Physical Significance of the Ground State
Energy

Quantum Confinement and Zero-Point Energy

Unlike classical particles, which could be at rest with zero kinetic energy,
quantum particles like electrons always exhibit some residual motion due to
the Heisenberg uncertainty principle. This residual energy in the lowest
state is called zero-point energy, which in the case of the infinite square
well is \(E_1\).

Implications include:

— The electron cannot be localized precisely at a point; it has a finite
probability distribution.

— The ground state energy sets a fundamental limit for energy minimization
within confined systems.

Applications and Relevance

Understanding \(E_1\) is vital for numerous modern technologies and research
areas:

— Quantum dots: Nanoscale semiconductor particles where electrons are
confined in all three dimensions, leading to discrete energy levels akin to
the infinite well.

— Semiconductor physics: Band structure modeling often simplifies to
particle-in-a-box problems.

— Quantum computing: Manipulating quantum states requires knowledge of energy
levels for qubits.

Influence of Well Width \ (a\) on \(E_1\)

Inverse Relationship



From the expression:
E_1 = \frac{\hbar"2 \pi”*2}{2 m a"2}

it’s clear that the ground state energy:

— Decreases as the well width \(a\) increases.
— Increases as the well becomes narrower.

This inverse-square dependency emphasizes the importance of nanoscale
confinement in quantum devices.

Design Considerations in Quantum Systems

In designing quantum wells or quantum dots:

- Engineers manipulate \(a\) to tune energy levels.
- Smaller wells produce higher \(E_1\), affecting optical and electronic
properties.

Summary and Conclusion

The energy of an electron in the ground state of an infinite square well is
given by:

\ [

\boxed{

E_1 = \frac{\hbar"2 \pi®2}{2 m a"2}
}

\1

This fundamental result illustrates key principles of gquantum mechanics such
as quantization, wavefunction boundary conditions, and zero-point energy. The
dependence of \(E_1\) on the well width \(a\) highlights how nanoscale
confinement influences electronic properties, underpinning technologies like
quantum dots and nanoscale semiconductors. Recognizing and calculating the
ground state energy is essential for understanding the behavior of electrons
in confined potentials and designing quantum devices with specific energy
characteristics.
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Frequently Asked Questions

What is the expression for the energy of the ground
state (E;) of an electron in an infinite square well?

The energy of the ground state is given by E, = (n’h?) / (2mL?), where h is
the reduced Planck's constant, m is the mass of the electron, and L is the
width of the well.

How does the width of the infinite square well affect
the ground state energy E;?

The ground state energy E, is inversely proportional to the square of the
well's width (L). As L increases, E,; decreases, and vice versa.

Why does the electron have a non-zero ground state
energy in the infinite square well?

Due to the quantum confinement and the Heisenberg uncertainty principle, the
electron cannot have zero kinetic energy within the well, resulting in a non-
zero ground state energy.

What are the boundary conditions for the wavefunction
of an electron in an infinite square well?

The wavefunction must be zero at the walls of the well (at x=0 and x=L),
ensuring the electron is confined within the well.

How is the quantum number related to the ground state
energy in an infinite square well?

The ground state corresponds to the quantum number n=1. The energy increases
with n?, so the ground state energy is proportional to 1°2.

What physical insights can we gain from the
expression for E; in the infinite square well?
It illustrates how quantum confinement leads to discrete energy levels, and

how reducing the well's width increases the energy of the electron due to
increased confinement.



Can the ground state energy E; be zero for an
electron in an infinite square well?

No, the ground state energy cannot be zero because of the quantum nature of
the electron; the uncertainty principle prevents the electron from having
zero kinetic energy.

How does the mass of the particle influence the
ground state energy in the infinite square well?

The ground state energy E; is inversely proportional to the particle's mass
m; heavier particles have lower ground state energies for the same well
width.

Additional Resources
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Introduction to Quantum Confinement and the
Infinite Square Well

Understanding the behavior of electrons in confined systems is fundamental to
quantum mechanics and modern nanotechnology. One of the most instructive and
foundational models in quantum physics is the infinite square well, also
known as the particle in a box. This model provides critical insights into
quantization, energy levels, and wavefunctions, serving as a stepping stone
toward more complex quantum systems.

In this context, considering an electron localized within an infinite
potential well and occupying its ground state offers a clear illustration of
quantum confinement effects. The energy associated with this ground state,
denoted as E;, encapsulates how boundary conditions and quantum principles
dictate an electron's energy distribution when confined to a finite region.

Fundamentals of the Infinite Square Well

Definition and Physical Setup

The infinite square well is characterized by a potential energy function V(x)
that is:

— Zero within a specific finite region, say between x=0 and x=a.
— Infinite outside this region, effectively forbidding the particle from



existing outside the well.
Mathematically:

\ [

V(x) =

\begin{cases}

0, & 0 < x < a \\

\infty, & \text{elsewhere}
\end{cases}

\]

This idealized model simplifies the problem of quantum confinement, enabling
analytical solutions for the wavefunctions and energy levels.

Boundary Conditions and Physical Implication

The infinite potential outside the well imposes boundary conditions:

- The wavefunction must vanish at the boundaries: \ (\psi(0) = 0\) and
\ (\psi(a) = 0\).

- The particle is strictly confined within \ (0 < x < a\).

These conditions lead to discrete energy levels, a hallmark of quantum
systems, contrasting classical expectations where particles could possess any
enerqgy.

