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With (et). Drive Here The in the first paragraph to set the context for
understanding the derivation and significance of the time-harmonic Maxwell's
equations. These equations are fundamental in electromagnetism, especially in
the analysis of wave propagation, antenna theory, and electromagnetic
compatibility. This article provides a comprehensive explanation of the
derivation process, the physical meaning behind each term, and their
applications, making it an essential resource for students and professionals
alike.

Introduction to Time-harmonic Maxwell's
Equations

The Maxwell's equations form the backbone of classical electromagnetism,
describing how electric and magnetic fields are generated and altered by
charges, currents, and each other. When dealing with time-varying fields,
especially in the context of steady-state sinusoidal signals, the equations
are often expressed in their time-harmonic form. This simplifies the analysis
by assuming all fields vary sinusoidally with time at a fixed angular
frequency, w.

In class, we derived the time-harmonic Maxwell's equations with the inclusion
of the permittivity (€), permeability (u), and conductivity (o) of the
medium. The derivation involves transforming the original differential
equations from the time domain into the frequency domain using phasor
representations or complex notation, often denoted by (et) to emphasize the
dependence on the complex exponential e”{jwt}.

The Basic Maxwell's Equations in Differential
Form

Before diving into the time-harmonic form, it’s essential to recall the
fundamental Maxwell's equations in differential form:



Faraday's Law of Induction

e Original Time Domain:

V x E(t) = -9B(t)/ot

Maxwell-Ampére Law (with Maxwell's correction)

e Original Time Domain:

V x H(t) = J(t) + aD(t)/at

Gauss'’'s Laws for Electricity and Magnetism

e Electric:
V - D(t) = p(t)
e Magnetic:

V - B(t) =0

where E is the electric field, H the magnetic field, D the electric
displacement, B the magnetic flux density, J the conduction current density,
and p the charge density.

Transforming to the Frequency Domain

The key step in deriving the time-harmonic Maxwell's equations is to assume
that all fields vary sinusoidally with time at a fixed frequency w. This is
expressed as:

E(r, t) = Re{ E(r) e~{jut} }
H(r, t) = Re{ H(r) e™{jwt} }
D(r, t) = Re{ D(r) e™{jwt} }
B(r, t) = Re{ B(r) e~{jut} }

where E(r), H(r), etc., are complex phasor fields.



Applying this transformation simplifies the partial derivatives with respect
to time into multiplication by jw:

a/0t - jw

Thus, the Maxwell's equations in the frequency domain become algebraically
more manageable.

Derivation of the Time-harmonic Maxwell's
Equations with (g, p, o)

Starting from the original Maxwell's equations, we incorporate the
constitutive relations that link the fields:

Constitutive Relations

e Electric Displacement:

e Magnetic Flux Density:
B(r) = p H(r)
e Current Density:

J(r) = o E(r) + J source (if any)

In media with conductivity, the conduction current J conduction is
proportional to the electric field with conductivity o.

By incorporating these relations and transforming to the frequency domain, we
obtain:

Time-harmonic Maxwell's Equations

1. Faraday's Law:

VxE=-jwB=-juwpuH



2. Ampere-Maxwell Law:

<
X
=
]

J+juD=0E+ jweE=(o+ jwe)ecE

3. Gauss’'s Law for Electricity:

V-.-D=p

4. Gauss's Law for Magnetism:

V- -B=20

These equations form the core of the frequency-domain analysis of
electromagnetic fields, enabling engineers and scientists to analyze wave
propagation, scattering, and antenna behavior in various media.

Physical Interpretation of the Time-harmonic
Maxwell’s Equations

Understanding the physical meaning behind each term in the equations is vital
for practical applications.

Electromagnetic Wave Propagation

e The curl equations describe how changing magnetic fields induce electric
fields and vice versa, leading to wave propagation through space.

e The term jw indicates the phase shift between electric and magnetic
fields and their frequency dependence.

Material Response

e Permittivity (&) measures the medium's ability to permit electric field
lines, affecting wave speed and attenuation.

e Permeability (p) influences how magnetic fields propagate, impacting



wave impedance.

e Conductivity (o) accounts for energy losses within the medium due to
currents induced by the electric field.

Applications of Time-Harmonic Maxwell's
Equations

The derivation and comprehension of these equations are crucial in a variety
of technological and scientific fields.

Electromagnetic Wave Analysis

e Designing antennas and waveguides
e Analyzing radio and microwave communication systems

e Studying scattering and radar cross-section

Electromagnetic Compatibility (EMC)

e Assessing how devices emit and receive electromagnetic signals

e Ensuring compliance with regulatory standards

Material Characterization

e Determining dielectric and magnetic properties of materials

e Developing new composite media with tailored electromagnetic responses

Numerical Methods and Simulation

The derived time-harmonic Maxwell's equations serve as the foundation for



various numerical techniques used in simulation.

Finite Element Method (FEM)

e Discretizes the equations over complex geometries

e Suitable for inhomogeneous and anisotropic media

Finite Difference Time Domain (FDTD)

e Simulates time-varying fields directly in the time domain

e Useful for broadband analysis

Method of Moments (MoM)

e Handles integral form of the equations, ideal for scattering problems

These methods rely heavily on the time-harmonic form for steady-state
analysis, providing accurate and efficient solutions crucial for engineering
design.

Conclusion

In class, we derived the time-harmonic Maxwell's equations with (g, u, o),
transforming the fundamental laws of electromagnetism into a form suitable
for analyzing steady-state sinusoidal fields. By applying the phasor
approach, the equations become algebraic, simplifying complex calculations
related to wave propagation, scattering, and material interactions.
Understanding these equations is essential for designing communication
systems, electromagnetic devices, and conducting material research. Their
applications span numerous technological fields, underscoring their
importance in both theoretical and practical contexts. Whether you're working
in antenna design, electromagnetic compatibility, or computational
electromagnetics, mastery of the time-harmonic Maxwell's equations with (g,
M, o) is fundamental to advancing modern electromagnetic engineering.



Frequently Asked Questions

What are the key steps involved in deriving the
time-harmonic Maxwell's equations in a classroom
setting?

The derivation involves starting from the differential form of Maxwell's
equations, assuming sinusoidal time dependence (e”™{jwt}), applying vector
calculus identities, and incorporating constitutive relations to arrive at
the frequency-domain equations.

How does the assumption of time-harmonic fields
simplify Maxwell's equations?

By assuming fields vary as e”{jwt}, the time derivatives become
multiplication by jw, transforming the equations into algebraic forms in the
frequency domain, which simplifies analysis and solutions.

What role does the electric field (E) play in the
derivation of the time-harmonic Maxwell's equations?

The electric field (E) is central, as it appears in both Faraday's law and
the constitutive relations; its behavior under sinusoidal variation helps
derive the coupled equations governing electromagnetic wave propagation.

Why is it important to consider the medium's
permittivity and permeability during the derivation?

Permittivity and permeability define how the medium responds to
electromagnetic fields, influencing wave speed, impedance, and the form of
the Maxwell's equations in the frequency domain.

Can you explain how the differential forms of
Maxwell's equations are transformed into algebraic
equations in the derivation?

By assuming time-harmonic fields, the time derivatives become jw times the
field quantities, converting differential equations into algebraic ones with
respect to the fields, simplifying analysis and solution methods.

What are common boundary conditions applied when
deriving solutions to time-harmonic Maxwell's



equations?

Boundary conditions typically include the continuity of the tangential
components of electric and magnetic fields across interfaces and the behavior
of fields at infinity or at material boundaries.

How does the derivation of the time-harmonic
Maxwell's equations facilitate the study of
electromagnetic wave phenomena?

It allows for the analysis of steady-state wave propagation, reflection,
transmission, and resonance phenomena using frequency-domain methods, making
complex problems more manageable and interpretable.

Additional Resources
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The derivation of the time-harmonic Maxwell's equations is a fundamental step
in understanding electromagnetic wave propagation, especially in the context
of steady-state or sinusoidal fields. This process simplifies the complex set
of time-dependent equations into a more manageable form that is widely
applicable in engineering and physics. The lecture titled "Answers Pleasel-
In Class, We Derived The Time-harmonic Maxwell's Equations With (et). Drive
Here The" offers an in-depth exploration of this derivation, emphasizing both
the mathematical framework and physical intuition behind the equations. This
review aims to analyze the key concepts, derivation methods, physical
interpretations, and practical implications presented in this lecture.

Introduction to Maxwell's Equations and Their
Significance

Maxwell's equations are the cornerstone of classical electromagnetism,
describing how electric and magnetic fields propagate and interact with
charges and currents. They are a set of four coupled partial differential
equations that relate the electric field E, magnetic field H, electric
displacement D, magnetic flux density B, charge density p, and current
density J.

The four fundamental equations are:

1. Gauss's law for electricity:
\[ \nabla \cdot \mathbf{D} = \rho \]



2. Gauss's law for magnetism:
\[ \nabla \cdot \mathbf{B} = 0 \]

3. Faraday's law of induction:
\[ \nabla \times \mathbf{E} = -\frac{\partial \mathbf{B}}{\partial t} \]

4. Ampere-Maxwell law:
\[ \nabla \times \mathbf{H} = \mathbf{J} + \frac{\partial
\mathbf{D}}{\partial t} \]

In many practical applications, especially at high frequencies, the time-
dependent nature of these equations makes analytical solutions challenging.
To address this, the concept of time-harmonic fields is introduced.

Transition to Time-Harmonic Fields

Time-harmonic fields assume sinusoidal variation with time, often expressed
as complex phasors. This approach simplifies the analysis by converting
differential equations in time into algebraic equations in the frequency
domain.