Quantum Mechanical Solution for the Ground
State

Schrédinger Equation Inside the Well

Within the well, where \(V(x) = 0\), the time-independent Schrdédinger
equation simplifies to:

\ [
—\frac{\hbar*2}{2m} \frac{d"2 \psi(x)}{dx"2} = E \psi (x)
\1

Where:
- \(\hbar\) is the reduced Planck's constant (\ (\hbar = \frac{h}{2\pi}\))
\ (m\) is the mass of the electron
- \(E\) is the energy of the state
\ (\psi(x)\) i1s the wavefunction

The general solution inside the well is:

\ [
\psi(x) = A \sin(kx) + B \cos(kx)



k = \sgrt{\frac{2mE}{\hbar~2}}

Applying boundary conditions leads to discrete solutions.

Wavefunction for the Ground State

Since \ (\psi(0) = 0\), the cosine term must vanish (\ (B=0\)). The
wavefunction becomes:

\ [

\psi_n(x) = \sqrt{\frac{2}{a}} \sin\left (\frac{n \pi x}{a}\right)

\1]

where \(n = 1, 2, 3, ...\) 1is the quantum number indicating the energy level.

The ground state corresponds to \ (n=1\):

\ [

\boxed{

\psi_1(x) = \sqrt{\frac{2}{a}} \sin\left (\frac{\pi x}{al}\right)
}

\]

This wavefunction has no nodes inside the well (except at the boundaries) and
represents the lowest energy state.

Quantization of Energy Levels

Derivation of Energy for the Ground State

Using the relation \(k = \frac{n \pi}{a}\), the energy levels are:
E_n = \frac{\hbar"2 k"2}{2m} = \frac{\hbar”2 \pi®2 n"2}{2m a"2}

Specifically, the ground state energy \(E_1\) is:

\ [

\boxed{

E_1 = \frac{\hbar"2 \pi~2}{2m a"2}
}

\]

This expression emphasizes the dependence of energy on the well width \ (a\),



illustrating quantum size effects: as the well becomes narrower, the ground
state energy increases.

Physical Interpretation of E;

— Quantum confinement: The finite size of the well restricts the electron's
wavefunction, leading to a minimum (ground state) energy.

— Zero-point energy: The electron cannot be at rest with zero energy; quantum
mechanics dictates a non-zero ground state energy.

- Size dependence: Smaller well widths \(a\) result in higher \(E_1\),
affecting the electronic properties of nanoscale systems.

Implications of the Ground State Energy E;

Role in Quantum Systems and Applications

Understanding \(E_1\) is vital for:

— Quantum dots: Nanostructures where electrons are confined in all three
dimensions. The energy levels, including \(E_1\), determine optical and
electronic properties.

— Semiconductor physics: The quantum well structures in heterostructures rely
on the principles of confinement and quantization.

— Nanoelectronics: Device behavior at the nanoscale depends on electron
energy levels influenced by quantum confinement.

Thermodynamic and Spectroscopic Significance

— The energy gap between the ground state and excited states influences
absorption and emission spectra.

— The quantization affects electron transport, leading to phenomena like
quantized conductance.

Deeper Insights into the Ground State
Wavefunction and Energy

Probability Distribution and Expectation Values

The probability density \(|\psi_1(x)|”2\) indicates where the electron is
most likely to be found:



\ [
I\psi_1(x) 172 = \frac{2}{a} \sin”2 \left (\frac{\pi x}{a}\right)
\1

- Peak at \(x = a/2\), symmetric distribution.
— Zero at the boundaries, consistent with boundary conditions.

Expectation values:

- Position:

\ [

\langle x \rangle = \frac{a}{2}
\]

— Potential energy:

N
\langle V \rangle =
\1]

|
o

— Kinetic energy:

\ [
\langle T \rangle
\1]

Il
ltf.l
H

since the total energy in this scenario is purely kinetic due to \ (V=0\)
within the well.

Uncertainty Principle and Ground State

The non-zero ground state energy reflects the Heisenberg uncertainty
principle:

\ [
\Delta x \Delta p \geq \frac{\hbar}{2}
\1

The confinement in the well imposes a momentum uncertainty, preventing the
electron from having zero kinetic energy.

Extensions and Real-World Considerations

Finite Square Well and Realistic Potentials

While the infinite well is an instructive idealization, real systems have
finite potential barriers. This leads to:

— Tunneling: Electrons can penetrate barriers, affecting energy levels.
— Energy shifts: The confined energy levels are slightly lower than in the



infinite case due to finite potential.

Multi-dimensional Systems

Electrons in quantum dots or thin films are often modeled as particles in 3D
wells, leading to:

— Degeneracies
— More complex wavefunctions

Material and Structural Effects

Material properties influence the effective mass \ (m"\) of the electron,
modifying the \(E_1\):

E_1 = \frac{\hbar"2 \pi®*2}{2 m" a”2}

where:

- \(m"™\) accounts for band structure effects.
— Dielectric environment can alter confinement potentials.

Conclusion: Significance of E; in Quantum
Mechanics

The energy of the ground state \(E_1\) in an infinite square well
encapsulates core principles of quantum confinement:

— Discrete energy levels arising from boundary conditions.
— Quantization effects due to wave-like nature of electrons.
— The critical dependence on system size, illustrating nanoscale effects.

This fundamental concept has far-reaching implications across physics,
chemistry, and engineering, underpinning technologies like quantum dots,
nanoelectronic devices, and advanced photonic materials. Understanding
\(E_1\) not only offers insight into the behavior of electrons under
confinement but also provides a foundation for exploring more intricate and
realistic quantum systems.

In summary:

\ [

\boxed{

\textbf{The energy of the ground state of an electron in an infinite square
well of width } a \textbf{ is } E_1 = \frac{\hbar"2 \pi®2}{2 m a"2}

}



\]

This elegant expression exemplifies how gquantum mechanics dictates the
fundamental properties of particles in confined geometries, highlighting the
interplay between spatial boundaries and energy quantization.
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