Definition:

A time-harmonic field \(\mathbf{F}(\mathbf{r}, t)\) can be written as:

\[ \mathbf{F}(\mathbf{r}, t) = \Re\{\tilde{\mathbf{F}}(\mathbf{r}) e~{j\omega
tI\} \]

where:

- \(\tilde{\mathbf{F}}(\mathbf{r})\) is the complex amplitude or phasor,
- \(\omega\) is the angular frequency,

- \(j = \sqrt{-1}\).

The primary advantage of this approach is the transformation of derivatives
with respect to time into multiplications by \(j \omega\). This significantly

simplifies the mathematical treatment and facilitates the analysis of steady-
state electromagnetic phenomena.

Derivation of Time-Harmonic Maxwell'’s Equations

The derivation begins with the time-dependent Maxwell'’s equations, applying
the phasor transformation. The key steps involve:

2.1. Assumption of Sinusoidal Time Dependence



By assuming all fields vary sinusoidally, the time derivatives become
algebraic multipliers:

\[ \frac{\partial}{\partial t} \rightarrow j \omega \]

This substitution transforms the original differential equations into
algebraic relations in the frequency domain.

2.2. Constitutive Relations

The relations linking \(\mathbf{D}\), \(\mathbf{E}\), \(\mathbf{B}\), and
\ (\mathbf{H}\) are assumed linear and isotropic:

\ [
\mathbf{D}
\1]
\ [
\mathbf{B}
\1

\varepsilon \mathbf{E}

\mu \mathbf{H}

where \(\varepsilon\) and \(\mu\) are the permittivity and permeability of
the medium, respectively.

2.3. Formulation of the Frequency Domain Equations

Applying the phasor substitution to Maxwell's equations yields:

- Faraday's Law:
\[ \nabla \times \tilde{\mathbf{E}}

-j \omega \tilde{\mathbf{B}} \]

- Ampere-Maxwell Law:
\[ \nabla \times \tilde{\mathbf{H}}
\tilde{\mathbf{D}} \]

\tilde{\mathbf{J}} + j \omega

- Gauss's Laws:
\[ \nabla \cdot \tilde{\mathbf{D}}
\[ \nabla \cdot \tilde{\mathbf{B}}

\tilde{\rho} \]
0 \]

These equations form the basis for analyzing electromagnetic wave propagation
in various media and geometries.

Key Features of the Time-Harmonic Maxwell's
Equations

The time-harmonic form of Maxwell's equations offers several notable
features:



2.4. Simplification of Mathematical Analysis

- Converts PDEs with time derivatives into algebraic equations involving \ (]
\omega\) .

- Facilitates the use of complex algebra and phasor techniques.

- Enables straightforward application of boundary conditions in the frequency
domain.

2.5. Physical Interpretability
- The complex phasors represent amplitude and phase information.
- The real physical fields are retrieved by taking the real part of the

phasor expression.

2.6. Applicability in Various Fields

Antenna theory
Waveguide analysis
Microwave engineering
Optical communications

Advantages and Limitations

Pros:

- Mathematical Simplicity: Reduces complex time-dependent PDEs to more
manageable forms.

- Frequency-Domain Analysis: Allows for the study of systems at specific
frequencies.

- Design Optimization: Facilitates the design of devices like filters,
antennas, and waveguides.

- Insight into Wave Behavior: Reveals how fields propagate, reflect, and
transmit in different media.

Cons:

- Limited to Steady-State: Does not capture transient phenomena or non-
sinusoidal signals directly.

- Assumption of Linearity: Relies on linear, isotropic media; nonlinear
effects require more complex models.

- Phase and Amplitude Only: Does not directly provide time-domain behavior;
inverse transforms are necessary.



Physical Interpretation and Practical
Implications

The derivation and form of the time-harmonic Maxwell'’s equations underpin
much of modern electromagnetics. They provide insights into how
electromagnetic waves behave in different environments, influence antenna
design, and underpin the functioning of optical fibers and microwave
circuits.

In practice:

- Engineers often work in the frequency domain for tasks like filter design.
- The equations help predict how signals propagate, attenuate, and reflect.
- They enable the development of simulation tools like finite element and
finite difference time domain (FDTD) methods.

Conclusion

The lecture titled "Answers Pleasel- In Class, We Derived The Time-harmonic
Maxwell's Equations With (et). Drive Here The" offers a comprehensive
overview of how sinusoidal assumptions simplify Maxwell's equations into a
form that is both mathematically tractable and physically insightful. The
process illuminates core principles of electromagnetism, from fundamental
physics to engineering applications.

This derivation emphasizes the importance of the frequency domain in
analyzing electromagnetic phenomena, providing a foundation for advanced
studies and practical systems in communications, radar, remote sensing, and
beyond. While the approach has limitations, its strengths in clarity,
simplicity, and applicability make it an essential tool in the modern
electromagnetics toolkit.

Understanding these equations allows engineers and scientists to design and
analyze systems that harness electromagnetic waves effectively, making them
indispensable in the technological advancements that define our modern world.
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